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Abstract. We shav how to integrateimplicit inductive theorenproving into free
variablesequentaindtableaucalculi andcomparethe appropriatenessf tableau
calculifor this integrationwith thatof sequentalculi.

Whenfirst-ordervalidity is introducedto studentdt comeswith somecompletecalcu-
lus. If this calculushappengo be ananalyticcalculusaugmentedavith a Cutrulelike a
sequenbr tableaucalculusthe studentscancomparethe formal proofswith the infor-
mal onesthey arehopefully acquaintedwvith. This is becausehesecalculi canmirror
the humanproof searchprocesshetterthan others.While knowing a completecalcu-
lus doesnot meanto know much aboutfirst-ordertheoremproving, the interrelation
of a human-orienteaalculusand the informal proof searchof the studentswill turn
out to be fruitful for their later mathematicalvork. It is a pity that—while nearlyall
proofsof aworking mathematiciarincludeinduction—nothingcomparabldor induc-
tive first-ordervalidity is offeredto the studentsSomemay arguethatthis is generally
impossiblebecaus@oteventhetheoryof thePeanalgebraof naturalnumberds recur
sively enumerablecf. e.g.Enderton(1973).Neverthelesstherereally is somegeneral
way a working mathematiciarsearchegor an informal proof, may it be inductive or
not. Theinductive versionof this proof searchmethodgoesbackto the ancientGreeks
and was rediscaveredunderthe name“descenteinfinie” by Pierrede Fermat(1601-
1665).1f you wantto prove a conjecturethis methodrequiresthatyou show, for each
assumedtounteregampleof the conjecture the existenceof anothercountergample
of the conjecturethatis strictly smallerin somewellfoundedordering. The working
mathematiciamppliesit in thefollowing fashion.He (who may befemale!)startswith
the conjectureand simplifiesit in caseanalysesvhich canbe describedas stepsin a
sequenbr tableaucalculuswith Cut. Whenhe realizesthatthe goalsbecomesimilar
to a differentinstanceof the conjecture he appliesthe conjecturejust like a lemma,
but keepsin mind that he actually hasappliedsomeinduction hypothesisFinally, he
searchedor somewellfoundedorderingin which all the instance<f the conjecture
that he hasappliedas induction hypothesesre smallerthan the original conjecture
itself. Looking for a formal inductive calculusfor mirroring this style of humaninduc-
tive theoremproving (ITP), the“implicit induction” of Bachmai1988)wasa starting
point becauset includedhypothesisapplication,althoughit wasrestrictedto univer-
sally quantifiedpure equationsandwasnot human-orientedin Wirth (1997)we have
presented human-orientednductive calculusfor universallyquantifiedclausallogic.
In Kiihler(1999)—implementedsthe QUODL IBET system—thiscalculusis extended



with somenecessargandimportantconcretionfor reasoningon theinductionordering
andwith atactic-basea@oncepfor proofguidancehatis intendedo partiallyautomate
the constructionof proofs. Extendingthis approacthto full first-orderlogic turnedout
to be more difficult thanexpected(cf., however, Padawitz(1996)for the extensionto
anothetlinterestingsub-class)The state-of-the-arfree variableanalyticfirst-ordercal-
culi werenot suitedfor the integrationof “implicit induction” becausehey confused
the Herbranduniverseswith their Skolemfunctionsanddid not presere solutions(i.e.
closing substitutions)(like Prolog does),therebydestrging the wellfoundednes®f
“descentanfinie”. In Wirth (1998)we have developedsequentandtableaucalculi for
full first-orderformulasthat do not Skolemizebut do presere solutions.Thesenew
calculicomein two versions Theweakversionis simple,but cannotmodelliberalized
versionsof the §-rule, which the strong versioncan. Sincethe strongversionis much
morecomplicatedthe spaceis limited here,andmary researchertodayarequite un-
acquaintedvith “descentdnfinie”, in this paperwe will usetheweakversiononly and
concentrat®n the inductive aspectgi.e. inductionhypothesisapplication)andnot on
the deductve ones(i.e. a-, 8-, v-, andd-steps,cf. Smullyan(1968)).Evenfor the ex-
pertsin implicit ITP eachof the following aspectswill be new: Tableaupresentation,
full first-orderformulas,andfreevariables.

We use'w’ for the union of disjoint classesand ‘id’ for the identity function.
For a class R we definedomain range, restriction to, image and reverse-imae of
aclassA by dom(R) := {a| 3b. (a,b)€ R}; ran(R) := {b| Ja. (a,b) € R};
AlR = {(a,b)eR| a€A}; (AR := {b| Ja€A. (a,b)€R}; R(B) :=
{a | 3b€ B. (a,b) € R}. ‘N’ denoteghe setof and‘ <’ the orderingon naturalnum-
bers.We use'()’ to denotethe emptysetaswell asthe emptyfunctionor emptyword.
A quasi-odering‘ <’ on A is an A-reflexive andtransitive (binary) relationon A. As
with all our asymmetricrelationsymbolswe define a2b if b<a. By an(irreflex-
ive) ordering ‘<’ (on A) we meanan irreflexive and transitve relation (on A). The
ordering < of a quasi-odering < is <\>. A quasi-orderings is calledtotal on C' if
CxC C SuUz. A <-chainis somesubclas®' C A suchthat< istotalonC. <is
calledwellfoundedif each<-chainC hasaleastelementj.e. Ja€ C. Ybe C. a<b.
Theclassof total functionsfrom A to B is denotedwvith A — B. Theclassof (possibly)
partial functionsfrom A to B is denotedwvith A ~ B.

We definea sequento be alist of formulas.The conjugateof aformula A (writ-
ten: A)istheformulaB if A is of theform —~B, andtheformula—A otherwiseln the
tradition of Gentzer{(1935)we assumehe symbolsfor free existential variables(i.e.
the free variablesof Fitting (1996)),free universal variables(i.e. nullary parameters),
boundvariables(i.e. variablesfor quantifieduseonly), andthe constantgi.e. thefunc-
tion (andpredicatesymbolsfrom the signaturefo comefrom four disjointsetsVs, Vy,
Vbound, @aNdY. We assumesachof Vs, Vi, Voung t0 beinfinite (for eachsort) andset
Viree := VaWVy. For aterm,formula, sequent’” &c., V() V(') Voound(I')'s
“Viree(I')’ denotethe setsof variablesfrom Vi, Vi, Vhound, Viree OCcurringin I,
resp..For a substitutionos we denotewith ‘I'o’ the result of replacingin I" each
variablez in dom(o) with o(z). We tacitly assumehat eachsubstitutions satisfies



Vbound (dom(c) Uran(c)) = 0, suchthatno boundvariablescanbe replacedandno
additionalvariablesbecomebound(i.e. capturedvhenapplyingo.

A variable-conditionR is asubsebf V; x V,,. Roughlyspeaking,(z?,yY) € R
saysthatz® is olderthany”, sothatwe mustnotinstantiatehefree existentialvariable
27 with atermcontainingy”.

Validity is expectedto be givenwith respecto someX-structure(3-algebra)A,
assigningauniverse(to eachsort)andanappropriatdunctionto eachsymbolin X. For
X C Viree We denotethessetof total A-valuationof X (i.e. functionsmappingfreevari-
ablesto objectsof theuniverseof A (respectingorts))with X — .4 andthesetof (pos-
sibly) partial A-valuationsof X with X ~» A. Form € X — 4 we denotewith ‘ AWz’
the extensionof A to the variablesof X which are then treatedas nullary constants.
More precisely we assumehe existenceof someevaluationfunction ‘eval’ suchthat
eval(Ad7) mapsary termover XwX into theuniverseof A (respectingsorts)suchthat
forall z € X: eval(AWn)(z) =7 (x). Moreover, eval(Agm) mapsary formulaB over
YwX to TRUE or FALSE, suchthat B is valid in Agr iff eval(Awr)(B) = TRUE.
We assumehatthe Substitution-Lemmboldsin the sensehat, for ary substitutions,
Y-structureA, valuationm € Vgee — A, andtermor formulaB:

eval(Ayr)(Bo) = eval(A W ((0 W v,.\dom(s)1id) © eval(Awm)))(B).
Finally, we assumehat the value of the evaluationfunction on a term or formula B
doesnotdependnthefreevariableshatdo not occurin B:
eval(AwT)(B) = eval(A & v, _ ()17)(B).
Furtherpropertiesof validity or evaluationaredefinitelynot needed.

We are now going to briefly recapitulatethe notionsfrom the weak version of
Wirth (1998)which we needin whatfollows. Severalbinaryrelationson free variables
will beintroduced.The overallideais thatwhen (z,y) occursin sucha relationthis
meanssomethindike “z is olderthany” or “the valueof y dependon or is described
in termsof z”.

Definition 0.1 (E,, U,, Existential R-Substitution, o-Update)

For a substitutions with dom(c) =V; we definethe existentialrelationto be

E, := {(z',2) | 2" € Vi(o(z)) A2z € V5 } andtheuniversalrelationto be

Ur = {(y,2) | yeW(o(z)) Nz eVs }.

Let R beavariable-condition. ¢ is anexistential R-substitutionif ¢ is asubstitution
with dom(o) =V; for which U, o R isirreflexive.

Let o beanexistential R-substitutionThe oc-updateof R is E, o R.

Note that, regardingsyntax, (z?,4") € R is intendedto meanthat an existential R-
substitutions may not replacez? with atermin which y¥ occurs,i.e. (y¥,z7) € U,
mustbedisallowved,i.e. U,oR mustbeirreflexive.

After applicationof an existential R-substitutions, in caseof (z?,y") € R, we
have to ensurethat 27 is not replacedwith y” via a future applicationof anotherex-
istential R-substitutionthat replacesa free existential variableuw® occurringin o(z?)
with ¢¥. In this case the new variable-conditiorhasto contain(u?,y"). This means
that £, o R mustbe a subsebf the updatedvariable-condition.



Let.A besomeX-structure We now definea semanticcounterparbf our existential R-
substitutionswhich we will call “existential(.4, R)-valuation”. Supposehat e maps
eachfree existential variable not directly to an object of A (of the samesort), but
canadditionallyreadthe valuesof somefree universalvariablesunderan A-valuation
T €V, > A ie e getssomer’ € V, ~ A with #'/Cr asa secondagument;
short: e : V; = ((Vy ~ A) = A). Moreover, for eachfree existentialvariablez, we
requirethe setof readfree universalvariables(i.e. dom(x")) to beidenticalfor all ;
i.e. therehasto be some“semanticrelation” S, C V, xV; suchthatfor all z € V3:
e(z) : (S.{z}) — A) — A. Notethat,for eache, atmostonesemantiaelationexists,
namely
Se == { (y,2) | y € dom(| (dom(e(z)))) Az € Vs }.

Definition 0.2 (S,, Existential (A, R)-Valuation, )
Let R beavariable-condition, 4 aX-structureand e : V3 — ((Vy ~ A) = A).
Thesemantiaelationofe is S, := { (y,z) | y € dom(|J (dom(e(z)))) Az € Vs }.
e isanexistential(A, R)-valuation if S, o R isirreflexiveand,for all z € Vs,
e(@): (Seffz}) » A) - A

Finally, for applyingexistential (A, R)-valuationsin a uniform mannerwe definethe
function e: (Vi (W~A)—=A) - (MW—=A) = (Vz—=>A) by(ece€
Vi (W~ A) o A), ey A z€V5)

e(e)(m)(x) = e(2) (s, qap17)-

Lemma0.3 LetR bea variable-condition.

1. Let R’ beavariable-conditiorwith RCR'.

For eadh existential(A, R')-valuation ¢’ thereis some
existential(A, R)-valuation e sudthat e(e) =e€(e’).

2. Leto bean existential R-substitutionand R’ the o-updateof R.
For eadh existential(A, R')-valuation ¢’ thereis some
existential(A4, R)-valuation e sudhthatforall # € V, — A:

ele)(m) = o o eval(AWe(e)(m) Wm).

We now define R-validity of a setof sequentsvith free variables,n termsof validity
of aformula(wherethefreevariablesaretreatedasnullary constants).

Definition 0.4 (Validity)

Let R beavariable-condition,A a X-structure andG asetof sequents.

Gis R-validin A if thereis anexistential(A4, R)-valuation e suchthatG is (e, A)-
valid.

Gis (e, A)-valid if Gis(rm, e, A)-validforallm €V, — A.

Gis(me, A)-valid if Gisvalidin AW e(e)(r) W .

Gisvalidin A if forallI" € G: I'isvalidin A.

A sequent” isvalidin A if thereis someformulalistedin I” thatis valid in A.
Validity in a classof X-structureds understoodasvalidity in eachof the X-structures
of that class.If we omit the referenceto a specialX-structurewe meanvalidity in
somefixedclassk of X-structurese.g.theclassof all X-structuregX-algebraspr the
classof HerbrandX-structureqterm-generate®-algebras)cf. Wirth (1997),Wirth &
Gramlich(1994)for moreinterestingclassedor establishingnductive validities.



Lemma 0.5 (Anti-Monotonicity of Validity in R)
LetG bea setof sequentand R and R’ variable-conditionsvith RCR’. Now:
If G is R'-validin A, thenG is R-valid in A.

Example 0.6 (Validity)

For 2* € Vi, y¥ € V,, thesequentz®=y" is ()-valid in any .4 becausave canchoose
Se := Vy xV3 ande(z?) () := w(y") resultingin e(e)(m)(z*) = e(z®)(s, o3p1m) =

e(z?)(w17) = 7(y"). This meanghat{-validity of z*=y" is the sameasvalidity of

Vy. 3z. z=y. Moreover, notethate(e)(r) hasaccesdo the w-valueof y" justasa
raisingfunction f for z in theraised(i.e. dually Skolemized)versionf (y¥)=y" of Vy.

dz. z=y.

Contraryto this, for R := V3xV,, the sameformula z?=y" is not R-valid
in generalbecausethen the required irreflexivity of S.oR implies S.=0 and
e(2?) (s, qz2p1m) = e(x?)(p1m) = e(2?)(0) cannotdependon «(y*) arymore. This
meanghat(V; x V, )-validity of z?=y" is thesameasvalidity of Jz. Vy. z=y. More-
over, notethate(e)(7) hasno accesgo the 7-value of y¥ just asa raisingfunction ¢
for z in theraisedversionc=y" of Jz. Vy. z=y.

ForamoregeneralexampleletG = { A, ... Ain,—1 | 1 €I }, wherefor j <n;
andi € I the 4; ; areformulaswith free existentialvariablesfrom # andfree univer-
sal variablesfrom g. Then (Vz xV,)-validity of G meansvalidity of 3%. V§. Vie 1.
3j <n;. A;;; whereas)-validity of G meansvalidity of Vy. 3Z. Vi€ I. 3j <n;.
A

3,5+

1 Weights,Syntactic Constructs,and Counterexamples

A propositionI” canbe provedby inductionasfollows:

Showthat for eat counteexampleof I" there is anothercountergampleof
I' that s strictly smallerin a quasi-odering < in thateadh < -chain [of
counteexample$ hasa leastelement!

Now by the Principleof DependentChoice(cf. Rubin& Rubin(1985))a classwithout
minimal elementscontainsa chainwithout a leastelement.Thus, if we canshav the
above,we know thatI" cannothave ary countergamplesat all andmustbe valid.

This paradigmof ITP was alreadyusedby the ancientGreeks,rediscoveredby
PierredeFermatunderthename*descenténfinie”, andis in ourtime sometimegalled
“implicit induction”, cf. Wirth & Becker(1995).Moreover notethattheoreticallyit is
alsopossibleto usethe strictly strongerAxiom of Choiceinsteadbut requireonly that
each < -chain[of counter&amples]hasa lower bound[being a countergample], cf.
Gesel(1995).

In orderto measureour sequentsn our inductionordering (i.e. the above quasi-
orderingfor avoiding non-terminatiorin theinductive argumentation)ye supplythem
with weightsfrom someset’ Weight’. Why theseexplicit weightsaresoimportantin
implicit inductionis explainedin Wirth & Becker(1995)and more detailedin Wirth
(1997),Sect.12. A weightX togetherwith a sequentl” forms a syntacticconstruct
(I, N). For practicalpurposes weightinitially is atermw(yo, - . . , yn—1) Wherethey;



arethefreeuniversalvariablesof I" andw is similar to a global (rigid) free existential
variablein thatit canbe choserduringtheinductionproof appropriatelye.g.whenthe
goalis w(t1,t2) < w(ta,s(t1)) for naturalnumbertermst; a goodideamight beto
choosew to betheadditionon naturalnumberspr whenin anotherproof we have the
goals w(ty, (t1 +t2)) < w(s(t1),t1) and w(ty,ts) < w(ty,s(t2)) agoodideamight
beto choosew to bethelexicographiccombinatiorof lengthupto 2. While in principle
alsotheinductionorderingcouldbe choserfor eachproof differently, in practiceit has
shavn to besufiicientandadequaté¢o useafixedwellfoundedquasi-orderingdepend-
ing on the X-structures)E.g. in QUODLIBET, a tactic-basedTP systemfor clausal
logic, we essentiallyusethe size of a uniquely denotingconstructorgroundterm in
thestandardrderingon naturalnumberscf. Kithler(1999).Thereforewe assumehat
for eachX-structure4 € K thereis somewellfoundedquasi-ordering < 4 . Further
more,we assumehat ¥ containsthe binary constantpredicatesymbol‘ <’ which is
interpretedby A as < 4, i.e. the orderingof < 4. Furthermore,4 shouldbe ableto
interpretthe functionsconstructingthe weightterms(lexicographiccombination&c.)
asfunctionsinto dom( <4 ).

Syntacticconstructsarethe basicdatastructurefor ITP, just like sequent®r for-
mulasarefor thedeductve case Thesetof all syntacticconstructds denotedy ‘Syn-
Cons’. Thefunction ‘logic’ extractsthe logic part (here:the sequentspf a setG of
syntacticconstructs:logic(G) := dom(G).

For powerful ITP we have to be ableto restrictthe test of whetherthe weight
of a hypothesids smallerthanthe weight of a goal (which hasto be satisfiedfor the
permissionto apply the hypothesisto the goal) to the specialcasesemanticallyde-
scribedby their logic parts.This canbe achiezed by consideringonly suchinstances
of theirweightsthatresultfrom thosevaluationsthatdescribanvalid instance®f their
logic parts.A syntacticconstructaugmentedvith sucha valuationproviding extrain-
formationon the invalidity of its logic partin someX-structureA is calleda “coun-
terexample”. More precisely for an existential (A, R)-valuatione we define: (S, )
is an (e, A)-counteexample(for S) if S is a syntacticconstruct, 7 € V, = A,
andlogic({S}) is not (w, e, A)-valid. Thus,thelogic partof a syntacticconstructsS is
(e, A)-valid iff S hasno (e, .A)-countergamplesFurthermorepurinductionordering
is not simply awellfoundedquasi-orderingpn ‘ Weight' but actuallythefunction map-
pingeach(e, 4), whereA is aX-structurefrom K ande anexistential(.A, R)-valuation,
to thewellfoundedquasi-orderingn Weight x (V, = A) givenby (R, 7) <, 4) (3,7')
if eval(AWe(e)(m) Wm)(R) Sa eval(AWe(e)(n') Wn')(3T). Finally, weextendthe
inductionorderingto SynCons x (V, — A) by defining

((F7 N),7T) 5(6,./4) ((A7:)77TI) if (N,ﬂ') ,S(e,.A) (:7 7TI)'
Notethatourinductionordering <., 4) is semantidn the senseof Definition 13.7 of
Wirth (1997)becausé cannotdependnthe syntactictermstructureof aweight® but
only onthevalueof X undertheevaluationfunction.In Wirth (1997)we haverigorously
investigatedhe price onehasto payfor thepossibilityto have inductionorderingsalso
dependingnthe syntaxof weights.For powerful concretanferencesystemshis price
is surprisinglyhigh. Furthermoreafterimproving the orderinginformationin implicit



inductionby our introductionof explicit weights,the formernecessityof sophisticated
inductionorderinggthatexploit the termstructuredoesnot seento exist anymore.

Definition 1.1 (Foundedness) (Cf. Wirth & Beder (1995))
Let R be a variable-conditionLet ‘ \,/~g be a symbolfor a single relation. Let
Go,G1,H C SynCons. Now Gq is R-strict/quasi-foundedn (H,G,) (denoted
by Go /g (H,G1)) if
VA € K. Ve existential (A, R)-valuation VS € Gq. V.
((S,w) isan(e, A)-countergample =
((8',n") isan(e, A)-counter&amplg
S'eH
35’. 3. A A (S 7") <(e,a) (S, 7r)>
S'e G,
A (51771-,) S(e,A) (Sv 7T)
G| is strictly R-foundedon H (denotedby Go\ g H) if Go \/~r (H,D).
Gy is (quasi-)R-foundedon G, (denotedby Go~rG1) if Go \y/~r (0,G1).

\

Notethattheexpressie powerof \,/~ g is higherthanthatof N\, and~p together:
({SINgH V {S}~rG1) implies {S}\/~r (H,G1) for S € SynCons, but the
corversedoesnotholdin general For aninformal but quiteimaginatie introductionto
foundednessf. Wirth (1997).

Lemmal.2
Let R, R' bevariable-conditions;Go, G1, G2, Gs, H1, Ha, H3 C SynCons.

1. If Go~nrG1 andlogic(G,) is R-valid, thenlogic(Gy) is R-valid, too.
2. If GogGl, then Go~rG1.
3. If Gof\RGl \,/NR (HQ, GQ), then GO \/NR (HQ, Gg)
4. If Go \,/f\R (HQ,GQ) and G1 \/f\R (H3,G3),
then GoUG1 \,/f\R (HQUH3,G2UG3).
. Incaseof RCR': If Gor~gG1, then Gy g G1.
6. In caseof R’ beingthe o-updateof R for an existential R-substitutions:
If Gor~vrG1, then GoovgGro.
7. 1f H; \//\R (Hl,Gl), then HlmRGl.

9]

Proof of Lemmal.2: (1), (2), (3), and(4) aretrivial. (5) followsfrom part(1) of Lem-
ma0.3, (6) follows from part (2) of Lemma0.3. (7) relies on the wellfoundednessf

S(eA) - O

2 Abstract Inductive Calculi

Now we aregoingto abstractlydescribeénductive sequenaindtableaucalculi. In Wirth
(1998) we have shownn that the usualdeductve first-ordercalculi areinstanceof the
deductve versionof our abstractalculi. Thiswill still bethe casefor the abstractal-
culi below, but in this paperwe have to concentrateon the inductive part. The main



differenceto the deductve caseis that the sequentsare replacedwith syntacticcon-
structsj.e.to eachsequenaweightis addedor controllingtheloopsin ITP. Thebene-
fit of theabstracwersionis thateveryinstances automaticallysound.Dueto the small
numberof inferencerulesin deductvefirst-ordercalculiandthe locality of soundness,
this abstractversionis notreally necessaryor deductve calculi. For inductive calculi,
however, dueto abiggernumberof inferencerules(which usuallyhave to beimproved
now andthen)andthe globality of soundnesssuchan abstractversionis very helpful,
cf. Wirth & Becker(1995),Wirth (1997).

Definition 2.1 (Inductive Proof Forest)

An inductiveproofforestin a sequen{or else:tableay calculusis a pair (F, R) where
R is avariable-conditiorand F' is a setof pairs(.5, t), whereS is a syntacticconstruct
andt is atreewhosenodesarelabeledwith syntacticconstructgor else:whoserootis

labeledwith aweightandwhoseothernodesarelabeledwith formulas).

Notethatthetreet is intendedto represent proof attemptfor S. In caseof atableau
calculusthe nodesof ¢ arelabeledwith formulas(the root, however, with a weight).
In caseof asequentalculusthe nodesarelabeledwith syntacticconstructsWhile the
syntacticconstructsatthenodesof atreein a sequentalculusstandfor themseles,in

atableaucalculusall theancestordiave to beincludedto make up a syntacticconstruct
and,moreorer, theformulasat thelabelsarein negatedform:

Definition 2.2 (Goals(), AX, Closedness)

‘Goals(T')’ denoteghesetof syntacticconstructdabelingtheleavesof thetreesin the
setT (or else:the setof syntacticconstructq A, J) with A resultingfrom listing the
conjugatef the formulaslabelinga branchfrom a leaf to the root (exclusively) in a
treet in T andl beingthelabelof theroot of thetreet).

In whatfollows, we assumed X’ to besomesetof axioms By thiswe meanthat AX is
Vi x 'V -valid. (Cf. thelastsentencén Def.0.4.)

Thetreet is closed if logic(Goals({t})) C AX.

Thereadersnay askthemseleswhy we considera forestinsteadof a singletreeonly.
If we have two trees(S,t), (S',t') € F we canapply S asalemmaor induction
hypothesign thetreet' of S’, providedthatthe lemmaapplicationrelationis agyclic
andtheapplicationof thehypothesiproduces goalthatexpresseshattheinstanceof
the hypothesiss smallerthan S’ in theinductionordering.

Definition 2.3 (Inductive Invariant Condition)
The inductiveinvariant conditionon (F, R) is H~gGoals(ran(F)) for the setof
hypothesed := dom(F).

FromLemma0.5andLemmal.2(1)weimmediatelyget:

Theorem 2.4 Lettheinductiveproofforest(F, R) satisfytheaboveinductiveinvariant
conditionandsetH := dom(F).
If all treesin ran(F’) are closedthenlogic(H) is R-valid.



Notethat,contraryto thedeductive casejocalalgumentatioronasingletreeis notpos-
sible:If (S,t) e F, (F,R) satisfiegheinductive invariantcondition,andt is closed,
we do not know thatlogic({S}) is R-valid becausave may have appliedsomeinduc-
tion hypothesisS’ € H\{S} whenconstructingheprooftreet of S andtheprooftree
of S’ is notclosed.In otherwords,all treesin theforestmustbe closedbeforewe know
thatany hypothesisn logic(H) is R-valid.

Theorem 2.5 Theinductiveinvariantconditionis alwayssatisfiedvhenwe start with
an emptyinductiveproof forest (F, R) := (@, ) and theniterate only the following
kindsof modificationsof (F, R) (resultingin (F', R')):

Hypothesizing: Let R' bea variable-conditionwith RCR'. LetLet([,X) beasyn-
tactic construct.Let ¢ be the tree with a single nodeonly, which is labeledwith
(I,N) (or else:with a singlebranch only, sudh that I" is thelist of the conjugates
of theformulaslabelingthe branch fromtheleaf to theroot (exclusively)and X is
thelabel of theroot). Thenwemayset F' := F U {((I,N),?)}.

Expansion: Let R' be a variable-conditionwith RCR'. Let(S,t) € F andH :=
dom(F). Letl bea leafin t. Let (A, 3) bethelabel of I (or else: A resultfrom
listing the conjugatesof the formulaslabeling the branch from to the root (ex-
clusively)and 3 be the label of the root of t). Let G be a finite setof syntactic
constructs(or else:let M be a finite setof sequentsand setG := { (I1A,2J) |
IT € M }).Nowif {(A,D)} \/~r (H,G) thenwemayset F' := (F\{(S,t)}U
{(S,t")} whert' resultsfromt by addingto the formerleaf [, exactly for each
syntacticconstructS’ in G, a new child nodelabeledwith S” (or else:exactly for
ead sequentlT in M a new child branch sudc that I7 is thelist of the conjugates
of theformulaslabelingthe brandh fromtheleafto the new child nodeof [).

Instantiation: Let o be an existential R-substitution.Let R' be the o-updateof R.
Thenwemayset F' := Fo.

Proof of Theor.2.5: The empty proof forest satisfies the inductive invariant
condition by Lemmal.2(2). Hypothesizing: From H~gGoals(ran(F)) we get
H~pGoals(ran(F)) by Lemmal.2(5) for H = dom(F).
Thus, from {(IN)}~r {(I,N)} (by Lemmal.2(2))we get H U {(I,N)} ~p
Goals(ran(F)) U {(I,N)} by Lemmal.2(4),i.e. H'~g Goals(ran(F")) for H' :=
dom(F"). Expansion:{(4A,3)} \/~r (H,G) and (Goals(ran(F))) \ {(4,3)}
~g (Goals(ran(F))) \ {(4,3)} (by Lemmal.2(2)) give Goals(ran(F))
N/~vr (H,G') for G' := (Goals(ran(F)) \ {(4,3)}) UG by Lemmal.2(4).From
the old invariantcondition H~pgGoals(ran(F)) we get H g Goals(ran(F)) by
Lemmal.2(5), and then by Lemmal.2(3) conclude H \,/~g (H,G"). Thus,by
Lemmal.2(7)we have H~p'G', andthenfrom G’'~ g Goals(ran(F')) (dueto
Lemmal.2(2)) we get H g Goals(ran(F')) dueto Lemmal.2(3), which is the
new invariantconditionon (F', R') dueto H =dom(F') =dom(F"). Instantiation:
From the old invariantcondition H~grGoals(ran(F)) for H := dom(F) we get
Horvg Goals(ran(Fo)) by Lemmal.2(6),which is the new invariantconditionon
(F',R'") dueto dom(F')=dom(F)o = Ho. O



Now thecrucial stepof implicit induction(i.e. the applicationof aninductionhypothe-
sis (I, R) instantiatedvith a substitutione to expandagoal (A, 3)) canbeformulated
asan Expansiorstepin thetableaucalculus(sequentalculusanalogouslypasfollows.

Theorem2.6 Let (F, R) beaninductiveproof forestin a tableaucalculus.We want
toapply (I',X) € H := dom(F') asaninductionhypothesigo expandthegoal (A, J)
that resultsfrom listing the conjugatesof the formulasand the weight labeling the
brandh from a leaf [ to the root of a treet € ran(F). SetX := V;((I,X)) and
Y = {yeW(,)N)| Xx{y} C R} Letg € Y = (V5\W4(F)) be an injective
substitution.Now the following instantiationof R’ and M describesa sub-ruleof the
Expansiorrule of thetableaucalculusof Theor2.5: SetR' := R andsetM to bethe
setcontainingthe sequent® o< and By for ead formula B listedin thesequent’”.

NotethatY containsexactly thosefree universalvariablesof (I, X) thathave no free
existentialvariablesin their scopesvhenimaginingary list of quantifiersfor all free
variablesof (I, X) thatrepresentga supersebf) R. Thevariablesin Y arethoseon
which no solutionfor the free existential variablesin X dependsTherefore the vari-
ablesin Y arethosewhich we caninstantiatewhenapplyingthe inductionhypothesis
(I, N). Althoughit doesnot seemimpossibleto usemorevariablesfor induction, this
doesnot seento be necessaryespeciallypecauseve canextend R with Xx{y} in or-
derto instantiatey whenapplyingtheinductionhypothesisMoreover, | do notknown
ary more generalapproachin the literature.E.g., in Baaz&al. (1997),the inductive
partof theoremproving is triggeredby applicationof a §-rule andthevariabley of the
guantifierremovedby the é-rule becomeghe inductionvariable.In our approachthe
d-rule applicationwould replacey with a new free universalvariabley” andextendthe
variable-conditiorwith Xx{y"} suchthat y¥ € Y would hold.

Proof of Theor. 2.6: Accordingto the definition of an Expansionstepin the tableau
calculusof Theor2.5wehaveto shav {(A,3)} \J~r (H,{ (44,3) | Ae M }).
Thus,for A € K, e anexistential (A, R)-valuation,r € V, — A, assum€(A, ), 7)
to be an (e, A)-counter&ample.lf someformula A € M is not (w, e, A)-valid then
also((AA,J),) is an (e, A)-counteraamplewith ((AA,J),7) Se,) ((4,3),7).
OtherwiseRo<Jis but I'g is not (=, e, A)-valid. Definer’ € V, — A by

7' (y) == e(e)(m)(e(y)) foryeY  and  7'(y):=n(y) forye V,\Y.
Claim 1: For z? € Va((I, X)) we have e(e)(m)(z?) = e(e)(n')(z?).
Proofof Claim 1: Otherwisetheremustbesomey” € Y with y¥ S, 7. Sincez® € X
we have z*? R y¥ by definition of Y. But then S, o R is not irreflexive, which
contradicts beinganexistential(R, .4)-valuation. Q.e.d.(Claim 1)
Hence thevaluesof I" and® undereval(A & e(e)(n') W ') arethesameasthevalues
of I and X undereval(A W e(e)(w) W n') which againarethe sameasthe valuesof
I' o andXp undereval(A W e(e) (m) W ) by the Substitution-LemmaThus,ontheone
handfrom the (7, e, A)-validity of Ro<J we get ((I,R),n') <(,4) ((4,3),7), and
on the otherhandfrom I'g not being (, e, A)-valid we know that ((I,X), ') is an
(e, A)-countergample. O



3 An Example

Dueto limited spacewe arenot ableto shav the usefulnes®f our integrationof free
existentialvariablesandfull first-orderformulasinto implicit inductionwith a sophisti-
catedexample.Insteadwe will sketcha simplifiedtoy examplewith mutualinduction
thatwill give the readera concreteideaon how proofslook like. Note, however, that
(dueto mutualinductionandnon-trivial weights)eventhis toy examplehasno straight-
forward proofsin the ITP calculusof Baaz&al. (1997)or ary known ITP systemwith
the exceptionof QUODLIBET, cf. Kiihler(1999).

In ordernot to requireeven more prerequisitesye do not explicitly referto our
inductive specificationtechniquesiescribedn Kihler & Wirth (1996),but usea stan-
dard(ordersorted)first-orderspecificatiorstyle.

SignatureSorts:natCORD. Herenat is thesortof naturalnumbersaandORD the
sortfor theinductionordering.We usezero0 :— nat andsuccessos : nat — nat as
constructordor the sortnat. Moreover, P. nat andQ. nat,nat aretwo definedpredi-
cateonthenaturalnumbersFurthermore<. ORD,ORD is theinductionorderingand
lex : nat,nat,nat — ORD is thelexicographiccombinationof length0, 1, or 2 asindi-
catedby thefirstalgumentge.g.lex(s(0), z, y) modelsthe 1-tuple (z) while lex(0, z, y)
modelsthe 0-tupleor emptyword (). We usez, y, z for variablesof the sortnat where
superscriptéike 2?, z¥ indicatefree existentialandfree universalvariables Axioms:

(lex0) Vx1,Y0,Y1,20,21- lex(0,yo, z0)<lex(s(z1),y1,21)

(IeX1) vxoaxl)yoaylazoazl' (leX(S(.QI()),y0,20)<|eX(S($1),y1,2’1) <~ y0<y1)
|eX(S(:L‘0), Y, z0)<|ex(s(m1), Y, zl)

(lex2) V20, 215y, 20, 21- < lex(zo, 20, 0)<lex(z1, 21, 0)

(nat0) Vo. (z=0V Jy. z=s(y))

(lex0) saysthatthe emptytupleis thesmallest(lex1) implementsa comparisorof the
first tuple elementsand (lex2) discardsdenticalfirst tuple elements(nat0) saysthat
ary naturalnumberis zeroor the successoof anothematuralnumber The following
axiomsdefinethe specialpredicate®f our example.

(PO) P(0)

(P1) Vz. (P(s(x)) = (P(.’E) A Q(w,s(m))) )
(Q0)  Vz. Q(z,0)

Q1) Vz,y. (Qz,s(y) < (Qz,y) AP(z)))

We want to shov Vz.P(z) and Vy,z. Q(y,z). We first do a tableau
calculus proof. We start with the empty forest. Two Hypothesizing steps pro-
vide us with the hypothesegP(z{); wg(z§)) with single-branchtree (1) wg (),
(1.2) =P(xy); and (Q(yg, z3); w3 (y3,23)) with single-branchtree (2) w3 (v, 23),
(2.1) =Q(yg,28)- Note that the first numberin the precedinglist is the number
of the proof tree (indicating its root node) and a suffix “.i” denotesthe step to
the i*® child node. Since the formulas of the specificationare implicitly on all
brancheswe can use (nat0) to addto (1.1) the childrenzj =0 and zg =s(z}) in
an Expansionstep with variable restriction (z3,z}). An Instantiation step with
{zg—z§} (which a concrete inference system should do immediately together



with the precedingExpansionstep) gives us the new tree (1.1.1) 2§ =0, (1.1.2)
x§ =s(zY). Rewriting copiesof (1.1) with thesechildrenin two Expansionsteps
yields (1.1.1.1)-P(0), (1.1.2.1)-P(s(z})). By (P0) we can close the first branch
with (1.1.1.1.1)P(0). By (P1) we canadd(1.1.2.1.1)P(s(zY)) (closed),(1.1.2.1.2)
=P(zY), (1.1.2.1.3)-Q(=zY,s(z})). Now, after thesestandardirst-ordertableausteps
we doaninductionhypothesisapplicationstepasdescribedn the previoussection We
apply the hypothesigP(zg); w3 (xf)) with substitutiong := {z{—=zj} to (1.1.2.1.2),
resultingin the new childrenP(z7) andwg (z3) £wg(z§), wherewg (z§) comesfrom
theroot(1) and¢ isthenegationof <. After instantiating{zj =} } weget(1.1.2.1.2.1)
P(z}) (closed)and (1.1.2.1.2.2)w3(z})£wg(zg). Note that the only differenceto
an Extensionstepin Model Elimination tableaux(cf. Baumgartne&al. (1997)) lies
with the additionalchild (1.1.2.1.2.2) which asksusto shown thatthe instanceof the
hypothesidgs smallerthantheweightof our prooftree.Indeed:Hypothesisapplication
differs from the standardemma (or axiom) applicationonly in producingan addi-
tional £-goal. This makeshypothesisapplicationa little more expensve thanlemma
application.Similarly, we apply theinductionhypothesig{Q(yg, z3); w3 (¥, 2§ )) with
substitutiong = {yj—yg, 2525} to (1.1.2.1.3),which after instantiationwith
{yg—y, zg—s(zy)} resultsin (1.1.2.1.3.1)Q(z7,s(z})) (closed)and (1.1.2.1.3.2)
wi (27, s(z])) £wg (z3). Rewriting theleavesof theopenbranchesn placewith (1.1.2)
we get (1.1.2.1.2.2)wg (2} ) £wg (s(z})) and (1.1.2.1.3.2)w; (=], s(z})) £wg (s(x})).
Expandinghetree(2) analogouslyo thetree(1) we getasleavesof theopenbranches
(2.1.2.1.2.2)07 (3, =) 2 wi (5, (2Y)) and(2.1.2.1.3.23 (43 2w} (45, (=Y)). Now
both hypothesedave beenappliedin both trees.Next, we chooseour weight func-
tions in sucha way that we can close both trees: wg(z) := lex(s(0),z,0) and
wi(y, 2z) := lex(s(s(0)), y, z). Applying (lex0), (lex1), (lex2) to theresultingleavesin
the standardashionresultsin z3 £s(z}) andzj £s(z7) astheleavesof the only open
branchesFinally, thesebranchesreclosedby comparingthe sizeof a uniquelydenot-
ing constructorgroundterm: A branchcontaininga literal of theform ¢, £t; is closed
if the numberof occurrence®f eachfree variablein ¢y is not biggerthanthe number
of occurrencesf thatvariablein ¢, thesizeof ¢, is strictly smallerthanthesizeof ¢,
andty, t; arepureconstructoterms.Cf. Kuihler& Wirth (1996)for the notionof “con-
structorterm” andfor the modelswhereour inductionorderingis wellfoundedindeed.
We may ask:Which stepsin this proof weretypical for ITP in the sensehattheir
soundneseelieson notionsof inductive validity insteadof thestrongemotionof deduc-
tive (first-order)validity? Besidegthe four induction hypothesisapplicationsthe final
branchclosurerulesaretypical for inductionbecause¢hey requirethat,in all modelsin
K, thesuccessoof eachnaturalnumberis differentfrom thatnaturalnumberandeach
naturalnumberis built-up from zeroby afinite numberof successosteps(i.e. thereare
neithercyclesnor Z-chainsin the models,cf. Enderton(1973)).Otherstepstypical for
inductionbut not appliedin this examplearenarroving stepsto solve equalityliterals.
Their soundnesselieson the freenes®f themodelsin K. (Notethatnarroving in ITP
relieson confluencéut notonterminationof thereductionrelationof thespecification,



cf. Wirth (1997).)Moreover, ITP oftenis only successfulvhenonetriesto shav theo-
remsthataremoregenerakhanthe onesoneinitially intendedo show. Thisis because
aninductivetheorenis notonly atask(asgoal)but alsoatool (asinductionhypothesis)
for ITP. This generalizatioris unsafein the sensehatit may transforma valid hypo-
thesisinto aninvalid one(over-generlization). Thereforegeneralizatiorshouldnotbe
modeledn Expansiorstepswithin atree.Insteadthe generalizegequenshouldstart
anew tree(Hypothesizingstep)andbelaterappliedto the original treeasaninduction
hypothesior lemma.Sincea valid input theoremmay resultin aninvalid goal dueto
over-generalizationtheability of anITP systento detectinvalid goalsis importantun-
derapracticalaspectWhenall Expansiorandinstantiatiorstepsin atreeareknown to
be safe,the detectionof aninvalid goalin the treeimpliesinvalidity of the hypothesis
of thistree,which thenshouldbe completelyremaovedfrom the proof forest.

Now we aregoingto comparehe above tableaucalculusproofwith acorrespond-
ing sequentalculusproof of the samehypothesesOf coursewe could simply trans-
form the tableautreesinto sequentreesby bottom-upreplacingthe label of eachnode
with the syntacticconstructisting the conjugate®f theformulasandtheweightlabel-
ing the (partial) branchfrom this nodeto the root, andfinally removing the root part
of the treewherethe nodesare ancestor®f a nodeof the initial Hypothesizingsteps
(hererremoving therootnodes)This, however, would mearto paythepricefor sequent
calculi (i.e. multiplying the numberof formulaslabelingeachproof treewith at most
nearly the depthof that tree) without using the advantagesof sequentcalculi. Thus,
let us start againwith the hypothesegP(zg); wg(zg)) and (Q(yg, 28); w3 (¥, 23))-
The single-nodetree for the formeris (1) P(xy); wg(zg). Notethatthe goalin the
treeis identicalto the hypothesiscontraryto the tableauversionwherethe two dif-
fer in duality andlocality. While this is not a hindrancefor completelyautomaticl TP
systemsjt posesconsiderablepractical problemsin systemswhereuserguidanceis
possible:The primitive processof switching duality is a typical sourceof errorsfor
humanbeings(or me at least). Perfectly analogougo the tableauproof we get the
children z§ #0, P(z§); w3(z§) and =z #s(z}), P(zy); wi(xy). Contraryto the
tableauproof we are now ableto rewrite the literal inheritedfrom the parentnodein
placewithout copying it. Notethatin tableauproofsanequalityliteral canbe usedto
rewrite formulasof its offspringin place,whereast mustcopy ancestoformulasbe-
forehanddown to its offspring becausehe ancestoiis alsopart of otherbrancheghat
do notincludethe equalityliteral. Moreover, the weightterm canbe rewritten aswell,
which againis not possiblein the tableauersionwheretheweightis attheroot node.
After rewriting we get z§ #0, P(0); wg(0) and z§ #s(zy), P(s(z})); wg(s(})).
Sincetheequalityliteralsarein solvedform for thevariablez thatdoesnotoccurelse-
wherein the syntacticconstructsye know thatvalidity cannotrely onthisliteral. This
meansthat we cansafelyremove both equality literals resultingin (1.1) P(0); wg(0)
and(1.2) P(s(z})); wi(s(z})). Remawing redundanformulasis the mostimportant
simplification stepbesidescontextual rewriting. It seemso be impossiblein tableau
treesunlesgheredundang of theformulais dueto theancestonodesonly, which only



is the casefor uselesgormulasthatshouldnot have beenaddedat all. In Wirth (1997)
andin QuobLIBET (cf. Kiihler(1999))the Expansionfrom (1) into (1.1) and(1.2)is
doneby a single inferencestepapplying a so-called“covering set of substitutions”.
Notethatthe presenstateof the sequenproofis muchsimplerthanthe corresponding
stateof the tableauproof. The former consistof thenodeg(1.1) and(1.2) andhastwo
formulasandonevariable.Thelatter consistf a six nodetreewith five formulasand
two variablesThisis of practicalimportancebecauséacticsfor proof searcharemore
easilyconfusedwith lessconciseproof staterepresentations he restof the whole se-
quentproof is analogougo the tableauproof with the exceptionthatall rewrite steps
areomittedsincethereareno equalityliteralsto rewrite with andthetermsarealready
in normalform.

Anotherpossibilityrestrictedto sequentalculiis thateachsyntacticconstructa-
belinganodein thetreescanbeappliedasaninductionhypothesisWe donotseeareal
adwantagein this becausesplitting the treein two above suchaninductionhypothesis
resultsin abetterstructureof the proofforestandin moresuccessfuproofsbecauseve
canadjustthesyntacticconstructppropriately Supposeve hadnotstartedanew proof
treefor the hypothesidor Q but insteadkeptthe hypothesidor Q down in thetree(1)
at position(1.2.3).Several unsafegeneralizatiorstepswould have beennecessarype-
fore Q(z3,s(zY)), P(s(z})); wj(s(z})) would have becomeusefulasaninduction
hypothesisnamelyremoving thesecondormula,generalizings(x} ) to anew variable,
andswitchingto a weightthat measuresilsothis new variable.Moreover, in practice
oneshouldnot applythe hypothesidor Q in thetreefor P beforeit is obviousthatthe
treefor Q mutually needghe hypothesidor P: Most of the time a prooffor Q canbe
completedn aproofforestnot containingthetreefor P. In this case notonly thenum-
berof treesin the proof forestfor Q getssmaller but alsothetreefor P becausevy, z.
Q(y,2) canthenbeappliedasalemmaandnotasaninductionhypothesiswhich cuts
off the £-branchof the prooftreeof P.

4 Conclusion

We have shavn how to integrateimplicit ITP into first-ordersequentandtableaucal-
culi. Thefollowing aspectsarenovel comparedo the concreteémplicit inductioncal-
culus of Wirth (1997): The tableaupresentationthe possibility to usefull first-order
formulasinsteadof literals only, and the importantaddition of free existential vari-

ables,i.e. the “dummies” of Prawitz(1960),makingthe major differencebetweenthe
free variablecalculi of Fitting (1996)andthe calculi of Smullyan(1968).Contraryto

Baaz &al. (1997) we really integrateimplicit induction: When we startan inductive
proof we do not restrict the applicableinduction hypothesesWe can do mutualin-

ductionandinventcompletelynew inductionhypotheseswhich canbe full first-order
sequentsnsteadof literals only. Moreover, we can also generatenduction hypothe-
seseagerlyin the style of explicit induction, which enablesgoal-directednessv.r.t.

inductionhypothesesAll thisis not possiblein the calculusof Baaz&al. (1997).



Furthermorewe exemplifiedthat althoughtableaucalculi may save repetitionof
formulas,sequentalculihave substantiahdvantagesRewriting of formulasin placeis
alwayspossible andwe canremove formulasthatareredundantv.r.t. the otherformu-
lasin asequentNotethatformulaslike (nat0) make equalityomnipresenin induction
andthatthesesimplificationstepsareevenmoreimportantin inductive thanin deduc-
tive theoremproving: Not only do they play arole in the generatiorof appropriaten-
ductionhypotheseghey areanessentiapartof thefailuredetectionprocesghathasto
compensatéor over-generalizatiorf inductionhypothese# additionto the detection
of invalid inputtheoremsFinally, the presencef two dualversionsof eachhypothesis
in inductive tableaucalculi makesproof guidanceby humanusersmoredifficult.
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