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Abstract. Weshow how to integrateimplicit inductivetheoremproving into free
variablesequentandtableaucalculi andcomparetheappropriatenessof tableau
calculi for this integrationwith thatof sequentcalculi.

Whenfirst-ordervalidity is introducedto studentsit comeswith somecompletecalcu-
lus. If thiscalculushappensto beananalyticcalculusaugmentedwith a Cut rule likea
sequentor tableaucalculusthestudentscancomparetheformal proofswith the infor-
mal onesthey arehopefully acquaintedwith. This is becausethesecalculi canmirror
the humanproof searchprocessbetterthanothers.While knowing a completecalcu-
lus doesnot meanto know muchaboutfirst-ordertheoremproving, the interrelation
of a human-orientedcalculusand the informal proof searchof the studentswill turn
out to be fruitful for their later mathematicalwork. It is a pity that—whilenearlyall
proofsof a working mathematicianincludeinduction—nothingcomparablefor induc-
tive first-ordervalidity is offeredto thestudents.Somemayarguethatthis is generally
impossiblebecausenoteventhetheoryof thePeanoalgebraof naturalnumbersis recur-
sively enumerable,cf. e.g.Enderton(1973).Nevertheless,therereally is somegeneral
way a working mathematiciansearchesfor an informal proof, may it be inductive or
not.Theinductiveversionof this proof searchmethodgoesbackto theancientGreeks
andwasrediscoveredunderthe name“descenteinfinie” by Pierrede Fermat(1601-
1665).If you want to prove a conjecture,this methodrequiresthatyou show, for each
assumedcounterexampleof the conjecture,the existenceof anothercounterexample
of the conjecturethat is strictly smallerin somewellfoundedordering.The working
mathematicianappliesit in thefollowing fashion.He(whomaybefemale!)startswith
the conjectureandsimplifiesit in caseanalyseswhich canbe describedasstepsin a
sequentor tableaucalculuswith Cut. Whenhe realizesthat the goalsbecomesimilar
to a different instanceof the conjecture,he appliesthe conjecturejust like a lemma,
but keepsin mind thathe actuallyhasappliedsomeinductionhypothesis.Finally, he
searchesfor somewellfoundedorderingin which all the instancesof the conjecture
that he hasappliedas induction hypothesesare smaller than the original conjecture
itself. Looking for a formal inductivecalculusfor mirroring this styleof humaninduc-
tive theoremproving (ITP), the“implicit induction” of Bachmair(1988)wasa starting
point becauseit includedhypothesisapplication,althoughit wasrestrictedto univer-
sally quantifiedpureequationsandwasnot human-oriented.In Wirth (1997)we have
presenteda human-orientedinductive calculusfor universallyquantifiedclausallogic.
In Kühler(1999)—implementedastheQUODL IBET system—thiscalculusis extended



with somenecessaryandimportantconcretionfor reasoningon theinductionordering
andwith atactic-basedconceptfor proofguidancethatis intendedto partiallyautomate
the constructionof proofs.Extendingthis approachto full first-orderlogic turnedout
to be moredifficult thanexpected(cf., however, Padawitz(1996)for the extensionto
anotherinterestingsub-class):Thestate-of-the-artfreevariableanalyticfirst-ordercal-
culi werenot suitedfor the integrationof “implicit induction” becausethey confused
theHerbranduniverseswith their Skolemfunctionsanddid not preservesolutions(i.e.
closing substitutions)(like Prolog does),therebydestroying the wellfoundednessof
“descenteinfinie”. In Wirth (1998)we have developedsequentandtableaucalculi for
full first-orderformulasthat do not Skolemizebut do preserve solutions.Thesenew
calculi comein two versions.Theweakversionis simple,but cannotmodelliberalized
versionsof the

�
-rule, which the strongversioncan.Sincethestrongversionis much

morecomplicated,thespaceis limited here,andmany researcherstodayarequiteun-
acquaintedwith “descenteinfinie”, in this paperwe will usetheweakversiononly and
concentrateon the inductive aspects(i.e. inductionhypothesisapplication)andnot on
thedeductive ones(i.e. � -, � -, � -, and

�
-steps,cf. Smullyan(1968)).Evenfor theex-

pertsin implicit ITP eachof the following aspectswill be new: Tableaupresentation,
full first-orderformulas,andfreevariables.

We use ‘ � ’ for the union of disjoint classesand ‘id’ for the identity function.
For a class � we definedomain, range, restriction to, image and reverse-image of
a class � by �	��
����������	�������������! "�#�%$��&�'�(")+*,�-����.���	�/�0�	�!�,�-�! "�#�1$2��&�'354 � �.� �,�-�! "�#�1$2�6�7�0$��8&+' 9-�;:<� �.�=�>���7�	�0$��?���-�! "�@�%$��A&�'B�C9-DE:F�.�
�	���G���H$�DI�����J K�#�%$��A& . ‘ L ’ denotesthesetof and‘ M ’ theorderingon naturalnum-
bers.We use‘ N ’ to denotetheemptysetaswell astheemptyfunctionor emptyword.
A quasi-ordering‘ O ’ on � is an � -reflexive andtransitive (binary) relationon � . As
with all our asymmetricrelationsymbolswe define �	P;� if �@OQ�J� By an (irreflex-
ive) ordering ‘ R ’ (on � ) we meanan irreflexive and transitive relation (on � ). The
ordering R of a quasi-ordering O is O;S�P . A quasi-orderingO is calledtotal on T if
TVUWTYXZO\[CP?� A O -chain is somesubclassTFXZ� suchthat O is total on T . O is
calledwellfounded if eachO -chain T hasa leastelement,i.e. �	�Q$/T;�^]1�H$�T;�J��O;���
Theclassof total functionsfrom � to D is denotedwith �`_aD . Theclassof (possibly)
partial functionsfrom � to D is denotedwith �cbdD .

We definea sequentto bea list of formulas.Theconjugateof a formula � (writ-
ten: � ) is theformula D if � is of theform e5D , andtheformula e5� otherwise.In the
tradition of Gentzen(1935)we assumethe symbolsfor freeexistentialvariables(i.e.
the free variablesof Fitting(1996)),freeuniversal variables(i.e. nullary parameters),
boundvariables(i.e. variablesfor quantifieduseonly), andtheconstants(i.e. thefunc-
tion (andpredicate)symbolsfrom thesignature)to comefrom four disjointsetsf,g , f%h ,
f%i�jlknm@o , and p . We assumeeachof f,g , f%h , f%iqj"k@mno to beinfinite (for eachsort)andset
f!rtsvuwuE�.�xf,gn�Hf%h . For a term,formula,sequenty &c., ‘ z	g{�-y2� ’, ‘ z|h|�-y2� ’, ‘ z5i�j"k@mno^��y;� ’,
‘ z rtsvuwu ��y;� ’ denotethe setsof variablesfrom f g , f h , f i�jlknm@o , f r}svuwu occurring in y ,
resp..For a substitution ~ we denotewith ‘ yQ~ ’ the result of replacingin y each
variable � in ���+
��-~,� with ~G�v�!� . We tacitly assumethat eachsubstitution~ satisfies



z i�jlknm@o ���	�+
��-~,��[7(")+*,�-~,�"����N� suchthatno boundvariablescanbereplacedandno
additionalvariablesbecomebound(i.e. captured)whenapplying ~ .

A variable-condition� is a subsetof f�g�Uf%h�� Roughlyspeaking, �v� g  �� h �%$/�
saysthat � g is olderthan � h , sothatwemustnot instantiatethefreeexistentialvariable
� g with a termcontaining� h .

Validity is expectedto begivenwith respectto some p -structure( p -algebra)� ,
assigningauniverse(to eachsort)andanappropriatefunctionto eachsymbolin p . For� X�fJr}svuwu wedenotethesetof total � -valuationsof X (i.e. functionsmappingfreevari-
ablesto objectsof theuniverseof � (respectingsorts))with

� _a� andthesetof (pos-
sibly) partial � -valuationsof X with

� b�� . For ��$ � _�� we denotewith ‘ �?�H� ’
the extensionof � to the variablesof X which are then treatedasnullary constants.
More precisely, we assumethe existenceof someevaluationfunction ‘eval’ suchthat�@� )+�����?�5��� mapsany termover p�� � into theuniverseof � (respectingsorts)suchthat
for all ��$ � : �@� )+�����?�5���#�-�!�!�����-�!�@� Moreover, �@� ){���-�?�5��� mapsany formula D over
p�� � to �0�H�8� or ���A�+�1� , suchthat D is valid in ���5� if f �@� )+���-���5���#��D��0���0�H�8� .
We assumethattheSubstitution-Lemmaholdsin thesensethat,for any substitution~ ,
p -structure� , valuation�\$7f!rtsvuwuW_a� , andtermor formula D :�@� )+���-���5���#��D?~,�W� �@� )+�l����� �^�J~ �6¡�¢�£.¤¥¤�¦ o@j"§�¨}©�ª 4K« ����¬ �n� ){�����?�5���| J� D +�
Finally, we assumethat the valueof the evaluationfunction on a term or formula D
doesnot dependon thefreevariablesthatdo not occurin D :�n� ){�����?�5���@�-DE�W� �n� )+�����®�°¯K¢�£.¤¥¤ ¨}±Hª 4 ���#��D��@�
Furtherpropertiesof validity or evaluationaredefinitelynot needed.

We are now going to briefly recapitulatethe notionsfrom the weak versionof
Wirth (1998)which we needin whatfollows.Severalbinaryrelationson freevariables
will be introduced.The overall ideais that when �v�� l��� occursin sucha relationthis
meanssomethinglike “ � is olderthan � ” or “the valueof � dependson or is described
in termsof � ”.

Definition 0.1( ² © , ³ © , Existential � -Substitution, ~ -Update)
For a substitution~ with �	��
��-~,�J��f g we definetheexistentialrelation to be
²�©����´�2�v�!µ� l�!�;�1�!µ+$�z�g{��~G�v�%�l�H¶��/$2f�g�& andtheuniversal relationto be
³G©·���´���v�% l�!�0���0$�z|h^�-~G�v�%�K��¶�?$;f�g�&��
Let � beavariable-condition. ~ is anexistential � -substitution if ~ is asubstitution
with �	�+
���~,�J��f,g for which ³G©�¬8� is irreflexive.
Let ~ beanexistential � -substitution.The ~ -updateof � is ²�©�¬8���

Note that, regardingsyntax, �v� g  l� h �%$�� is intendedto meanthat an existential � -
substitution~ may not replace� g with a term in which � h occurs,i.e. �v� h  �� g �%$�³�©
mustbedisallowed,i.e. ³G©�¬�� mustbeirreflexive.

After applicationof an existential � -substitution~ , in caseof �-� g  �� h �%$�� , we
have to ensurethat � g is not replacedwith � h via a future applicationof anotherex-
istential � -substitutionthat replacesa free existentialvariable ¸ g occurringin ~G�-� g �
with � h . In this case,the new variable-conditionhasto contain �-¸ g  �� h � . This means
that ²�©>¬�� mustbeasubsetof theupdatedvariable-condition.



Let � besomep -structure.Wenow defineasemanticcounterpartof ourexistential � -
substitutions,which we will call “existential �-�¹ "�2� -valuation”.Supposethat º maps
eachfree existential variablenot directly to an object of � (of the samesort), but
canadditionallyreadthevaluesof somefreeuniversalvariablesunderan � -valuation
�F$·f h _a� , i.e. º getssome �,µ?$�f h bd� with �,µ-XA� asa secondargument;
short: º/�{f g _´�l�vf h bd���H_a�?�@� Moreover, for eachfreeexistentialvariable � , we
requirethesetof readfreeuniversalvariables(i.e. ���+
��v�,µ¥� ) to be identicalfor all �G'
i.e. therehasto be some“semanticrelation” »,¼�XYf%hJUGf�g suchthat for all ��$½f�g :
º^�v�%���>��»,¼�9 �q�,&v:G_¾�E�H_a�¹� Notethat,for eachº , atmostonesemanticrelationexists,
namely

»,¼����®�;�v�% l�!�;�1�;$2���+
���¿À�-�	��
��-º^�v�%�l�l�l�H¶�/$2f�g�&��
Definition 0.2( »,¼ , Existential ���¹ l��� -Valuation, Á )
Let � beavariable-condition,� a p -structure,and º?�{f�g�_Â�l�vf%hÃbÄ�?�H_a�?�#�
Thesemanticrelationof º is »,¼��.�À�2�-�% ��!�Q�,�Q$/�	�+
��¿����	�+
��-º^�-�!�"�����H¶��?$;f�g�&+�
º is anexistential ���¹ l��� -valuation if » ¼ ¬8� is irreflexiveand,for all ��$Vf g ,

º^�v�%���>��» ¼ 9 �q�,&v:H_a�?�5_a�¹�
Finally, for applyingexistential ���¹ l��� -valuationsin a uniform manner, we definethe
function Á��°�-f g _´�l�vf h bd���H_a�?�l�Å_ ���-f h _a�?�5_´�vf g _a����� by ( º`$
f g _��l�vf h bÄ���5_¾�E� , �Æ$Vf h _a� , �Ç$7f g )

Á��-º��#�-���#�v�%�A�.�½º^�-�!�#��È{É@Ê ËlÌ�Í}Î 4 �����
Lemma 0.3 Let � bea variable-condition.

1. Let �2µ bea variable-conditionwith �EXA�2µ-�
For each existential �-�I l�2µ¥� -valuation ºqµ there is some
existential ���¹ l��� -valuation º such that Á��-º��>�ÇÁq��º�µÏ�@�

2. Let ~ bean existential � -substitutionand �;µ the ~ -updateof � .
For each existential �-�I l�2µ¥� -valuation ºqµ there is some
existential ���¹ l��� -valuation º such that for all �Æ$7f%h0_a� :

Á��-º��@�v���Ð� ~ ¬ �@� ){���-�½�VÁ��-º µ �#�v�����7�����
We now define � -validity of a setof sequentswith freevariables,in termsof validity
of a formula(wherethefreevariablesaretreatedasnullaryconstants).

Definition 0.4(Validity)
Let � beavariable-condition,� a p -structure,and Ñ a setof sequents.
Ñ is � -valid in � if thereis anexistential �-�¹ "�2� -valuation º suchthat Ñ is �-º| l��� -
valid.
Ñ is �-º| l�?� -valid if Ñ is �-�G lº| l�?� -valid for all �Ò$Vf h _�� .
Ñ is �v�G lº| "�?� -valid if Ñ is valid in ����Á���º��@�v���5�� .
Ñ is valid in � if for all yÓ$�Ñ : y is valid in � .
A sequenty is valid in � if thereis someformulalistedin y thatis valid in � .
Validity in a classof p -structuresis understoodasvalidity in eachof the p -structures
of that class.If we omit the referenceto a special p -structurewe meanvalidity in
somefixedclassK of p -structures,e.g.theclassof all p -structures( p -algebras)or the
classof Herbrandp -structures(term-generatedp -algebras),cf. Wirth (1997),Wirth &
Gramlich(1994)for moreinterestingclassesfor establishinginductivevalidities.



Lemma 0.5(Anti-Monotonicity of Validity in � )
Let Ñ bea setof sequentsand � and �2µ variable-conditionswith ��XA�2µ�� Now:
If Ñ is �2µ -valid in � , then Ñ is � -valid in � .

Example 0.6(Validity)
For � g $\f�g , � h $Æf%h , thesequent� g �0� h is N -valid in any � becausewe canchoose
» ¼ �.�Ôf h UGf g and º^�v� g �n�v���A���Ô���v� h � resultingin Áq��º��#�v���n�v� g ���Àº^�v� g �@� È É Ê ËlÌ g ÍtÎ 4 ���Ã�
º^�v� g �n� ¡ h 4 �����Ó���v� h �#� This meansthat N -validity of � g �Q� h is thesameasvalidity of
]!�%�>�^�����%�Q�%� Moreover, note that Á��-º��#�-��� hasaccessto the � -valueof � h just asa
raisingfunction Õ for � in theraised(i.e.duallySkolemized)versionÕ5�v� h �"�Q� h of ]!�%�
�^���>�%�Q�%�

Contrary to this, for �Ö���Ðf�g>UHf%h , the sameformula � g �Q� h is not � -valid
in generalbecausethen the required irreflexivity of »�¼@¬�� implies »�¼%�ÒN and
º^�v� g �n� È{É#Ê ËlÌ g ÍtÎ 4 �����°º^�-� g �#�-× 4 ���?�°º^�v� g �n��N�� cannotdependon ���v� h � anymore.This
meansthat �-f,g>U5f%h�� -validity of � g �Q� h is thesameasvalidity of �	���^]%�!�	�1�Q�%� More-
over, notethat Á��-º��@�v��� hasno accessto the � -valueof � h just asa raisingfunction Ø
for � in theraisedversionØq��� h of �^���^]!�%�	�%�Q�%�

For a moregeneralexamplelet Ñ·�Ó�8�QÙvÚ ÛÃ�@�@�l�0Ù-Ú Ü{ÝwÞ,ß/��àJ$�á?& , wherefor âAMã,Ù
and à0$cá the �QÙvÚ ä areformulaswith freeexistentialvariablesfrom å� andfreeuniver-
sal variablesfrom å� . Then �-f g UGf h � -validity of Ñ meansvalidity of ��å���	]Aå�!�|]!à!$;áJ�
�{â0Mã Ù �>� ÙvÚ ä ' whereasN -validity of Ñ meansvalidity of ]Aå�!�J��å���	]!à!$;áJ�>�{â0MVã Ù �
� Ù-Ú ä �

1 Weights,SyntacticConstructs,and Counterexamples

A propositiony canbeprovedby inductionasfollows:

Showthat for each counterexampleof y there is anothercounterexampleof
y that is strictly smaller in a quasi-ordering O in that each O -chain [of
counterexamples] hasa leastelement!

Now by thePrincipleof DependentChoice(cf. Rubin& Rubin(1985))a classwithout
minimal elementscontainsa chainwithout a leastelement.Thus,if we canshow the
above,weknow that y cannothaveany counterexamplesat all andmustbevalid.

This paradigmof ITP wasalreadyusedby the ancientGreeks,rediscoveredby
PierredeFermatunderthename“descenteinfinie”, andis in our timesometimescalled
“implicit induction”, cf. Wirth & Becker(1995).Moreover notethat theoreticallyit is
alsopossibleto usethestrictly strongerAxiom of Choiceinsteadbut requireonly that
each O -chain[of counterexamples]hasa lower bound[beinga counterexample],cf.
Geser(1995).

In orderto measureour sequentsin our inductionordering (i.e. theabove quasi-
orderingfor avoidingnon-terminationin theinductiveargumentation),wesupplythem
with weightsfrom someset‘ æ � «}ç�è|é ’. Why theseexplicit weightsareso importantin
implicit inductionis explainedin Wirth & Becker(1995)andmoredetailedin Wirth
(1997),Sect.12. A weight ê togetherwith a sequenty forms a syntacticconstruct
�-yÃ Kê,� . For practicalpurposesaweightinitially is a term ë?�v�+Û� n�@�@�n ��+Ü	Þ1ß#� wherethe �+Ù



arethefreeuniversalvariablesof y and ë is similar to a global(rigid) freeexistential
variablein thatit canbechosenduringtheinductionproofappropriately, e.g.whenthe
goal is ë?�vì ß  lì<ín�ARÔë��vì<í� �în�-ì ß �l� for naturalnumberterms ì Ù a goodideamight be to
chooseë to betheadditionon naturalnumbers,or whenin anotherproof we have the
goals ë?�vì ß  n�-ì ß�ï ì<ín���ÃRcë?�-în��ì ß �# �ì ß � and ë?�vì ß  lì<ín�WR�ë?�vì ß  �îq�vì<íq��� agoodideamight
beto chooseë to bethelexicographiccombinationof lengthupto 2.While in principle
alsotheinductionorderingcouldbechosenfor eachproofdifferently, in practiceit has
shown to besufficientandadequateto useafixedwellfoundedquasi-ordering(depend-
ing on the p -structures).E.g. in QUODL IBET, a tactic-basedITP systemfor clausal
logic, we essentiallyusethe sizeof a uniquelydenotingconstructorgroundterm in
thestandardorderingonnaturalnumbers,cf. Kühler(1999).Therefore,weassumethat
for each p -structure��$ñð thereis somewellfoundedquasi-ordering O;ò . Further-
more,we assumethat p containsthe binary constantpredicatesymbol ‘ R ’ which is
interpretedby � as R�ò , i.e. the orderingof O;ò . Furthermore,� shouldbe ableto
interpretthe functionsconstructingtheweight terms(lexicographiccombination&c.)
asfunctionsinto �	��
�HO ò � .

Syntacticconstructsarethebasicdatastructurefor ITP, just like sequentsor for-
mulasarefor thedeductivecase.Thesetof all syntacticconstructsis denotedby ‘Syn-
Cons’. The function ‘logic’ extractsthe logic part (here:the sequents)of a set Ñ of
syntacticconstructs: �}� ç+«ôó �-Ñ/���.�À�	�+
�-Ñ/�@�

For powerful ITP we have to be able to restrict the test of whetherthe weight
of a hypothesisis smallerthanthe weight of a goal (which hasto be satisfiedfor the
permissionto apply the hypothesisto the goal) to the specialcasesemanticallyde-
scribedby their logic parts.This canbe achieved by consideringonly suchinstances
of theirweightsthatresultfrom thosevaluationsthatdescribeinvalid instancesof their
logic parts.A syntacticconstructaugmentedwith sucha valuationproviding extra in-
formationon the invalidity of its logic part in some p -structure� is calleda “coun-
terexample”.More precisely, for an existential �-�¹ "��� -valuation º we define: ��»G ����
is an ��º� "�?� -counterexample(for » ) if » is a syntacticconstruct, �¾$°f h _��I 
and �}� ç+«ôó �w��»8&q� is not �v�G "º� "�?� -valid. Thus,thelogic partof a syntacticconstruct» is
��º� "�?� -valid if f » hasno ��º| l�?� -counterexamples.Furthermore,ourinductionordering
is not simplya wellfoundedquasi-orderingon ‘ æ � «Ïç+è|é ’ but actuallythefunctionmap-
pingeach�-º| l�?� , where� is a p -structurefrom K and º anexistential ���¹ l��� -valuation,
to thewellfoundedquasi-orderingon æ � «}ç�è|é U��vf%h�_a��� givenby ��ê5 �����O ¨Ï¼"Ú òHª �}õ; l�,µv�
if �@� ){���-�½�VÁ��-º��#�-���,�7���#�öê1�7O;ò �@� ){�ö�-�½�VÁ��-º��#�-�,µ¥�1�÷�,µ¥�@�}õA��� Finally, weextendthe
inductionorderingto ø^ù^*!úÃ�+*>û�U\�-f!h0_a�?� by defining

����yW �ê1�@ ����WO ¨Ï¼KÚ ò�ª ����ü7 �õA�@ ��,µô� if �öêH ����WO ¨ô¼"Ú ò�ª �Ïõ; ��,µ¥���
Notethatour inductionordering O ¨ô¼"Ú ò�ª is semanticin thesenseof Definition 13.7of
Wirth (1997)becauseit cannotdependon thesyntactictermstructureof aweight ê but
only onthevalueof ê undertheevaluationfunction.In Wirth (1997)wehaverigorously
investigatedthepriceonehasto payfor thepossibilityto have inductionorderingsalso
dependingon thesyntaxof weights.For powerful concreteinferencesystemsthisprice
is surprisinglyhigh. Furthermore,after improving theorderinginformationin implicit



inductionby our introductionof explicit weights,theformernecessityof sophisticated
inductionorderingsthatexploit thetermstructuredoesnot seemto exist anymore.

Definition 1.1(Foundedness) (Cf. Wirth & Becker(1995))
Let � be a variable-condition.Let ‘ ý�þ-ÿ�� ’ be a symbol for a single relation. Let
Ñ Û  lÑ ß  � X ø^ù^*!úÃ�+*Jû . Now Ñ Û is � -strict/quasi-foundedon � �  "Ñ ß � (denoted
by Ñ Û ýñþ-ÿ��V� �  "Ñ ß � ) if
]%�`$�ðC�|]1º existential ���¹ l��� -valuation�^]1»7$�Ñ Û �^]%�G���������

�l��»5 l��� is an �-º| l�?� -counterexample���
��»�µ��>�	�,µ��

������
�l��»Gµ� ��,µ¥� is an �-º| l�?� -counterexample�

¶

���� 	 »Gµ+$ �
¶ñ��» µ  l� µ �1R ¨Ï¼"Ú òHª ��»5 �����
� 	 »Gµ+$2Ñ?ß
¶ñ��»�µ- l�,µô��O ¨ô¼"Ú ò�ª ��»5 ���� 


����
������
��������

Ñ2Û is strictly � -foundedon
�

(denotedby Ñ2Û�ý � � ) if Ñ2ÛHý`þvÿ � � �  "N�� .
Ñ2Û is (quasi-) � -foundedon Ñ?ß (denotedby Ñ2Û�ÿ � Ñ?ß ) if Ñ2Û5ýñþvÿ � ��N	 "Ñ?ß#� .
Notethattheexpressivepowerof ý�þ-ÿ � is higherthanthatof ý � and ÿ � together:
����»8&{ý � � � ��»8&�ÿ � Ñ?ßÃ� implies ��»8&5ý þ-ÿ � � �  lÑ?ß@� for »À$cø^ù^*!úÃ�+*>û , but the
conversedoesnothold in general.For aninformalbut quiteimaginativeintroductionto
foundednesscf. Wirth (1997).

Lemma 1.2
Let � , �2µ bevariable-conditions; Ñ2Û+ "Ñ?ß� "Ñ í  lÑ��+ � ß{ � í  � �2XÔø^ù^*!úÃ��*>û#�
1. If Ñ2Ûqÿ � Ñ?ß and �Ï� ç+«ôó ��Ñ?ß@� is � -valid, then �}� ç+«ôó �-Ñ2Û�� is � -valid, too.
2. If Ñ2Û+X�Ñ?ß� then Ñ2Û�ÿ � Ñ?ß{�
3. If Ñ2Ûqÿ � Ñ?ß,ýñþ-ÿ � � � í  "Ñ í �� then Ñ2ÛGý�þ-ÿ � � � í  lÑ í ���
4. If Ñ2Û�ý�þ�ÿ � � � í  lÑ í � and Ñ?ß�ý�þ-ÿ � � � �{ "Ñ��q�# 

then Ñ2Û�[GÑ?ß�ý�þ�ÿ � � � í [ � �{ lÑ í [GÑ��n�@�
5. In caseof �EXA�2µ1� If Ñ2Û�ÿ � Ñ?ß� then Ñ2Û�ÿ ��� Ñ?ß��
6. In caseof �2µ beingthe ~ -updateof � for an existential � -substitution~ :

If Ñ2Ûqÿ � Ñ?ß� then Ñ2Û�~,ÿ ��� Ñ?ß#~%�
7. If

� ß,ý�þ-ÿ � � � ß� lÑ?ßn�� then
� ß#ÿ � Ñ?ß��

Proof of Lemma1.2: (1), (2), (3), and(4) aretrivial. (5) followsfrom part(1) of Lem-
ma0.3, (6) follows from part (2) of Lemma0.3. (7) relieson the wellfoundednessof
O ¨Ï¼"Ú òHª . �
2 Abstract Inducti ve Calculi

Now wearegoingto abstractlydescribeinductivesequentandtableaucalculi. In Wirth
(1998)we have shown that the usualdeductive first-ordercalculi areinstancesof the
deductiveversionof our abstractcalculi. This will still bethecasefor theabstractcal-
culi below, but in this paperwe have to concentrateon the inductive part. The main



differenceto the deductive caseis that the sequentsare replacedwith syntacticcon-
structs,i.e. to eachsequentaweightis addedfor controllingtheloopsin ITP. Thebene-
fit of theabstractversionis thatevery instanceis automaticallysound.Dueto thesmall
numberof inferencerulesin deductivefirst-ordercalculi andthelocality of soundness,
this abstractversionis not really necessaryfor deductivecalculi.For inductivecalculi,
however, dueto abiggernumberof inferencerules(whichusuallyhaveto beimproved
now andthen)andtheglobality of soundness,suchanabstractversionis very helpful,
cf. Wirth & Becker(1995),Wirth (1997).

Definition 2.1(Inducti veProof Forest)
An inductiveproof forestin a sequent(or else:tableau) calculusis apair ���� "�2� where
� is a variable-conditionand � is a setof pairs ��»G �ì�� , where » is a syntacticconstruct
and ì is a treewhosenodesarelabeledwith syntacticconstructs(or else:whoseroot is
labeledwith aweightandwhoseothernodesarelabeledwith formulas).

Note that thetree ì is intendedto representa proof attemptfor » . In caseof a tableau
calculusthe nodesof ì are labeledwith formulas(the root, however, with a weight).
In caseof a sequentcalculusthenodesarelabeledwith syntacticconstructs.While the
syntacticconstructsat thenodesof a treein a sequentcalculusstandfor themselves,in
a tableaucalculusall theancestorshaveto beincludedto makeupasyntacticconstruct
and,moreover, theformulasat thelabelsarein negatedform:

Definition 2.2( �;��)+�Ïû@��� , ��� , Closedness)
‘ �;��)+�Ïû#���Q� ’ denotesthesetof syntacticconstructslabelingtheleavesof thetreesin the
set � (or else:the setof syntacticconstructs��ü÷ öõA� with ü resultingfrom listing the
conjugatesof the formulaslabelinga branchfrom a leaf to the root (exclusively) in a
tree ì in � and õ beingthelabelof theroot of thetree ì ).
In whatfollows,weassume��� to besomesetof axioms. By thiswemeanthat ��� is
f g UGf h -valid. (Cf. thelastsentencein Def.0.4.)
Thetree ì is closed if �Ï� ç�«Ïó ���;��)+�Ïûn�w�qìK&q����Xñ�����
Thereadersmayaskthemselveswhy we considera forestinsteadof a singletreeonly.
If we have two trees ��»5 lì��� ¹��»�µ- lì<µÏ�\$�� we can apply » as a lemmaor induction
hypothesisin the tree ì<µ of »Gµ , providedthat the lemmaapplicationrelationis acyclic
andtheapplicationof thehypothesisproducesagoalthatexpressesthattheinstanceof
thehypothesisis smallerthan »Gµ in theinductionordering.

Definition 2.3(Inducti ve Invariant Condition)
The inductiveinvariant conditionon ���� "�2� is

� ÿ����;�|){�ôû@�-(")+*����/�l� for the setof
hypotheses

� ���À�	��
V���/� .
FromLemma0.5andLemma1.2(1)we immediatelyget:

Theorem2.4 Lettheinductiveproofforest ���� l��� satisfytheaboveinductiveinvariant
conditionandset

� �.�À�	�+
����/� .
If all treesin (K){*,���/� areclosed,then �Ï� ç�«Ïó � � � is � -valid.



Notethat,contraryto thedeductivecase,localargumentationonasingletreeis notpos-
sible: If ��»G �ì��%$��� 6���� "�2� satisfiesthe inductive invariantcondition,and ì is closed,
we do not know that �}� ç+«ôó �w��»8&q� is � -valid becausewe mayhave appliedsomeinduc-
tion hypothesis»Gµ1$ � S^��»8& whenconstructingtheproof tree ì of » andtheproof tree
of »Gµ is notclosed.In otherwords,all treesin theforestmustbeclosedbeforeweknow
thatany hypothesisin �Ï� ç�«Ïó � � � is � -valid.

Theorem2.5 Theinductiveinvariantconditionis alwayssatisfiedwhenwestartwith
an emptyinductiveproof forest ���� "������´��N	 "N�� and then iterate only the following
kindsof modificationsof ���� l��� (resultingin ��� µ  l� µ � ):
Hypothesizing: Let �2µ bea variable-conditionwith �EX��;µ�� Let Let �-yÃ Kê,� bea syn-

tactic construct.Let ì be the tree with a singlenodeonly, which is labeledwith
��yW �ê1� (or else:with a singlebranch only, such that y is the list of theconjugates
of theformulaslabelingthebranch fromthe leaf to theroot (exclusively)and ê is
thelabelof theroot).Thenwemayset ��µ!��� �`[Ç�|�l�-yÃ Kê1�# �ì��K&|�

Expansion: Let � µ be a variable-conditionwith �EXA� µ � Let ��»5 lì��¹$!� and
� �.�

�	��
����/� . Let " be a leaf in ì . Let ��ü÷ öõA� be the label of " (or else: ü result from
listing the conjugatesof the formulaslabeling the branch from " to the root (ex-
clusively)and õ be the label of the root of ì ). Let Ñ be a finite setof syntactic
constructs(or else: let # be a finite setof sequentsand set Ñ®��� �;��$Çü7 �õA�;�$6$�# & ). Nowif �^��ü7 �õA�#&5ý�þ-ÿ����	� �  "Ñ/� thenwemayset ��µ��.�`���?S|�|��»5 �ì���&��l[
�^��»5 lì<µÏ�#& where ì<µ resultsfrom ì by addingto the former leaf " , exactly for each
syntacticconstruct»�µ in Ñ , a new child nodelabeledwith »Gµ (or else:exactly for
each sequent$ in # a new child branch such that $ is thelist of theconjugates
of theformulaslabelingthebranch fromtheleaf to thenew child nodeof " ).

Instantiation: Let ~ be an existential � -substitution.Let �2µ be the ~ -updateof � .
Thenwemayset ��µ!���%��~%�

Proof of Theor. 2.5: The empty proof forest satisfies the inductive invariant
condition by Lemma1.2(2). Hypothesizing: From

� ÿ � �;�|){�ôû@�-(")+*����/�l� we get� ÿ ��� �;�|){�ôû@�v(K){*,���/�l� by Lemma1.2(5) for
� ��� �	��
���/� .

Thus, from �^�-yÃ Kê1��&�ÿ ��� �|��yW �ê1�K& (by Lemma1.2(2)) we get
� [`�^�-yÃ Kê1��&Iÿ ����;��)+�Ïûn�v(K){*����/����[Ò�|�-yÃ Kê,�K& by Lemma1.2(4),i.e.

� µ ÿ � � �;�|){�ôû@�v(K){*,��� µ ��� for
� µ �.�

�	��
����µ¥� . Expansion: �|��ü÷ öõA��&Gý þ�ÿ����	� �  lÑ/� and ���;�|){�ôû@�v(K){*����/���l�VSñ�|��ü7 öõA��&
ÿ����x�&�;��){�ôûq�v(K){*,���/�"����S��^��ü7 �õA�#& (by Lemma1.2(2)) give �;��)+�Ïûn�v(K){*,���/�"�
ýñþ-ÿ�� � � �  lÑ�µ¥� for Ñ�µ,�.�·�&�;��)+�Ïûn�v(K){*,���/�"�1S��|��ü7 öõA��&��J[7Ñ by Lemma1.2(4).From
the old invariantcondition

� ÿ��'�;�|){�ôû@�v(K){*����/��� we get
� ÿ�� � �;��)+�Ïûn�v(K){*����/��� by

Lemma1.2(5), and then by Lemma1.2(3) conclude
� ý�þ�ÿ�� � � �  "Ñ�µô�#� Thus, by

Lemma1.2(7) we have
� ÿ ��� Ñ�µ� and then from Ñ�µ¥ÿ ��� �;��)+�Ïûn�v(K){*,����µ¥�l� (due to

Lemma1.2(2)) we get
� ÿ ��� �;�|){�ôû@�-(")+*�����µô�l� due to Lemma1.2(3), which is the

new invariantconditionon ��� µ  "� µ � dueto
� �Ç���+
���/�J�Ç�	��
��� µ ��� Instantiation:

From the old invariantcondition
� ÿ � �;�|){�ôû@�v(K){*����/��� for

� ���Å���+
����/� we get� ~,ÿ ��� �;�|){�ôû@�v(K){*�����~,�"� by Lemma1.2(6),which is the new invariantconditionon
����µ� "�;µô� dueto �	�+
�����µô�J���	��
����/�l~�� � ~%� �



Now thecrucialstepof implicit induction(i.e. theapplicationof aninductionhypothe-
sis �-yÃ Kê,� instantiatedwith a substitution( to expanda goal ��ü7 �õA� ) canbeformulated
asanExpansionstepin thetableaucalculus(sequentcalculusanalogously)asfollows.

Theorem2.6 Let ���� "��� bean inductiveproof forestin a tableaucalculus.We want
to apply ��yW �ê1��$ � ���À�	�+
����/� asan inductionhypothesisto expandthegoal ��ü7 �õA�
that resultsfrom listing the conjugatesof the formulasand the weight labeling the
branch from a leaf " to the root of a tree ìñ$B(")+*,���/� . Set

� �.�dz�g+����yW �ê1��� and) ���Ä���0$�z|h|�l�-yÃ Kê1�"�0� � U��n�!&2Xñ��& . Let (Ó$ ) _��-f�gqS�z	g+���/�l� be an injective
substitution.Nowthe following instantiationof � µ and # describesa sub-ruleof the
Expansionrule of thetableaucalculusof Theor.2.5: Set �;µ5�.� � andset # to bethe
setcontainingthesequentsê*(|R�õ and D+( for each formula D listedin thesequenty .

Note thatY containsexactly thosefreeuniversalvariablesof ��yW �ê1� thathave no free
existentialvariablesin their scopeswhenimaginingany list of quantifiersfor all free
variablesof �-yÃ Kê,� that represents(a supersetof) � . The variablesin Y arethoseon
which no solutionfor the free existentialvariablesin X depends.Therefore,the vari-
ablesin Y arethosewhich we caninstantiatewhenapplyingthe inductionhypothesis
��yW �ê1� . Although it doesnot seemimpossibleto usemorevariablesfor induction,this
doesnot seemto benecessary;especiallybecausewe canextend � with

� U��n�!& in or-
derto instantiate� whenapplyingtheinductionhypothesis.Moreover, I do not known
any more generalapproachin the literature.E.g., in Baaz&al. (1997), the inductive
partof theoremproving is triggeredby applicationof a

�
-rule andthevariable� of the

quantifierremovedby the
�
-rule becomesthe inductionvariable.In our approach,the�

-ruleapplicationwould replace� with a new freeuniversalvariable� h andextendthe
variable-conditionwith

� U8�n� h & suchthat � h $ ) wouldhold.

Proof of Theor. 2.6: According to the definition of an Expansionstepin the tableau
calculusof Theor.2.5we have to show �^��ü7 �õA��&�ýñþvÿ � � �  @�;���Qü7 �õA�;����$�# &�� .
Thus,for � $Æð , º anexistential �-�¹ "��� -valuation,��$\f%h0_�� , assume����ü7 �õA�@ ����
to be an ��º| l�?� -counterexample.If someformula �a$,# is not �-�G lº| l�?� -valid then
also �l�-�;ü÷ öõA�� l��� is an �-º| "�?� -counterexamplewith �����Qü7 �õA�# ����8O ¨Ï¼"Ú òHª �l��ü7 �õA�@ ����@�
Otherwise,ê-(^RGõ is but y�( is not �v�G lº| "�?� -valid. Define � µ $7f%h0_a� by

�,µö�v���8�.�½Á��-º��@�v���#�.(^�-����� for �Q$ ) and �,µö�v���8�.�Ô���-��� for �0$2f h S ) .
Claim 1: For � g $z g �l�-yÃ Kê1�"� wehave Á��-º��@�v���#�-� g ���ÀÁq��º��#�v�,µ¥�@�v� g ���
Proofof Claim 1: Otherwisetheremustbesome� h $ ) with � h » ¼ � g � Since � g $ �
we have � g �Y� h by definition of Y. But then » ¼ ¬?� is not irreflexive, which
contradictsº beinganexistential �-�E "�?� -valuation. Q.e.d.(Claim 1)
Hence,thevaluesof y and ê under�n� )+�����½�7Á���º��@�v�,µ¥�,�7�,µô� arethesameasthevalues
of y and ê under �n� )+�����½�VÁq��º��#�v�����÷�,µô� which againare the sameas the valuesof
y�( and ê-( under �@� )+�����½�÷Á��-º��@�v�����÷��� by theSubstitution-Lemma.Thus,on theone
handfrom the �v�G lº| "�?� -validity of ê-(^R�õ we get ���-yÃ Kê,�# l�,µÏ�,R ¨Ï¼"Ú òHª �l��ü7 �õA�@ ����# and
on the otherhandfrom y�( not being �-�G lº| l�?� -valid we know that ����yW �ê1�@ ��,µ¥� is an
��º� "�?� -counterexample. �



3 An Example

Dueto limited spacewe arenot ableto show theusefulnessof our integrationof free
existentialvariablesandfull first-orderformulasinto implicit inductionwith asophisti-
catedexample.Instead,we will sketcha simplifiedtoy examplewith mutualinduction
that will give the readera concreteideaon how proofslook like. Note,however, that
(dueto mutualinductionandnon-trivial weights)eventhis toy examplehasnostraight-
forwardproofsin theITP calculusof Baaz&al. (1997)or any known ITP systemwith
theexceptionof QUODL IBET, cf. Kühler(1999).

In ordernot to requireeven moreprerequisites,we do not explicitly refer to our
inductive specificationtechniquesdescribedin Kühler& Wirth (1996),but usea stan-
dard(order-sorted)first-orderspecificationstyle.

Signature:Sorts: /1032#X542��6 . Herenat is thesortof naturalnumbersandORD the
sort for the inductionordering.We usezero 7E�}_8/1032 andsuccessorî��9/1032H_:/;032 as
constructorsfor the sort nat. Moreover, <H��/1032 and =;�>/1032# ?/;032 aretwo definedpredi-
catesonthenaturalnumbers.Furthermore,R��>42��6Ã @42��6 is theinductionorderingandA BDC �E/;032# ?/1032# F/10325_G42��6 is thelexicographiccombinationof length H , I , or J asindi-
catedby thefirst argument,e.g.

A BKC ��în��7��� ��� "�	� modelsthe I -tuple �v�%� while
A BKC ��7� ��� ����

modelsthe H -tupleor emptyword ��� . We use� , � , L for variablesof thesortnat where
superscriptslike � g , � h indicatefreeexistentialandfreeuniversalvariables.Axioms:

� A BKC H�� ]!�1ßq ��+Û+ ��^ß� MLqÛ� ML{ß�� A BDC ��7� ��{Û+ NLnÛ���R A BKC �-în�v�1ß@�# ��|ß� ML{ß#�
� A BKC Iq� ]!�>Û� ��1ß� ��+Û+ ��^ß� MLqÛ� ML{ß�� � A BKC ��în�-�>Û��� l�{Û+ NLnÛq�#R A BDC ��în�v�1ß#�@ ��|ß� OL{ß#��P��{Û+RA�|ß 
� A BKC J+� ]%� Û  l� ß  ��1 ML Û  ML ß � 	 A BKC �-în�v�JÛ��# ��1 NLnÛq�#R A BDC ��în�v�1ß#�@ ��% ML{ß@�P A BDC �v�JÛ� NLqÛ+ M7|�KR A BDC �v�1ß� NL{ß� M7|�Q

�R/1032OH�� ]!��� � �G�S7 � �	�1���H�Qîn�-�>� 
� A BKC H�� saysthattheemptytupleis thesmallest,� A BKC I�� implementsa comparisonof the
first tupleelements,and � A BKC J�� discardsidenticalfirst tupleelements.�./;032OH|� saysthat
any naturalnumberis zeroor thesuccessorof anothernaturalnumber. The following
axiomsdefinethespecialpredicatesof our example.

�.<>H�� <H��7��
�.<*Iq� ]!��� � <H�-în�v�5����P � <5������¶T=2�v�Ã <în�����l� 1
�&=UH�� ]!���,=2�v�Ã M7��
�&=VIq� ]%�� ��1� � =2�v�Ã �în�-�>����P � =��-�� l�>��¶W<H�����  
We want to show ]!����<5����� and ]%�% MLJ�X=2�-�1 NL��@� We first do a tableau
calculus proof. We start with the empty forest. Two Hypothesizing steps pro-
vide us with the hypotheses�O<H�-� hÛ �#'lë gÛ �v� hÛ ��� with single-branchtree (1) ë gÛ �-� hÛ � ,
(1.1) eY<5�v� hÛ � ; and �&=��v� hÛ  ML hÛ �#'lë gß �-� hÛ  ML hÛ �l� with single-branchtree (2) ë gß �v� hÛ  NL hÛ � ,
(2.1) eZ=2��� hÛ  NL hÛ � . Note that the first number in the precedinglist is the number
of the proof tree (indicating its root node) and a suffix “. à ” denotesthe step to
the à;[�\ child node. Since the formulas of the specificationare implicitly on all
branches,we can use �./;032OH|� to add to (1.1) the children � gÛ �]7 and � gÛ ��îq�v� h ß � in
an Expansionstep with variable restriction �v� gÛ  �� h ß � . An Instantiation step with
�n� gÛ1^_�� hÛ & (which a concrete inference system should do immediately together



with the precedingExpansionstep) gives us the new tree (1.1.1) � hÛ �_7 , (1.1.2)
� hÛ ��în�v� h ß � . Rewriting copies of (1.1) with thesechildren in two Expansionsteps
yields (1.1.1.1) eY<5��7|� , (1.1.2.1) eY<H��în�-� h ß �l� . By �.<>H�� we can close the first branch
with (1.1.1.1.1) <5��7|� . By �.<*Iq� we can add (1.1.2.1.1) <5��în�v� h ß �l� (closed),(1.1.2.1.2)
eY<5�v� h ß � , (1.1.2.1.3)eZ=2�-� h ß  �în��� h ß ��� . Now, after thesestandardfirst-ordertableausteps
wedoaninductionhypothesisapplicationstepasdescribedin theprevioussection.We
apply thehypothesis�.<5�v� hÛ �@'�ë gÛ �-� hÛ ��� with substitution(���Y�q� hÛ`^_c� gß & to (1.1.2.1.2),
resultingin the new children <5�v� gß � and ë gÛ �v� gß �1aRAë gÛ �v� hÛ � , where ë gÛ �v� hÛ � comesfrom
theroot(1)and aR is thenegationof R . After instantiating�q� gßb^_c� h ß & weget(1.1.2.1.2.1)<5�v� h ß � (closed)and (1.1.2.1.2.2)ë gÛ �v� h ß �1aRAë gÛ �-� hÛ � . Note that the only differenceto
an Extensionstepin Model Elimination tableaux(cf. Baumgartner&al. (1997)) lies
with the additionalchild (1.1.2.1.2.2),which asksus to show that the instanceof the
hypothesisis smallerthantheweightof our proof tree.Indeed:Hypothesisapplication
differs from the standardlemma(or axiom) applicationonly in producingan addi-
tional aR -goal.This makeshypothesisapplicationa little moreexpensive thanlemma
application.Similarly, we applytheinductionhypothesis�&=��-� hÛ  NL hÛ ��'lë gß ��� hÛ  NL hÛ ��� with
substitution ( ��� �q� hÛ�^_�� gÛ  ML hÛc^_�L gÛ & to (1.1.2.1.3),which after instantiationwith
�q� gÛ�^_c� h ß  NL gÛ�^_cîq�-� h ß ��& results in (1.1.2.1.3.1) =2��� h ß  �în�-� h ß ��� (closed)and (1.1.2.1.3.2)
ë gß �v� h ß  lîn�-� h ß �l�1aRAë gÛ �-� hÛ � . Rewriting theleavesof theopenbranchesin placewith (1.1.2)
we get (1.1.2.1.2.2)ë gÛ �-� h ß �1aR�ë gÛ ��în�v� h ß �l� and (1.1.2.1.3.2)ë gß �v� h ß  lîn�v� h ß �"�;aRAë gÛ �-în�v� h ß �"� .
Expandingthetree(2) analogouslyto thetree(1) wegetasleavesof theopenbranches
(2.1.2.1.2.2)ë gß �-� hÛ  ML hß �1aRAë gß ��� hÛ  lîn��L hß �l� and(2.1.2.1.3.2)ë gÛ ��� hÛ �;aRAë gß �-� hÛ  <îq��L hß �"� . Now
both hypotheseshave beenappliedin both trees.Next, we chooseour weight func-
tions in such a way that we can close both trees: ë gÛ �v�5�½�.� A BKC ��în��7��� ��W M7|� and
ë gß �v�1 NL|�8�.� A BDC �vîn�-în��7����# ��1 NL|�#� Applying � A BKC H|� , � A BDC Iq� , � A BDC J+� to theresultingleavesin
thestandardfashionresultsin � h ß aR8îq�v� h ß � and L hß aRAîn��L hß � asthe leavesof theonly open
branches.Finally, thesebranchesareclosedby comparingthesizeof auniquelydenot-
ing constructorgroundterm:A branchcontaininga literal of theform ì Û aR�ì ß is closed
if thenumberof occurrencesof eachfreevariablein ì Û is not biggerthanthenumber
of occurrencesof thatvariablein ì ß , thesizeof ì Û is strictly smallerthanthesizeof ì ß ,
and ì Û , ì ß arepureconstructorterms.Cf. Kühler& Wirth (1996)for thenotionof “con-
structorterm” andfor themodelswhereour inductionorderingis wellfoundedindeed.

We mayask:Which stepsin this proof weretypical for ITP in thesensethattheir
soundnessreliesonnotionsof inductivevalidity insteadof thestrongernotionof deduc-
tive (first-order)validity? Besidesthe four inductionhypothesisapplications,thefinal
branchclosurerulesaretypical for inductionbecausethey requirethat,in all modelsin
K, thesuccessorof eachnaturalnumberis differentfrom thatnaturalnumberandeach
naturalnumberis built-up from zeroby afinite numberof successorsteps(i.e. thereare
neithercyclesnor d -chainsin themodels,cf. Enderton(1973)).Otherstepstypical for
inductionbut not appliedin this examplearenarrowing stepsto solve equalityliterals.
Their soundnessrelieson thefreenessof themodelsin K. (Notethatnarrowing in ITP
reliesonconfluencebut notonterminationof thereductionrelationof thespecification,



cf. Wirth (1997).)Moreover, ITP oftenis only successfulwhenonetriesto show theo-
remsthataremoregeneralthantheonesoneinitially intendedto show. This is because
aninductivetheoremis notonly atask(asgoal)but alsoatool (asinductionhypothesis)
for ITP. This generalizationis unsafein the sensethat it may transforma valid hypo-
thesisinto aninvalid one(over-generalization). Therefore,generalizationshouldnotbe
modeledin Expansionstepswithin a tree.Instead,thegeneralizedsequentshouldstart
a new tree(Hypothesizingstep)andbelaterappliedto theoriginal treeasaninduction
hypothesisor lemma.Sincea valid input theoremmayresultin an invalid goaldueto
over-generalization,theability of anITP systemto detectinvalid goalsis importantun-
derapracticalaspect.Whenall ExpansionandInstantiationstepsin a treeareknown to
besafe,thedetectionof an invalid goal in thetreeimplies invalidity of thehypothesis
of this tree,which thenshouldbecompletelyremovedfrom theproof forest.

Now wearegoingto comparetheabovetableaucalculusproofwith acorrespond-
ing sequentcalculusproof of thesamehypotheses.Of course,we couldsimply trans-
form thetableautreesinto sequenttreesby bottom-upreplacingthelabelof eachnode
with thesyntacticconstructlisting theconjugatesof theformulasandtheweightlabel-
ing the (partial) branchfrom this nodeto the root, andfinally removing the root part
of the treewherethe nodesareancestorsof a nodeof the initial Hypothesizingsteps
(here:removing therootnodes).This,however, wouldmeanto paythepricefor sequent
calculi (i.e. multiplying the numberof formulaslabelingeachproof treewith at most
nearly the depthof that tree)without using the advantagesof sequentcalculi. Thus,
let us start againwith the hypotheses�.<5�v� hÛ �#'�ë gÛ �v� hÛ �"� and �&=2��� hÛ  NL hÛ ��'�ë gß �-� hÛ  ML hÛ �l� .
The single-nodetree for the former is (1) <H�-� hÛ ��'Aë gÛ �v� hÛ � . Note that the goal in the
tree is identical to the hypothesis,contraryto the tableauversionwherethe two dif-
fer in duality andlocality. While this is not a hindrancefor completelyautomaticITP
systems,it posesconsiderablepracticalproblemsin systemswhereuser-guidanceis
possible:The primitive processof switching duality is a typical sourceof errorsfor
humanbeings(or me at least).Perfectlyanalogousto the tableauproof we get the
children � hÛ a�]7� V<H�-� hÛ �#'�ë gÛ �-� hÛ � and � hÛ a��în�-� h ß �# V<5�v� hÛ �@'8ë gÛ �-� hÛ ��� Contraryto the
tableauproof we arenow ableto rewrite the literal inheritedfrom the parentnodein
placewithout copying it. Note that in tableauproofsanequalityliteral canbeusedto
rewrite formulasof its offspring in place,whereasit mustcopy ancestorformulasbe-
forehanddown to its offspringbecausetheancestoris alsopartof otherbranchesthat
do not includetheequalityliteral. Moreover, theweight termcanberewritten aswell,
which againis not possiblein thetableauversionwheretheweight is at theroot node.
After rewriting we get � hÛ a�e7� V<5��7|��'Aë gÛ ��7|� and � hÛ a��în�-� h ß �# V<5�-îq�v� h ß ���#'Aë gÛ �vîn��� h ß ���#�
Sincetheequalityliteralsarein solvedform for thevariable� hÛ thatdoesnotoccurelse-
wherein thesyntacticconstructs,we know thatvalidity cannotrely on this literal. This
meansthatwe cansafelyremove bothequalityliterals resultingin (1.1) <H��7���'Aë gÛ ��7��
and(1.2) <5�-îq�v� h ß �l��'Aë gÛ �vîq�-� h ß �l� . Removing redundantformulasis the mostimportant
simplificationstepbesidescontextual rewriting. It seemsto be impossiblein tableau
treesunlesstheredundancy of theformulais dueto theancestornodesonly, whichonly



is thecasefor uselessformulasthatshouldnot have beenaddedat all. In Wirth (1997)
andin QUODL IBET (cf. Kühler(1999))theExpansionfrom (1) into (1.1) and(1.2) is
doneby a single inferencestepapplying a so-called“covering set of substitutions”.
Notethatthepresentstateof thesequentproof is muchsimplerthanthecorresponding
stateof thetableauproof.Theformerconsistsof thenodes(1.1)and(1.2)andhastwo
formulasandonevariable.Thelatterconsistsof a six nodetreewith five formulasand
two variables.This is of practicalimportancebecausetacticsfor proof searcharemore
easilyconfusedwith lessconciseproof staterepresentations.Therestof thewholese-
quentproof is analogousto the tableauproof with the exceptionthat all rewrite steps
areomittedsincethereareno equalityliteralsto rewrite with andthetermsarealready
in normalform.

Anotherpossibilityrestrictedto sequentcalculi is thateachsyntacticconstructla-
belinganodein thetreescanbeappliedasaninductionhypothesis.Wedonotseeareal
advantagein this becausesplitting the treein two above suchan inductionhypothesis
resultsin abetterstructureof theproof forestandin moresuccessfulproofsbecausewe
canadjustthesyntacticconstructappropriately:Supposewehadnotstartedanew proof
treefor thehypothesisfor Q but insteadkeptthehypothesisfor Q down in thetree(1)
at position(1.2.3).Severalunsafegeneralizationstepswould have beennecessarybe-
fore =��v� h ß  �îq�v� h ß �l�� �<5�vîq�v� h ß ���@'�ë gÛ �vîq�v� h ß ��� would have becomeusefulasan induction
hypothesis,namelyremoving thesecondformula,generalizingîn�-� h ß � to anew variable,
andswitchingto a weight thatmeasuresalsothis new variable.Moreover, in practice
oneshouldnot applythehypothesisfor Q in thetreefor P beforeit is obviousthatthe
treefor Q mutuallyneedsthehypothesisfor P: Most of thetime a proof for Q canbe
completedin aproof forestnotcontainingthetreefor P. In thiscase,notonly thenum-
berof treesin theproof forestfor Q getssmaller, but alsothetreefor P because]!�% MLJ�=2�-�1 ML^� canthenbeappliedasa lemmaandnot asaninductionhypothesis,whichcuts
off the aR -branchof theproof treeof P.

4 Conclusion

We have shown how to integrateimplicit ITP into first-ordersequentandtableaucal-
culi. The following aspectsarenovel comparedto theconcreteimplicit inductioncal-
culusof Wirth (1997):The tableaupresentation,the possibility to usefull first-order
formulasinsteadof literals only, and the importantaddition of free existential vari-
ables,i.e. the “dummies”of Prawitz(1960),makingthe majordifferencebetweenthe
free variablecalculi of Fitting(1996)andthe calculi of Smullyan(1968).Contraryto
Baaz&al. (1997) we really integrate implicit induction: When we start an inductive
proof we do not restrict the applicableinduction hypotheses.We can do mutual in-
ductionandinventcompletelynew inductionhypotheses,which canbefull first-order
sequentsinsteadof literals only. Moreover, we canalsogenerateinductionhypothe-
seseagerlyin the style of explicit induction, which enablesgoal-directednessw.r.t.
inductionhypotheses.All this is not possiblein thecalculusof Baaz&al. (1997).



Furthermore,we exemplifiedthatalthoughtableaucalculi maysave repetitionof
formulas,sequentcalculihavesubstantialadvantages:Rewriting of formulasin placeis
alwayspossible,andwecanremoveformulasthatareredundantw.r.t. theotherformu-
lasin asequent.Notethatformulaslike �R/1032OH�� makeequalityomnipresentin induction
andthat thesesimplificationstepsareevenmoreimportantin inductive thanin deduc-
tive theoremproving: Not only do they play a role in thegenerationof appropriatein-
ductionhypotheses;they areanessentialpartof thefailuredetectionprocessthathasto
compensatefor over-generalizationof inductionhypothesesin additionto thedetection
of invalid input theorems.Finally, thepresenceof two dualversionsof eachhypothesis
in inductivetableaucalculimakesproofguidanceby humanusersmoredifficult.
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