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Abstract: Althoughinductionis omnipresent,inductivetheoremproving in theform of descente
infinie hasnot yet beenintegratedinto full first-orderdeductive calculi. We presentsuchan in-
tegration for (possiblyeven higher-order) classicallogic. This integration is basedon lemma
andinductionhypothesisapplicationfor free variablesequentandtableaucalculi. We discuss
theappropriatenessof thesetypesof calculi for this integration. Thedeductive partof this inte-
grationrequiresthefirst combinationof raising,explicit variabledependency representation,the
liberalized

�
-rule,andpreservationof solutions.
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1 Moti vation

Whendeductivevalidity (i.e. validity in all models)is introducedto studentsit comeswith some
calculuswhich is completefor first-orderlogic. If this calculushappensto be a sequentor a
tableaucalculusincludinga Cut rule, thestudentscancomparetheformal proofswith theinfor-
mal onesthey arehopefullyacquaintedwith. To our opinion,thesecalculi canmirror thehuman
proof searchprocessbetterthanothers. Although to know a completecalculusdoesnot mean
to know muchabouttheoremproving, theinterrelationof a human-orientedcalculusandthein-
formal proof searchof thestudentswill turn out to befruitful for their latermathematicalwork.
It is a pity that—whilenearlyall proofsof a working mathematicianincludeinduction—nothing
comparablefor inductivevalidity is offeredto thestudents.Somemayarguethat this is gener-
ally impossiblebecausenot eventhefirst-ordertheoryof thePeanoalgebraof naturalnumbers
is recursively enumerable.Nevertheless,therereally is somegeneralway in thatmany working
mathematicianssearchfor an informal proof, may it be inductive or not. The inductive version
of this proof searchmethodgoesbackto the ancientGreeks,wasrediscoveredunderthename
“descenteinfinieou indéfinie” by PierredeFermat(1607?–1665),andtodayis sometimescalled
“minimal criminal” (popular)or “implicit induction” (in oppositionto “explicit induction” found
e.g.in Boyer & Moore(1979)andWalther(1994);for disambiguationandhistoryof thenotions
of “explicit”, “implicit”, “inductionlessinduction”, and“descenteinfinie”, cf. Wirth (2003)). If
youwantto proveaconjecture,this methodrequiresthatyoushow, for eachassumedcounterex-
ampleof theconjecture,theexistenceof anothercounterexampleof theconjecturethatis strictly
smallerin somewellfoundedordering. The working mathematicianappliesit in the following
fashion.

Hestartswith theconjectureandsimplifiesit in caseanalyseswhichcanbedescribed
asstepsin a sequentor tableaucalculuswith Cut. Whenhe realizesthat the goals
becomesimilar to a different instanceof the conjecture,he appliesthe conjecture
just like a lemma,but keepsin mind that he actually hasappliedsomeinduction
hypothesis. Finally, he searchesfor somewellfoundedordering in which all the
instancesof the conjecturethat he hasappliedasinductionhypothesesaresmaller
thantheoriginalconjectureitself.

Lookingfor aformal inductivecalculusfor mirroringthisstyleof humaninductivetheoremprov-
ing (ITP), the“implicit induction”of Bachmair(1988)wasastartingpointbecauseit includedin-
ductionhypothesisapplication;but it wasrestrictedto first-orderuniversallyquantifiedpureequa-
tionsandwasnothuman-oriented.In Wirth (1997)wehavepresentedahuman-orientedinductive
calculusfor first-orderuniversallyquantifiedclausallogic. In Kühler(2000)—implementedasthe
QUODL IBET system—thiscalculusis extendedwith anecessaryconcretionfor reasoningon the
inductionorderingandwith atactic-basedconceptfor proofguidancethatis intendedto partially
automatetheconstructionof proofs.

Extendingthisapproachto full first-orderlogic turnedout to bemoredifficult thanexpected:
Thestate-of-the-artfreevariablefirst-ordertableaucalculi werenot suitedfor the integrationof
descenteinfinie becausethey confusedtheHerbranduniverseswith their Skolem functionsand
did not preserve solutions(i.e. closingsubstitutions)(like Prologdoes),therebydestroying the
wellfoundednessof descenteinfinie.

In this paperwe show how deductive theoremproving shouldlook like from the point of
view of inductionin thestyleof descenteinfinie. While many possiblechoicesin thedesignof
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calculi for deductive theoremproving do not really matterbecausethe alternativesaredual to
eachother, they domakeanimportantdifferencewhenonewantsto integratedescenteinfinie.

Nevertheless,eventheresearcherwho is not interestedin inductioncanlearnsomethingon
computationof solutions, lemmaapplication, andthedetailsof thedifferencebetweenthe

�
-rule

andthe liberalized
�
-rule (

���
). Thesedetailsbecomeobviouswhenthepreservationof solutions

(closingsubstitutions)is consideredbesidessoundness.

Thecrucialstep,however, in thispaperis theintegrationof inductionin thestyleof descente
infinie into the framework of state-of-the-artdeductive theoremproving. This is achieved by
aninferencemethodcalledinductionhypothesisapplication, which—roughlyspeaking—differs
from lemmaapplicationin producinganadditionalorderinggoal.Evenfor theexpertsin ITP, the
following aspectswill be new: Tableaupresentation,full first-orderandhigher-orderformulas,
andfree(existential)variables.

While the detailsand technicalmeansof this paper(like a new semanticsfor Hilbert’s� -termsand for formulaswith threedifferentkinds of free variables(existential, universal, � -
constrained))mayturnout to beusefulalsoin othercontexts,they originatefrom thehardsearch
for asolutionto thesingleproblemthatgivesthis paperits meaning:

The first integration of the ancientideasof deductionand descenteinfinie into a
formal framework of practicalrelevance.

While the usualnotionsof completenessare irrelevant for this integrationbecausewe are in-
terestednot just in the mereexistenceof proofsbut of proofsof a specialintentionalform; in
orderto gobeyondaphilosophicaldiscussionit is necessaryto formally proveits soundnesswith
mathematicalrigor, althoughthesemanticalmeansfor thisproofarevery involved.Thetechnical
difficulty of theproofscouldbe reducedby choosinga differentspecialrepresentationfor each
singleaspect,but we think that the conceptsgain credit from the possibility to integratethem
into a uniform framework. Theframework—onceaccepted—doesnot needthecomplicatedand
philosophicallydoubtful(cf. e.g.Wittgenstein(1939))semanticaljustificationsanymore.Dueto
thesimplicity of theframework itself anddueto theexperiencewith animplementedsub-system
(cf. Kühler(2000))we have reasonto hopethatfirst-orderrealizationsof it do not provide more
difficulty to studentsthancalculi for first-orderdeduction.

The paperorganizesasfollows: After introducingthe relevant notionsin Sections2 to 4,
we explicatethekernelof our new approachin Sections5 to 14. Thenwe illustratethepractical
relevancewith several simpleexamples,including the searchfor a lower boundfor the Acker-
mannfunction(Section18) andNewman’s Lemma(Section19). After concludingin Section21
weappendall theproofsandnotes.Pleasedo try not to readthenotesonafirst reading!

���	��
�����	���	�����������������������	�������! "�#������$#�	�&%
Theideaslive togethereasily,'(��
)�*���+����,.-���/&,0�213�+4��	�657��
8�����!9:��
�	�<;
But therealizationsclashheavily.

FriedrichSchiller. WallensteinsTod,2.Aufzug, 2.Auftritt .
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2 Orientation

In this sectionwe describetheareaof this paper. As the designof inferencesystemsfor proof
searchis thesubjectof thispaper, wediscussourdesigngoalscarefullyandconcludethatsequent
andtableaucalculi arethebestcandidatesfor satisfyingthem.

2.1 DesignGoalsfor Inducti ve Infer enceSystems

Basedon experienceswith moreor lessautomatedinductive theoremproversfor classicallogic,
suchas NQTHM, INKA, RRL, UNICOM, SPIKE, EXPANDER, &c., cf. Boyer & Moore(1988),
Biundo &al. (1986),Kapur & Zhang(1989),Gramlich& Lindner(1991),Bouhoula& Rusino-
witch(1995),Padawitz(1998),resp.,we have cometo adopta ratherpragmaticviewpoint with
respectto ITP: Successfuluseof aninductive theoremprover in “real-life” problemdomainshas
not beenpossibleyet without a knowledgeablehumanuserwho caninteractwith thesystemon
variouslevels. Accordingly, we think that even the developmentof the theoretical conceptsof
a new theoremprover—including its inferencesystem—shouldbegin with a clearemphasison
userinteraction,whereasautomaticproof guidanceis seenasa long-termgoal. Therefore,the
following two requirementsaremaindesigngoalsfor our inferencesystems:

I. Weexpecttheinferencesystemto complywith human(inductive)proof techniquesin that
it enablesusersto naturallyrealizetheir proof ideasin termsof theinferencesystem.

II. Usersshouldhave no difficulties in understandingandsearchingfor formal proofsrepre-
sentedwith the inferencesystem,no matterwhetherthey try to follow themon the mere
syntacticallevel or try to graspoverall “strategic” aspectsof theproofs.

Thesedesigngoalsarecontraryto thoseoftenfound in deductive theoremproving, wheremost
restrictive normal form calculi usedto be preferred. Nevertheless,the point of view found in
Giese(1998)is—thoughstill moretechnical—alreadygettingquitecloseto ours.

Refiningthefirst designgoalweobtainthefollowing requirements:

I.1. All proof problemsandsub-problems,definingequations,lemmas,andinductionhypothe-
sesshouldbe representedhomogeneously, so that the conclusionandall premisesof any
inferencerule canbeexpressedin thesamelanguage.This enablestheuserto utilize the
full power of thewholeinferencesystemon all problemsandsub-problemsandto choose
freelyandflexibly betweeneageror lazystrategiesfor any proofproblem.

I.2. Anotherimportantpoint is that the inferencesystemincludesinferencerules for mostel-
ementaryproof steps, so that the usercan force the prover to follow his proof ideasas
closelyaspossible.Weconsideravailability of atomicinferencestepsto bemoreimportant
thanhaving (derived) higher-level inferencerules. Applied in non-trivial proof problems
higher-level inferencerulestendto betoorestrictive,while aninferencesystemcomprising
a multitudeof simple“fine-grain” inferencerulescanbe usedto (interactively) construct
evenverydifficult proofs.

Refiningtheseconddesigngoalwe obtainthefollowing requirements:
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II.1. Theinferencesystemshouldsupportanatural flowof informationin thesensethatacertain
decisioncanbedelayedor a commitmentdeferreduntil thestateof theproof attemptpro-
videsinformationthat is sufficient to make a successfuldecision.Examplesfor unnatural
flow of informationare:

(a) Instantiatinginduction hypothesesin induction stepformulasof explicit induction
longbeforethehypothesesbecomeapplicable,cf. Protzen(1994).

(b) The � -rule of sequentor tableaucalculi without free variables,whereinstantiations
have to beguessedlong beforeit canberecognizedwhich instantiationswill make a
proof attemptsuccessful.

(c) The = -introduction( = I) andtheindirect-proof( >"? or @A=CBD@ ) rulesin naturaldeduc-
tion calculi for classicallogic: Thefirst requiresa decisionfor oneof two disjunctive
alternativesandthesecondadecisionof whento startanindirectproof,bothof which
arenotat all necessaryin classicallogic.E

Togetherwith the homogeneousandflexible formulationof the inferencerules,the natu-
ral flow of informationshouldmake it possibleto replacea certainamountof proof plan-
ningbasedonsomespecialabstractiverepresentation(cf. e.g.Kerber(1998))with heuristic
searchbasedon thehomogeneousrepresentationin theinferencesystem.

II.2. Anotherrequirementthatis veryimportantfor efficiency of automatedaswell asinteractive
theoremproving is goal-directedness. Goal-directednessmeansthatevery problemin the
graphof aproofattemptis connectedwith thetheoremto beproved.For inductivetheorem
proving thisis evenmoreimportantthanfor deductivetheoremproving: Thecrucialpointis
thatweoftenhave to inventsomenew lemmasto closethegapbetweentheinductioncon-
clusionandthe inductionhypotheses.This creative inventioncanbeguidedby theuser’s
knowledgeof thedomainor moreautomaticallyby theapplicablelemmas,the(expanded)
inductionconclusion,andthe inductionhypotheses.Without the goal-directednessgiven
by theconnectionwith theinductionconclusionand theinductionhypothesesthemissing
lemmascanhardly be guessed.Note that (disregardingproof length)suchcreative steps
arenotnecessaryfor deductivetheoremproving becauseaccordingto Gentzen’sHauptsatz
a proof of a deductive theoremdoesnot needto inventnew formulasbut canberestricted
to “sub”-formulasof the theorem,althoughthis notion of “sub”-formula is closedunder
instantiationswith a usuallyinfinite numberof terms. On thecontrary, theapplicationof
hypothesesandlemmasinsideaninductivereasoningcyclecannotgenerallybeeliminated
in theform of Gentzen’s Hauptsatz,cf. Kreisel(1965). Thus,for ITP, creativity cannotbe
restrictedto finding the properinstantiations,but requiresthe inventionof new formulas,
possiblyin anenrichmentof thesignatureandin anextensionof thespecification.

As a first steptowardsachieving the above designgoals,we have an inferencesystemin mind
that explicitly providesthe conceptsof inductionhypothesisand inductionordering. With the
latterconceptwe associatemeansof supplyinginductionorderingconditionswith sufficient ex-
pressivenessandflexibility , i.e.explicit weights. Concerningtheconceptof inductionhypothesis,
we intendaninferencesystemthatdoesnot “hide” several(applicationsof) inductionhypotheses
in asingleinferencestep.Weratherthink of aninferencesystemthat“knows” whataninduction
hypothesisis, i.e. it includesinferencerulesthatprovideor applyinductionhypotheses,giventhat
certainorderingconditionsresultingfrom theseapplicationscanbemetby aninductionordering.
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Obviously, suchaninferencesystemis aninferencesystemfor descenteinfinie andnot aninfer-
encesystemrestrictedto explicit inductionasfoundin theITP systemsNQTHM, INKA, andRRL

andstill in Kreitz & Pientka(2000). Furthermore,the intendedinferencesystemsupportseager
aswell aslazy generationof inductionhypothesesandmutualinduction.As a consequence,we
obtainthefollowing essentialrequirementfor our inferencesystem:

The inferencesystemmust be capableof representingan induction hypothesisas
a whole and in recognizableform. Not an inferencerule nor input normalization
may decomposea conjecturedinductive theorem(into “sub”-formulas)beforethe
inductionhypotheseshavebeenextractedfrom it.

2.2 Why Sequentand TableauCalculi

Thissectionrequiressomedeeperunderstandingof inferencesystemsandcanwell beskipped.

Theconsiderationsof Section2.1mayhelpsettlingthefollowing question:Which deductive
inferencesystemsare well suitedfor an integration of descenteinfinie? Note that in the more
restrictedframework of explicit induction,obtaininganinferencesystemfor ITP from adeductive
inferencesystemis far simpler: Sinceinductionis capturedin a singleinferencerule then,this
“induction rule” canbejust addedto thegivendeductive inferencesystemwithout affectingthe
restof the inferencesystem. When integratingdescenteinfinie, however, the whole inference
systemis affected.

As proof searchis very hardin Hilbert calculi, they arenot adequatefor theoremproving
in general.Not too muchbetterfor proof searchin classicallogic arenatural deductioncalculi,
cf. Gentzen(1935), Prawitz(1965), due to their unnaturalflow of information as indicatedin
Section2.1 (II.1.c). For descenteinfinie, naturaldeductionis additionallyproblematicbecause
theproofsareaugmentedwith assumptionsthatconflictwith ourconceptof inductionhypothesis.

Sergey Yu. Maslov’s general ideaof inversion(cf. Maslov (1971))seemsnot to beappropri-
atefor inductivetheoremproving becausean inductive proof wherethe inductionconclusionis
a formula at the top lacksgoal-directednesswhenstartingfrom the bottom. This lack of goal-
directednessis verysimilar to thatof themorefamiliar framework of non-refutationalresolution
andparamodulation(cf. Lee(1967)),wheretheresolutionrule is appliedto axiomsonly, andthe
taskis to infer a formulathatsubsumesthetheorem.Non-refutationalresolutionseemsnot very
appropriatefor deductivetheoremproving becauseit is not goal-directed.In the context of in-
ductivetheoremproving, however, non-refutationalresolutioncouldbeconsideredgoal-directed
becauseit startswith the axiomsplus the inductionhypotheses, andformulasthat subsumethe
inductionconclusionsareto beinferred.Nevertheless,thegoal-directednessgivenby theinduc-
tion hypothesesis not sufficient. Sincenumerouslemmasmaybeapplicableandapplicationsof
lemmastendto be“closer” to applicationsof inductionhypothesesthanto theconclusions,it is
practically impossibleto find the appropriateonesunlessthe conclusionhasbeenexpandedto
a large degree. Mostly underthe name“rippling” a lot of work hasbeendoneon the heuristic
control of this searchproblem,cf. e.g. Bundy &al. (1993),Hutter(1997). Furthermore,non-
refutationalresolutionis notgoal-directedin thebasecasesandin thosepartsof theproof thatlie
below applicationsof inductionhypotheses.Finally, sinceinductive proofsuseto follow there-
cursivedefinitionsof thespecification,non-refutationalresolutionrequiresto paramodulatewith
thedefiningrulesfrom right to left. This canresultin a high branchingdegreefor someof the
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non-recursive casesandmake a propercombinationof the casesof the definition difficult (i.e.
“unfolding” (or “expanding”)a definitionis easierthan“folding” it). All in all, weconcludethat
non-refutationalresolutionandparamodulationaswell asthe generalideaof inversionarenot
adequatefor ITP. Thus,a reasonableintegrationof descenteinfinie into resolutionandparamod-
ulationmustbe refutational.Dueto theproblemsdiscussedabove, suchan integrationmustbe
similar to EXPANDER (cf. Padawitz(1996),Padawitz(1998)),which is theonly systemfor reso-
lution anddescenteinfinie I know. In EXPANDER, the inductionhypotheses(which arespecial
super-clauses(i.e. disjunctionsof super-literals, which are conjunctionsof literals) with addi-
tional existentialvariables)areappliedvery similar to thesuper-clausesin Sergey Yu. Maslov’s
inversemethod(cf. Lifschitz(1989)) that generateinferencerulesoperatingon clauses.More-
over, goal-directednessalsow.r.t. the inductionconclusionis achievedhereby startingfrom the
negatedinductionconclusionin theform of a setof “goals”, i.e. clausesin dualnotationfor user
readability. Contraryto this, theinversemethodstartsfrom thesetof tautologies,which hasthe
advantageof deductivecompletenessbut lacksgoal-directednessw.r.t. theinductionconclusion.
Nevertheless,from my experienceswith EXPANDER, I amnotatall convincedthatit satisfiesour
maindesigngoals(I) and(II) of Section2.1well.

2.3 Sequentand TableauCalculi

Now theonly remainingfamily of well-known deductive inferencesystemsis thatof sequent(cf.
Gentzen(1935),Lifschitz (1971)),tableau(cf. Smullyan(1968),Fitting(1996)),andmatrix cal-
culi (cf. Wallen(1990)).While matrixcalculihaveimplementationaladvantages(cf. Section20.2
andWallen(1990)),in this paperwewill only considersequentandtableaucalculi becausetheir
presentationis simpler. Fortunately, thesecalculi—cf. thefollowing sections—doadmitaninte-
grationof descenteinfinie in away thatis adequatein our opinion:

F By addinga powerful inferencerule for applyinginductionhypotheses,we obtainan in-
ferencesystemfor ITP that is optimally goal-directedw.r.t. the inductionconclusionsand
sufficiently goal-directedw.r.t. theinductionhypotheses.

F Startingwith thesequentto beproved,theproblemof proving a sequent(goal) is reduced
to theproblemof proving anothersetof sequents(sub-goals), which canbeconsideredto
beits children.Applying suchreductionstepsrecursively resultsin a tree-likeproof struc-
ture,whichis augmentedwith cyclic argumentsresultingfrom inferencerulesgeneratedby
inductionhypotheses.A proof having thesimplestructureof a treeis easyto understand
for usersandagoodbasisfor automatictacticsandheuristicproof search.

We assumesomefamiliarity with sequentor tableautheoremproving. We recommendGentzen
(1935)andFitting(1996)asexcellentintroductionsto thesubject.

In Smullyan(1968),rulesfor analyticdeductive theoremproving areclassifiedas G -, H -, � -, and�
-rulesindependentlyfrom aconcretecalculus.I
G -rules describethesimpleand

H -rules thecase-splitting(or branching)propositionalproof steps.
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� -rules show existential properties,eitherby exhibiting a term witnessingto the existenceor
elseby introducingaspecialkind of variable,called“dummy” in Prawitz(1960)andKan-
ger(1963),“free variable”in footnote11of Prawitz(1960)andin Fitting(1996),and“meta
variable” in Giese(1998)e.g.. We will call thesevariablesfreeexistentialvariables. By
the useof free existential variableswe can delay the choiceof a witnessingterm until
the stateof the proof attemptgivesus more informationwhich choiceis likely to result
in a successfulproof. It is the importantadditionof free existentialvariablesthat makes
the major differencebetweenthe free variablecalculi of Fitting(1996)andthe calculi of
Smullyan(1968). Sincethereuseto be infinitely many possiblywitnessingterms(and
differentbranchesmay needdifferentones),the � -rules(underassistanceof the H -rules)
oftendestroy thepossibility to decidevalidity becausethey enableinfinitely many � -rule
applicationsto thesameformula.�

-rules show universalpropertiessimply with the help of a new symbol,calleda “parameter”
or an “eigenvariable”, aboutwhich nothing is known. Sincethe presentfree existential
variablesmustnot be instantiatedwith this new parameter, in the standardframework of
Skolemizationandunificationtheparameteris giventhepresentfreeexistentialvariables
asarguments.In this paper, however, we will usenullary parameters,which we call free
universalvariables. Thesevariablesarenotfreein thesensethattermsto replacethemmay
bechosenfreely, but in thesensethattheiroccurrencesmustnotbeboundby any quantifier
or otherbinder. Our freeuniversalvariablesaresimilar to theparametersof Kanger(1963)
becausea freeexistentialvariablemaynot be instantiatedwith all of them. We will store
the information on the dependency betweenfree existential variablesand free universal
variablesin variable-conditions.

Other rules maybeaddedfor anappropriatetreatmentof oftenusedreasoninglikeunification,
rewriting with equalitiesandlogicalequivalences,andhuman-orientedreasoninglikeCut.

Besidestheseruleswe would like to have rules for lemmaapplicationthat apply the theorem
provedin onetreeasa lemmain theproof treeof anothertheorem.Moreover, inductionhypo-
thesisapplicationwill look like lemmaapplicationbut generateextrabranches(in thelattertree),
which requireto prove that the instanceof theappliedtheorem(inductionhypothesis)is some-
how smallerin awellfoundedorderingthanthetheorem(inductionconclusion)thatit is goingto
prove.

Althoughthefollowing inferencerulesfrom Theor.14.1of Section14cannotbecompletely
understoodat this earlystage,they mayclearaway somefog. They arepresentedin thesequent
calculusstyle.Moreover, notethatin old timeswhentreesgrew upwards,GerhardGentzenwould
have written theinferencerulessuchthatpassingtheline meantconsequence.We have inverted
therules.Thus,in our case,passingtheline meansreduction,andtreesgrow downwards.

Let @ and J be formulas, K , L , and M be sequents(i.e. disjunctive lists of formulas),NPORQTSVU	WYXYZ a boundvariable,and [ thecurrentproof forestcontainingall freevariablesalready
used,esp.thosefrom @ and K!L :

G -rules:
K\B]BD@^L
@^K\L

K`_#@a=�JCbcL
@^JdK\L

K\Be_#@afgJCbcL
@ JhK^L

Kd_i@aj\JkbcL
@lJmK\L

K`_#@an\JCboL
@ JpK\L

H -rules: In the following ruleswe may choosenoneor one,but not both of the formulasin
optionalbrackets!
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K`_i@!f�JCbcL
@lq JsrtK\L Jpq @`ruK^L

KvBw_i@!=]JCboL
@ q�JxruK^L J q�@yrtK\LKvBw_i@!j\JCbcL

@ q J r K\L J q @ r K^L
K\Bw_#@anvJCbL

@ q J r K\L J q @ r K\L
� -rules: Let N{zeOAQ z�|~} _�[6b beanew � freeexistentialvariable:

K � N� @ L
@�� NT���N z*� K � N� @ L

K Bo� N� @ L
@�� NT��8N z � K Bc� N� @ L

�
-rules: Let N���� ��O�Q ��� � |~} _�[6b beanew � weakfreeuniversalvariable:

K � N� @ L
@�� NT���N ��� �o� K L � }�z _#@���K!L��	�eb�� } ��� � _#@���K!L��	�wbk��� � N���� � �
K B]� N� @ L

@�� NT���N ��� � � K L � }�z _i@���K!L��	�eb�� } ��� � _i@���K!L��	�eb � � � N ��� ��
Liberalized

�
-rules: Let N���� �oO6Q ��� � |w} _#[�b beanew � strongfreeuniversalvariable:

K � N� @ L
@�� NT���N ��� ��� K L �<_ N���� � � @�� NT���N ��� � � b �}¡ £¢�¤#¤ _i@!b � � N ��� �¥�
K Bg� N� @ L

@�� NT���N ��� � � K L
�<_ N���� � �+@�� NT���N���� � � b �}¡ £¢�¤#¤ _#@ab � � N ��� �¥�

Rewrite-Rules: Let ¦ and § beterms(of thesametype). Let J beoneof theformulas _¨¦ª©« §�b or_#§�©« ¦�b . Let @k¬§	® denotetheformula @k¬£¦¯® with someoccurrencesof ¦ replacedwith § :K°@C¬±¦¯®kL J M
@C¬ §	®CK²L J M

K°J L @k¬£¦¯®�M
@k¬§	®kK²J L M

Cut:
K

@²K @ K
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3 Basics

We make useof “[. . . ]” for statingtwo definitions,lemmas,or theorems(andtheir proofs&c.)
in one,wherethe partsbetween‘[’ and‘]’ areoptionalandaremeantto be all includedor all
omitted. ‘ ³ ’ denotesthesetof and‘ ´ ’ theorderingon naturalnumbers.‘ µ ’ denotesthesetof
integers.We define ³C¶y· « �w¸ O ³²¹Dº"©« ¸ � � We use‘ » ’ for theunionof disjoint classesand
‘id’ for the identity function. For classes¼ , @ , and J we definedomainandrange, (domain-)
restrictionandrange-restriction, aswell as image½ andreverse-image:¾À¿ÂÁ _Ã¼"b²· « �ÅÄ�¹o��Æ � _iÄª��Æ�b O ¼ � Ç ÈYÉ3Ê _i¼"b²· « ��Æ"¹��Ä � _iÄÅ�YÆ*b O ¼ � ÇË{Ì ¼ · « �o_ÃÄª��Æ�b O ¼.¹oÄ O @ � Ç ¼:Í�Î · « ��_ÃÄª��Æ�b O ¼.¹�Æ O J � ÇÏ @aÐ+¼ · « �ÅÆ!¹o��Ä O @ � _ÃÄª��Æ�b O ¼ �&Ç ¼ Ï JCÐ · « ��Ä�¹o��Æ O J � _ÃÄª��Æ�b O ¼ � �
Let ‘ ¼ ’ denoteabinaryrelation. ¼ is saidto bearelationon @ if

¾�¿ÂÁ _Ã¼"bÑ� ÈYÉ3Ê _i¼"bAÒp@ � ¼ is
irr eflexive if Ó ¾~Ô ¼ «)Õ � It is @ -reflexive if Ë{Ì Ó ¾ ÒÖ¼ � Simplyspeakingof a reflexiverelation
we referto thebiggest@ that is appropriatein thelocal context, andreferringto this @ we write¼!× to ambiguouslydenoteËTÌ Ó ¾ . Furthermore,we write ¼�E to denote¼ . For ¸ O ³C¶ we write¼ÙØ � E to denote ¼ÙØÑÚÂ¼k� sothat ¼ÙØ denotesthe ¸ steprelationfor ¼ . The transitiveclosureof ¼
is ¼ ¶ · «ÜÛ Ø�Ý¯Þ ¶ ¼ÙØ � The reflexive& transitiveclosure of ¼ is ¼aß!· «ÜÛ Ø�Ý¯Þ ¼ÙØ � The reverseà
of ¼ will bedenotedwith ¼�áªE . A sequence_¨¦¯â#b â Ý�Þ is non-terminatingin ¼ if ¦¯â¡¼^¦¯â � E for allã O ³ . ¼ is terminating if therearenonon-terminatingsequencesin ¼ . A relation ¼ (on @ ) is
wellfounded if any non-emptyclassJ ( Ò2@ ) hasan ¼ -minimal element,i.e. ��Ä O J � B]��ÄÂä O J �ÄÂä�¼PÄ .

A quasi-ordering‘ å ’ onaclass@ is an @ -reflexiveandtransitive(binary)relationon @ . As
with all our asymmetricrelationsymbolswe define Ä¡æ�Æ if Æ�å�Ä � By an(irreflexive) ordering
‘ ç ’ we meananirreflexiveandtransitive relation,sometimescalled“strict partialordering”&c.
by otherauthors.A reflexiveordering ‘ è ’ on @ is an @ -reflexive, antisymmetric,andtransitive
relationon @ . The ordering ç of a quasi-orderingor a reflexive ordering å is å | æ , and å is
calledwellfounded if ç is wellfounded.

Furthermore,weuse‘ Õ ’ to denotetheemptysetaswell astheemptyfunctionor emptyword.
Functionsarenothingbut (right-) uniquerelationsandthemeaningof ‘ éêÚ�ë ’ doesnot dependoné and ë beingonly relationsor evenfunctions.Thus,‘ _¨éìÚ�ëÀb¯_ N b ’ means‘ ëê_ÃéD_ N b�b ’. Theclassof
total functionsfrom @ to J is denotedwith @ � J . Theclassof (possibly)partial functionsfrom@ to J is denotedwith @�í J . Both � and í associateto theright, i.e. @�í J �°î reads@ïí _ÃJ �°î b .
Lemma 3.1 If ¼ is a wellfoundedrelation,then ¼ ¶ is a wellfoundedordering.
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3.1 SyntacticalConventions

We definea sequentto bea list of formulas.ð Theconjugateof a formula @ (written: @ ) is the
formula J if @ is of theform BgJ , andtheformula B�@ otherwise.Notethattheconjugateof the
conjugateof a formulais theoriginal formula @ again,unless@ hastheform BgB�J .

In thetraditionof Gentzen(1935),Hilbert & Bernays(1968/70),andSnyder& Gallier(1989)we
assumethefollowing four setsof symbolsto bedisjoint:Q z freeexistentialvariables, i.e. thefreevariablesof Fitting(1996)Q � freeuniversal variables, i.e.nullary parameters,insteadof SkolemfunctionsQìSVU	WYX+Z boundvariables, i.e. variablesfor bounduseonlyñ

constants, i.e. thefunction(andpredicate)symbolsfrom thesignature

Wesplit thefreeuniversalvariablesQ � into weakfreeuniversalvariablesQ ��� � thatbehaveasin the
weakversionof Wirth (1998)andareintroducedby thenon-liberalized

�
-rules;andstrongfree

universal variablesQ ��� � thatbehave asin thestrongversionandareintroducedby theliberalized�
-rules: Q � « Q ��� � » Q ��� � �

Wedefinethefreevariablesby Q  £¢�¤#¤ · « Q z » Q �
andthevariablesby Q · « QTS�U	W+XYZ » Q  £¢�¤#¤
Weuse‘ }<ò _iKab ’ to denotethesetof variablesfrom Q ò occurringin K .

Dueto thepossibilityto renameboundvariableoccurrencesw.l.o.g.( ó{G -conversion)andin
thetraditionof Hilbert & Bernays(1968/70),we do not permitbindingof variablesthatalready
occurboundin a termor formula; i.e. e.g. � N� @ is only a formula in our senseif @ doesnot
containa binderon N like “ � N� ” , “ � N� ”, “ ó N� ”, “ � N� ”. Thesimpleeffect is thathumanbeings
canmoreeasilyreadour formulasandthatour � - and

�
-rules(andour óªH -reduction)cansimply

replaceall occurrencesof N . Moreover, we assumethat all bindershave minimal scope,e.g.� N �+ô � @\fõJ reads _�� N� �Tô � @!b�f:J �
For a substitutionö we denotewith ‘ K2ö ’ the resultof replacingeachoccurrenceof a vari-

able N)O ¾�¿3Á _#öb in K with ög_ N b . In default situations,we tacitly assumethat all occurrences
of variablesfrom QTS�U	W+XYZ in termsandformulason top level andin therangesof substitutionsare
boundoccurrences(i.e. that a variable NÜO`QìSVU	WYX+Z occursonly in the scopeof a binderon N )
andthateachsubstitutionö satisfies

¾�¿ÂÁ _iö�b~Ò Q  ÷¢�¤i¤ , sothatno boundoccurrencesof variables
canbe replacedandno additionalvariableoccurrencescanbecomebound(i.e. captured)when
applying ö .

WhileweuseuppercaseGreeklettersfor sequences,wedenoteourweightconstructs(which
guaranteethewellfoundednessof induction)with Hebrew letters.Notethatthebeginningof the
Hebrew alphabetis all weneed: ø aleph,� beth,ù gimel (whichwedo notuseanymorebecause
it wasfoundhardto disambiguateit from � ), and ú daleth. Togetherwith a sequent,a weight
formsasyntacticalconstructû :
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Definition 3.2(SyntacticalConstruct, Weight Construct)
A syntacticalconstructis a pair _ÃK]�Vøb consistingof a sequentK anda weight constructø . A
weightconstructis a triple _iü���ç"�Vå�b consistinga (“weight”) term ü (of typesay G ), an(“induc-
tion ordering”)term ç , andan(“induction quasi-ordering”)term å , bothof type G � G � ý3þ<þ<ÿ
(or equivalently G � G ).
The setof all syntacticalconstructsis denotedby ‘SynCons’. The function ‘logic’ extractsthe
logic part (here:thesequents)of aset � of syntacticalconstructs: � ¿�� Ó��3_���bu· « ¾À¿ÂÁ _���b �
Syntacticalconstructsare the basicdatastructurefor ITP, just assequentsor formulasare for
thedeductivecase.They consistof purelysyntacticalelementsalthoughtheterms ü , ç , å may
exceedthetermsof our formulasandsequents.E.g., ç and å maybe(freeexistential)predicate
variablesor ó -terms,whicharenot termsin first-orderlanguages.As they donothave to interact
with our sequentsbeforethey are instantiatedand applied( óÅH -reduced),the languageof our
deductive logic canstill befirst-order.
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3.2 SemanticalRequirements

Validity is expectedto begivenrelative to some
ñ

-structure(
ñ

-algebra,
ñ

-frame) � , assigninga
non-emptyuniverse(or “carrier” or “object domain”)(to eachtype).

For � Ò Q we denotethe setof total � -valuationsof X (i.e. functionsmappingvariables
to objectsof theuniverseof � (respectingtypes))with � � � andthesetof (possibly)partial� -valuationsof X with ��í � �

For 	 O � � � we denotewith ‘ � »
	 ’ the extensionof � to the variablesof X. More
precisely, weassumetheexistenceof someevaluationfunction‘eval’ suchthat �� É �	_�� »
	Åb maps
any termwhosefreeoccurringsymbolsarefrom

ñ »�� into theuniverseof � (respectingtypes)
s.t.for all NyO � : �� É � _�� »�	{b*_ N b « 	_ N b
Moreover, ��� É � _�� »�	Åb mapsany formula J whosefreeoccurringsymbolsarefrom

ñ »�� to �������
or �������� , suchthat J is valid in � »
	 if f ��� É �	_�� »
	ªb¯_ÃJkb « ������� .

For any
ñ

-structure� with valuation	 OAQ í � , theonly additionalassumptionsweneedhere
arethefollowing two basicpropertiesof mostsemantics:

Explicitness-Lemma (Andrews(1972),Lemma2; Andrews(2002),Proposition5400; Fitting
(2002),Proposition2.30)

Thevalueof theevaluationfunctionon a termor formula J doesnot dependon thevari-
ablesthatdonot occurfreein J :
For X beingthesetof thevariablesthatoccurfreein J , if �ÜÒ ¾�¿3Á _ 	Åb :�� É �	_�� »
	Åb¯_iJCb « ��� É � _�� »"! Ì 	Åb¯_iJCb .

Substitution-Lemma (Andrews(1972), Lemma3; Andrews(2002), Lemma5401(a);
Enderton(1973),p.127; Fitting(1996),p.120; Fitting(2002),Proposition2.31)

For any substitutionö andtermor formula J , if thevariablesthatoccurfreein J�ö belong
to
¾�¿3Á _ 	Åb :�� É � _�� »
	Åb*_ÃJ�ö�b « �� É � � � » _Åös»$#&% ZYU('�)+*-, Ì Ó ¾ b(Ú.�� É � _�� »
	Åb � � J � �

Notethatwe take theoperator‘ Ú ’ to havehigherpriority thantheoperators‘ � ’ and‘ » ’.

Furtherpropertiesof validity or evaluationaredefinitelynotneeded.Notethatwehave left open
whatour formulasandwhatour

ñ
-structuresare.All we needaretheabovebasicrequirements.

In ordernot to confuseclassicalfirst-orderreading,we do not useany specialjargonor notation
in thispaper—excepttwo higher-orderones:Currying,andcallingall elementsof

ñ
“constants”.

Nevertheless,we canassumepracticallyany logic with exactly two truth valueshere,including
intensional,modal,Ei× andhigher-orderE	E logics.
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4 Intr oduction

In this sectionwe introducethe interdisciplinarybackgroundrequiredto understandthe formal
treatmentin thefollowing sections.Expertsin mathematicalinductionmayesp.skip Section4.2
andSection4.4.

4.1 DescenteInfinie: A Primiti veExample

In this sectionwe presenta primitiveexampleproof in thesequentcalculusof QUODL IBET (cf.
Kühler(2000)) in order to give the readersan intuitive understandingof our view of descente
infinie.

Thesignatureis asfollows: We only have thesingletypenat of naturalnumbers.We use
zero/C·103254 andsuccessor6~·703254 � 03284 asconstructorsfor thetypenat. Moreover, 9 ·:03284 � 03254 � 03254
is adefinedfunctionon thenaturalnumbers.

WeuseN , ô for variablesof thetypenat wheresuperscriptslike in N���� � indicateaweakfree
universalvariabledifferentfrom N .

Theaxiomsareasfollows:_(03284<;�b � Ng� � N « /!=P�Àô �ªN « 6�_#ô�b �_�9=;�b � N�`N 9>/ « N_�9@?Âb � N �Yô �dN 9A6¯_iôÀb « 6¯_ N 9õôÀb
_(03284<;�b saysthat any naturalnumberis zeroor the successorof anothernaturalnumber, while_�9=;�b and _�9B?Âb definethefunction‘+’.

Now wewantto prove that / is neutralalsoto theleft:
(+1sym) /C9 N ��� � « N ��� �oÇ ü zE _ N ��� � b���ç z E �Ùå z E
Notethatin thesyntacticalconstruct(+1sym)thesemi-colonis usedto separateits sequentfrom
the following weight construct,wherethe weight term ü zE _ N���� � b measuresthe inductionhypo-
thesis(+1sym) in the inductionorderinggiven by ‘ ç z E ’ and ‘ å z E ’. Why theseexplicit weights
areso importantin descenteinfinie is explainedin Wirth & Becker(1995)andmoredetailedin
Wirth (1997),Section12.

Beforewe cometo our proof treein XQUODL IBET we first give an informal proof in the
workingmathematicianfashion.

Wehave to show /C9 N ��� � « N ��� � � (1)

As, by _(03284<;�b , eachnaturalnumberis eitherzeroor not, we do the following case
analysis:N���� � « / : We have to show /C9A/ « /<� (1.1)
which follows from _D9E;�b .N ��� � « 6�_#ô ��� � b : Wehave to show/C9A6�_#ô ��� � b « 6¯_Ãô ��� � bV� (1.2)
whichby _D9B?Âb wecanrewrite into6�_�/C9õô ��� � b « 6�_#ô ��� � b�� (1.2.1)
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whichwecanagainrewrite with theinductionhypothesis(1)
(setting � N ��� � �� ô ��� �o� ) into 6�_iô � � � b « 6¯_iô ��� � bV� (1.2.1.1)
which is anequalityaxiom.

We still have to find an inductionordering ç z E andsomeweight term ü zE _ N���� � b for
“ /C9 N���� � « N���� � ” suchthattheinstanceof theappliedinductionhypothesisis smaller
thantheinductionconclusionwearejustproving, i.e.suchthat ü zE _iô ��� � bìç z E ü zE _ N���� � b �
By our caseassumptionthis is nothingbutü zE _�ô ��� � bTç z E ü zE _�6�_#ô � � � b+b � (1.2.1.2)
But this is trivial: We simply set ü zE _ N b6· « N , chooseç z E to be the ordering ´ on
naturalnumbersand å z E to beits reflexiveordering F , andgettheorderingaxiomô ��� � ´G6�_#ô ��� � b � (1.2.1.2.1)

In XQUODL IBET the proof tree of this proof will be displayedvery similar to the following
figure.

(1) /C9 N���� � « N���� � Ç ü zE _ N���� � b
(nat1) �+�o�YHg� � � Rewrite

¶

(1.1) /C9>/ « / Ç ü zE _�/Ñb (1.2) /C9A6�_#ô ��� � b « 6¯_iô ��� � b Ç ü zE _�6¯_Ãô ��� � b+b
(+1) �+� (+2) �+�o� Rewrite

(1.2.1) 6�_�/H9:ô ��� � b « 6�_#ô ��� � b Ç ü zE _�6�_#ô � � � b+b
(+1sym)asinductionhypothesis

instantiatedvia � N ��� � �� ô ��� �� � Rewrite

(1.2.1.1) 6�_#ô � � � b « 6¯_iô ��� � b Ç ü zE _�6¯_iô ��� � b�b (1.2.1.2) ü zE _iô ��� � bVçwü zE _�6�_#ô � � � b+b Ç ü zE _�6¯_Ãô ��� � b+b�JI Setweight: ü zE _ N b~· « N

(1.2.1.2.1) ô ��� � çK6¯_iô ��� � b Ç 6¯_Ãô ��� � b
�JI

Actually, only the squareboxesarepart of the proof tree. The round-edgedboxesshow appli-
cationsof inferencerules. While in QUODL IBET several inferencerulesmay be appliedto a
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singlenodeof aproof tree(yielding alternativeproof attemptsin and-or-trees)for thetheoretical
considerationsin this paperwe will alwaysapply inferencerulesonly to leaf nodes,resultingin
theand-treesthatarecommonfor sequentandtableaucalculi. Althoughtheround-edgednodes
areactuallynotpartof our proof treeshere,they arequiteuseful:

1. In our treepresentationwe cancheckwhetherthe treeis closedsimply by realizingthat
all leavesareround-edgednodes.This meansthat, in additionto thestandardnotionof a
tree(cf. Knuth(1997f.), Vol. I), asa specialfeaturewe assumean explicit representation
of leaves,sothat,whenweaddtheelementsof a set � aschildrento a leafnode L , this L is
not a leaf anymore,evenif � is empty. This featureis not only usefulfor implementation
purposes(wherewe have to recordsomewherewhy a branchis closed)but also in the
theorywe presentin this paper, wherethe validity of the root sequentof a proof tree is
alwayssupposedto reduceto thevalidity of all leaf sequentsof a proof treeandtheclosed
branchesshouldnotbeconsidered.

2. We have usedround-edgednodesto give someinformation how inferencestepscan be
achievedin termsof generalinferencerulesliketheonespresentedattheendof Section2.3,
whicharemoreelementarythantheinferencerulesin QUODL IBET.

E.g.,“ (nat1) �+�o�YHg� � � Rewrite
¶

” in thefirst round-edgedboxmeansthatweshouldactually
usethe axiom (nat1) and apply a � -, a H -, and a

�
-stepand several Rewrite-stepsto it

in order to get the following partial proof tree below, wherein the last inferencesteps
(resultingin (1.1)and(1.2)) theleft-mostliteralsof theparentsof theleafnodesaresafely
(cf. Section13.2)thrown away (becauseN���� � is in solvedform E I ).

(1)

Bc� N� � N « /!=P�Àô ��N « 6�_#ô�b � �/H9 N���� � « N���� � Ç ü zE _ N���� � b
B � N���� � « /a=õ�Àô ��N���� � « 6¯_ÃôÀb�� �/C9 N���� � « N���� � Ç ü zE _ N���� � b

N���� � ©« /À��/C9 N���� � « N���� � Ç ü zE _ N���� � b Bg�Àô ��N���� � « 6¯_ÃôÀbV��/C9 N���� � « N���� � Ç ü zE _ N���� � b
N���� � ©« /À�K/C9>/ « / Ç ü zE _�/Ñb N���� � ©« 6¯_Ãô ��� � bV�M/C9 N���� � « N���� � Ç ü zE _ N���� � b

(1.1) N���� � ©« 6¯_iô ��� � b���/C9>6¯_iô ��� � b « 6�_#ô � � � b Ç ü zE _�6¯_Ãô � � � b+b
(1.2)
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Notethat ç z E and å z E arenotusedin theXQUODL IBET proofbecausethesystemprovidesonly a
singleinductionquasi-orderingå andnodifferentchoicefor å z E and ç z E but å andits ordering ç ,
resp.,is possible,cf. Section4.2.

4.2 Example: Induction Ordering in QUODL IBET

In QUODL IBET, a tactic-basedITP systemfor clausallogic, cf. Kühler(2000),we essentially
usethesizeof a uniquelydenotingconstructorgroundterm in thestandardorderingon natural
numbersfor eachuser-definedtype. In eachof themodelsthatestablishtheinductivevalidity for
QUODL IBET (type-î in Wirth & Gramlich(1994b))this resultsin a wellfoundedquasi-ordering
on theobjectsof eachuniversebecausedifferentconstructorgroundtermsof thesametypeeval-
uateto differentobjectsin theuniversefor this type.

Moreover, thereis a specialtypeORD thatcanbeusedfor lexicographiccombinationsof
the user-definedtypesup to a fixed finite length, say N . Note that we cannottake arbitrary
length becausethe lexicographiccombinationof arbitrary length of wellfoundedorderingsis
not wellfounded: _O;�bQP _Ãº<�R;�bSP _Ãº<��ºÀ�R;�b>P T5T5T � This N is not limiting the QUODL IBET

system,however, becauseit is not implemented:If a proof attemptis successfulit hasusedonly
afinite numberof finite termsandwecanassumethat N is themaximumlengthof lexicographic
combinationoccurringin them.E �

While for generaldescenteinfinie not only theweightsbut alsothe inductionorderingcan
be chosenfor eachproof differently, in QUODL IBET it hasshown to be adequateto usethis
fixed wellfoundedquasi-ordering(dependingon the signature

ñ
) becausethe lazy substitution

of the2nd orderweightvariablesduringtheproofsprovidessufficient flexibility for theintended
applicationdomainof partially definedrecursive functions,cf. Kühler& Wirth (1996),Wirth &
Gramlich(1994a).

As in the exampleproof of Section4.1, eachweight for a conjectureK initially is a termü z _iô � � �× � ����� �Yô ��� �Ø�áªE b wherethe ô � � �â arethe weakfree universalvariablesof K and ü z is a global
(rigid) freeexistentialvariablethatcanbechosenduringtheinductionproofappropriately. Most
of the time it is sufficient to let ü z be someprojection �Tô × � ����� �Yô Ø�áªE � ü z _iô × � ����� �Yô Ø�áªE b « ô�âÃ�
or more formally, to apply the existential ¼ -substitution ��ü z �� óÅô × � ����� �Yô Ø�áªE � ô�â � � When
the goal is ü z _#§ E �+§ I b�ç ü z _�§ I �U6�_�§ E b+b for naturalnumberterms §	â a good idea might be to
chooseü z to be the additionon naturalnumbers,or when in anotherproof we have the goalsü z _#§ E ��_#§ E 9õ§ I b+b~ç\ü z _�6�_�§ E bV��§ E b and ü z _�§ E �+§ I b~ç\ü z _�§ E �U6¯_#§ I b�b a goodideamight be to chooseü z to bethelexicographiccombinationof lengthupto 2. Notethatfor mutualinductionwith sev-
eralconjecturesit maybenecessaryto comparelexical tuplesof differentlength,cf. Section16.

Thefixedinductionorderingin systemslikeNQTHM (cf. Boyer& Moore(1988))or QUODL I-
BET prevent the usersfrom destroying soundnessby providing inductionorderingsthatarenot
wellfounded. Contraryto this, the ITP systemEXPANDER (Padawitz(1998))permitsthe free
choiceof any binary relationbut the resultscomewith the proviso that this relation is a well-
foundedordering. As wellfoundednessis a propertyof 2nd order, only in higher-ordertheorem
proversit becomespossibleto havevariableinductionorderingsandexpresstheir requiredwell-
foundednessin thetheorems,aswewill do in Section19.
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4.3 DescenteInfinie and Foundedness

We still have to explain what the exampleproof of Section4.1 hasto do with descenteinfinie.
To this end,supposethat thereis a counterexamplefor (1), i.e. somenaturalnumber N���� � s.t./C9 N���� � « N���� � is not thecase.Sinceall branchesof our proof treeareclosed,the counterex-
amplemusthave left thetreeduringtheproof. With all thestandardstepsof deductive theorem
proving this is impossiblebecausevalidity of the childrenalwaysimplies validity of theparent
sequent.Thus,the counterexamplemusthave gonethrough(1.2) and(1.2.1)andthenjumped
out into theappliedinductionhypothesis.This meansthat ô ��� � is somecounterexamplefor (1),
too. But (1.2.1.2)shows that this counterexampleis smallerthan our original one. Thusany
counterexamplewould descendinfinitely (descenteinfinie). The above proof treecanbe seen
asa programfor computing,for eachgivennaturalnumber, a purelydeductive proof treewhen
we replacethe branch(1.2.1.2)with the recursive call to this programagain. Sinceour induc-
tion orderingis wellfounded,thesub-tree(1.2.1.2)guaranteestermination.Therefore,we know
thataftera finite numberof recursive calls—althoughthis numberof descentsmaybeindefinite
(descenteindéfinie)—theprogramwill endup in thebranchof thebasecase(1.1).

Definition 4.1(Method of DescenteInfinie)
A propositionK canbeprovedby descenteinfinieasfollows:

Showthat for each counterexampleof K there is anothercounterexampleof K that is
smallerin a wellfoundedordering!

Finally note that for the proof in the working mathematicianfashionit is not really important
whethertheworking mathematicianthinksin termsof counterexamples.Whatmattersis thathe
canexecutetheproofmethod.Indeed,thehighernotionof foundedness(cf. Definition1 of Wirth
& Becker(1995)andDefinition12.2of thispaper)canbeappliedin orderto think aboutdescente
infiniewithout thenegativeargumentationoncounterexamples,but with thepositivemetaphorof
building asupportingframein aswamp,cf. Section12.

4.4 DependentChoice,Wellfoundedness,and DescenteInfinie

Although theAxiom of Foundationandevenvery strongformsof theAxiom of Choicecannot
destroy a consistency of set theory (cf. Gödel(1986ff.), Vol. II), this doesnot meanthat it is
generallyappropriateto assumethevalidity of theseaxioms.TheAxiom of Choiceis especially
inappropriatewhenonewantsto discussthelogicalstrengthof differentformsof induction.This
is becausetheAxiom of Choiceimpliesthestrongestknown formsof induction,sothatall forms
of inductionbecomevalid andof equallogical strengthin thepresenceof theAxiom of Choice.
A weakform (or properlogical consequence)of (thestrongproperclassform of) theAxiom of
Choiceis the following; cf. Rubin & Rubin(1985),p.19; Howard & Rubin(1998),Form43,
p.30.

Definition 4.2(Principle of DependentChoice)
If ¼ is abinaryrelationwith ÈYÉ3Ê _Ã¼"b�Ò ¾�¿ÂÁ _Ã¼"bc©«RÕ � thenR is not terminating.

While we have definedwellfoundednessover the existenceof minimal elementsin classes,a
well-known alternative is to defineit asterminationof thereverserelation.While theconverseof
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thefollowing principleis tautological,theprincipleitself is not. Thusit makeswellfoundedness
independentof thechoiceof oneof its alternativesfor its definition; cf. Howard& Rubin(1998),
Form43R, p.32.

Definition 4.3(Principle of Wellfoundedness)
If ç is anorderingand P is terminating,then ç is wellfounded.

Definition 4.4(Principle of DescenteInfinie)
If ç is anordering,theclass@ hasno ç -minimalelements(i.e. �ìÄ O @ � ��ÄÂä O @ � ÄVP\ÄÂä ), and

Version1: P Ô _i@ � @!b is terminating

Version2: eachî ÒÖ@ totally orderedby ç hasa ç -minimal element

then @ is empty.

Whenwe usedthe alternative definition of wellfoundedness,we would needE#� the Principleof
DescenteInfinie to guaranteethesoundnessof theMethodof DescenteInfinie, cf. Definition4.1.
Indeed,thesoundnessis achievedby setting @ to be theclassof counterexamplesof K in Ver-
sion1, which is slightly strongeronly at first sightthanVersion2, whichwegot listedin Howard
& Rubin(1998),p.31,asForm43K. In fact,all theseprinciplesareof equalstrength:

Lemma 4.5 ThePrinciplesof DependentChoice, Wellfoundedness,andDescenteInfinie (both
versions)are logically equivalentto each other in set theory, evenwithout axiomsof Choice,
Foundation,or Power-set.

Finally, note that theoreticallyit is also possibleto usethe strictly strongerAxiom of Choice
(or Zorn’s Lemma)insteadof the Principleof DependentChoicein orderto get the soundness
principle for a strongerinductionmethodthanthe Methodof DescenteInfinie by replacingin
Definition4.4 “ P Ô _#@ � @ab is terminating” with “eachnon-terminatingsequencein P Ô _#@ � @ab
hasa ç Ô _i@ � @ab -lowerbound”, cf. Geser(1995).

4.5 Without Skolemization

Contraryto mostfirst-orderdeductive frameworks,Skolemizationis not appropriatefor descente
infinie, for matrix calculi like theonesin Wallen(1990),andsomehigher-orderapproacheslike
Kohlhase(1998).Skolemizationhasat leastthreeproblematicaspects:

1. Skolemizationenrichesthesignatureor introduceshigher-ordervariables.Unlessspecial
careis taken,this may introduceobjectsinto emptyuniverses,changethenotionof term-
generatednessor Herbrandor Henkin models,and imply forms of the Axiom of Choice
thatwerenot partof thetheorybefore.Above that,theSkolemfunctionsoccurin answers
to queriesor solutionsof constraintswhich in generalcannotbetranslatedinto theoriginal
signature.For adetaileddiscussionof theseproblemscf. Miller (1992).
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2. Skolemizationresultsin thefollowing simplifiedquantificationstructure:

For all Skolemfunctions WX therearesolutionsto thefreeexistentialvariables WY
(i.e. the freevariablesof Fitting(1996))s.t. thequantifier-free theoremKC_WY �:WX b
is valid. Short: �ZWX� ��WYÑ� KC_WY �:WX b

Whenthe stateof a proof attemptis representedasthe conjunctionof the branchesof a
tree(ase.g.in sequentor (dually) in tableaucalculi), thefreeexistentialvariablesbecome
“rigid” or “global”, i.e.asolutionfor afreeexistentialvariablemustsolveall occurrencesof
thisvariablein thewholeproof tree.This is because,for J × � ���¯� ��J Ø denotingthebranches
of theproof treefor Kk_WY �[WX b , �\WX�� ��WYÂ� _ÅJ × f �¯��� f:J Ø b
is in generallogically strictly strongerthan �\WX� _ì��WYÑ� J × f ����� f ��WYÑ� J Ø b
Moreover, with this quantificationstructureit doesnot seemto be possibleto do ITP by
descenteinfinie becausethe inductionhypothesisapplicationsmaydestroy thecounterex-
ample:

Whenwehavesomecounterexample WX for Kk_WY �:WX b (i.e. thereis no WY s.t. KC_WY �:WX b
is valid) then,for different WY , differentbranchesJeâ in theproof treemaycause
the invalidity of the conjunction. If we have appliedinduction hypothesesin
morethanonebranch,for different WY we getdifferentsmallercounterexamples
for different branches.What we would need,however, is one single smaller
counterexamplefor all WY .

3. Skolemizationincreasesthesizeof theformulas.(Notethatin mostcalculitheonly relevant
partof Skolemtermsis thetopsymbolandthesetof occurringvariables.)

The first and secondproblematicaspectsdisappearwhen one usesraising (cf. Miller (1992))
insteadof Skolemization. Raisingis a dual of Skolemizationandsimplifies the quantification
structureto somethinglike:

Thereare raising functions WY s.t. for all possiblevaluesof the free universalvari-
ables WX (i.e.thenullaryconstantsor “parameters”)thequantifier-freetheoremKC_WY �[WX b
is valid. Short: ��WYÂ� �\WX� KC_WY �[WX b

Note that dueto the two duality switches“unsatisfiabilityvs. validity” and“Skolemizationvs.
raising”, in this paperraisingwill look muchlikeSkolemizationin refutationaltheoremproving.
ThedifferencebetweenraisingandSkolemizationis bestrememberedby thefact that raisingis
relatedto the � -ruleswhile Skolemizationis relatedto the

�
-rulesaccordingto theclassification

of Section2.3.

Theinvertedorderof universalandexistentialquantificationof raising(comparedto Skolemiza-
tion) is advantageousbecausenow �]WYÂ� �\WXo� _ÅJ × f �¯��� f:J Ø b
is indeedlogically equivalentto ��WYÂ� _À�ZWX� J × f ����� f �ZWX� J Ø b
Furthermore,theinductionhypothesisapplicationof descenteinfinieworkswell:

When,for some(fixed) WY × , wehavesomecounterexample WX for Kk_&WY × �[WX b (i.e. KC_&WY × �[WX b
is invalid) thenonebranchJeâ in theproof treemustcausetheinvalidity of thecon-
junction. If this branchis closed,then it containsthe applicationof an induction
hypothesisthat is invalid for this WY × and the WX ä resultingfrom the instantiationof
thehypothesis.Thus, WX ä togetherwith theinductionhypothesisprovidesthestrictly
smallercounterexamplewe arelooking for for this WY × .
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The third problematicaspectdisappearswhen the dependency of variablesis explicitly repre-
sentedin a variable-condition, cf. Kohlhase(1995). This idea actually hasa long history, cf.
Prawitz(1960),Kanger(1963),Bibel (1987). Moreover, theuseof variable-conditionsfreesour
freeexistentialvariablesfrom carryingaroundthe freeuniversalvariablesthey maydependon.
Thus,thefreeexistentialvariablesfor first-orderboundvariablesstayfirst-order.

4.6 Preservation of Solutions

Usersevenof purePrologarenot somuchinterestedin theoremproving asthey arein compu-
tationof answersto queriesor of solutionsto queryvariables.The theoremthey want to prove
usuallycontainssomefreeexistentialvariablesthatareinstantiatedduringaproofattempt.When
theproof attemptis successful,not only the input theoremis known to bevalid but alsothe in-
stanceof the theoremwith the substitutionbuilt-up during the proof. Sincethe knowledgeof
mereexistenceis lessuseful than the knowledgeof a term that witnessesthis existence,theo-
rem proving should—if possiblewithout overhead—alwaysprovide thesewitnessingterms(or
solutions).Computationof answersandsolutionsis noproblemfor Prolog’sHorn logic theories.
For clausallogic theories,in Baumgartner&al. (1997)tableaucalculiareusedfor computationof
answersthatgo beyondsimplesolutions(i.e. substitutions)in that they aresetsof substitutions
s.t. the disjunctionof the instantiationsof the querywith thesesubstitutionsis in the theory;a
possiblenegationof the query instancesis, however, not taken into account. This negation is
includedin TenCate& Shan(2002),wherefor generalfirst-ordertheoriestheanswerscomputed
with a tableaucalculusareformulasbuilt-up from instancesof thequeryandequalitieswith any
logical operatorsand quantifiers. For universaltheoriesand quantifier-free queries,thesean-
swersdonotneedquantifiersandarevery intuitive. In general,however, when

�
-stepsoccurin a

proof, the introducedfreeuniversalvariables(or Skolemterms)mayprovide no informationon
whatkind of objectthey denote.While this is not possiblein termsof computabilityor ó -terms,
the informationcanbe provided in form of Hilbert’s � -terms(cf. Leisenring(1969),Hilbert &
Bernays(1968/70),Vol. II), andour calculi will offer this possibility. In orderto avoid additional
overhead,in this paper, however, we will focuson preservationof solutionsinsteadof computa-
tion of answers,which is a moregeneraltask. By “preservation of solutions”we meanat least
thefollowing property:

All solutionsthat transforma proofattemptfor a propositioninto a closedproof (i.e.
the closingsubstitutionsfor the freeexistentialvariables)are also solutionsof the
original proposition.

Supposethat our original input theoremKk_WY �[WX b (cf. the discussionin Section4.5) hasbeenre-
ducedto ��_WY �[WX b representingthestateof theproof attempt.With “preservationof solutions”we
meanthat,for any instance WY × ,��_&WY × �[WX b implies Kk_&WY × �[WX b for each WX . ($)
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This is againcloselyrelatedto descenteinfinie:

Supposethat we have found someinstance WY × s.t. for eachcounterexample WX of��_&WY × �:WX b thereis a counterexample WX ä for the original theorem(i.e. Kk_&WY × �[WX ä7b is in-
valid) andthatthis WX ä is strictly smallerthan WX in somewellfoundedordering.In this
casewehaveproved Kk_&WY × �[WX b (andthus KC_WY �:WX b ) only if

eachcounterexample WX for KC_&WY × �[WX b is alsoacounterexamplefor � _^WY × �:WX b .
Thelatteris thecontrapositiveof ($) andthereforelogically equivalentto it.

4.7 The Liberalized _ -rule

Definition 4.6(Variable-Condition)
A variable-conditionis a subsetof Q  ÷¢�¤i¤ � Q  £¢�¤#¤ �
Roughlyspeaking,for a variable-condition¼ , _ N z �Yô � b O ¼ saysthat N z is olderthan ô � , sothat
we mustnot instantiatethe freeexistentialvariable N z with a termcontainingthe freeuniversal
variableô � .

While the benefitof the introductionof free existentialvariablesin � -rulesis to delaythe
choiceof awitnessingterm(whichis requiredby ourdesigngoalof anaturalflow of information,
cf. Section2.1), it is sometimesunsoundto instantiatea freeexistentialvariable N{z with a term
containinga freeuniversalvariableô � thatwasintroducedlaterthan N z :
Example4.7 � N� �Tô � _ N « ôÀb
is notdeductively valid. Wecanstarta proofattemptvia:� -step: �Tô � _ N{z « ôÀbV�°� N� �Tô � _ N « ôÀb�
-step: _ N z « ô � b��°� N� �Tô � _ N « ôÀb

Now, if we were allowed to substitutethe free existential variable N z with the free universal
variableô � , wewouldgetthetautology _iô � « ô � bV� i.e.wewouldhaveprovedaninvalid formula.
In orderto preventthis,the

�
-stephasto record _ N z �Yô � b in thevariable-condition,whichdisallows

theinstantiationstep.

In orderto restrictthepossibleinstantiationsaslittle aspossible,weshouldkeepourvariable-con-
ditionsassmallaspossible.Kanger(1963),Bibel (1987),andWallen(1990)arequitegenerous
in thatthey let their variable-conditionsbecomequitebig:

Example4.8 � N� � �Tô � BZ`�_iôÀb�=a`�_ N b��
canbeprovedthefollowing way:� -step: �Tô � B�`D_ÃôÀb =a`�_ N z b��°� N� � �Tô � BZ`�_iôÀb�=a`�_ N b �G -step: �Tô � B�`D_#ô�b�� `�_ N z b��°� N� � �Tô � BZ`�_iôÀb�=a`�_ N b��
Liberalized

�
-step: B�`D_#ô � � � bV� `�_ N z b��°� N� � �Tô � BZ`�_iôÀb�=a`�_ N b �

Instantiationstep: B�`�_Ãô � � � b�� `D_#ô ��� � b��°� N� � �Tô � BZ`�_iôÀb�=a`�_ N b��
The laststepis not allowedin theabove citations,so thatanother� -stepmustbeappliedto the
original formula in orderto prove it. Our instantiationstep,however, is perfectlysound:SinceN z doesnot occurin �Tô � B�`D_#ô�b�� thefreevariablesN z and ô ��� � do not dependon eachotherand
thereis noreasonto insiston N{z beingolderthan ô ��� � . Indeed,moving-in theexistentialquantifier
transformsthe original formula into the logically equivalentformula �Tô � B�`D_#ô�bï= � N� `�_ N bV�
which (after a precedingG -step)enablesthe

�
-stepintroducing ô � � � to comebeforethe � -step

introducingN z .
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Keepingthevariable-conditionsgeneratedby the
�
-rulesmallresultsin exponentialandevennon-

elementaryreductionof thesizeof smallestproofs.The“liberalizationof the
�
-rule” hasthefol-

lowing historyof reductionin sizeof smallestproofs:Smullyan(1968),Hähnle& Schmitt(1994)
(
���

), Beckert &al. (1993) (
��� ¶

), Baaz& Ferm̈uller (1995)(
� ß ), Cantone& Nicolosi-Asmundo

(2000)(
� ßcb ). The stepfrom

���
to
��� ¶

(just like the stepfrom
��� ¶

to Giese& Ahrendt(1999)
(
�8d

)) doesnot reducethevariable-condition(asall othersdo) but reducesthenumberof Skolem
symbols(just like the stepfrom

� ß to
� ß b ). While the liberalized

�
-rule of Smullyan(1968) is

alreadyable to prove the formula of Ex.4.8 with a single � -step, it is much more restrictive
thanthe

���
-rule which cantreat free existentialvariables.For this paper, the changefrom the

non-liberalized
�
-rule to the liberalized

� �
-rule is the problematiconebecauseit destroys the

preservation of solutions,cf. Section8. Somefurther improvementsover
� �

areconsideredin
Section20.

Notethatliberalizationof the
�
-rule is nota simpletaskbecauseit easilyresultsin unsound

calculi, cf. Kohlhase(1995)w.r.t. our Ex.4.9 andKohlhase(1998)w.r.t. our Ex.14.2. Thediffi-
culty lieswith instantiationstepsthatrelatepreviouslyunrelatedvariables:

Example4.9 � N� �Tô �fe _ N �Yô�b�= � Xo� �hg � B e _�gÅ� X b
is not deductively valid (to wit, let Q betheidentity relationon a non-trivial universe).Consider
thefollowing proof attempt:One G -, two � -, andtwo liberalized

�
-stepsresultin

( i ) e _ N z �Yô ��� � bV�²B e _�g ��� � � X z bV�²� N� �Tô �&e _ N �Yô�b��°� Xo� �hg � B e _�gÅ� X b
with variable-condition

(#) ¼ · « �<_ N z �Yô � � � bV� _ X z �Ug ��� � b �
Note that the non-liberalized

�
-rule would additionallyhave produced_ N z �Ug ��� � b or _ X z �+ô � � � b or

both,dependingon theorderof theproof steps.Whenwe now instantiateN z with g ��� � , we relate
thepreviouslyunrelatedvariablesX z and ô ��� � . Thus,ournew goale _�g ��� � �Yô ��� � bV�²B e _�g ��� � � X{z bV�²� N� �Tô �&e _ N �Yô�b��°� Xo� �hg � B e _�gÅ� X b
mustbe equippedwith the new variable-condition_ X z �Yô ��� � b . Otherwisewe could instantiateX z
with ô ��� � , resultingin thetautology e _�g ��� � �Yô ��� � b��ÙB e _�g ��� � ��ô ��� � b�� ���¯�
Note that in thestandardframework of Skolemizationandunification,this new variable-condi-
tion is automaticallygeneratedby the occur-checkof unification: Whenwe instantiateN z withg ��� � _ X z b in e _ N z �+ô ��� � _ N z b�b��°B e _�g ��� � _ X z b�� X z bV� ���¯�
weget e _�g ��� � _ X{z b��Yô ��� � _�g ��� � _ X{z b+b�b��°B e _�g ��� � _ XTz b�� X{z bV� ���¯�
whichcannotbereducedto a tautologybecauseô � � � _�g ��� � _ X{z b�b and XTz cannotbeunified.Whenwe
instantiatethevariablesN z and X z in thesequence( i ) in parallelvia

($) öõ· « � N z �� g ��� � � X z �� ô ��� � � �
we have to checkwhetherthenewly imposedvariable-conditionsareconsistentwith thesubsti-
tution itself. In particular, acycleasgiven(for the ¼ of (#)) byX z j g ��� �*8kml

ô � � �
*8kml

N{zj
mustnotexist.



23

5 Existential Substitutions

Severalbinaryrelationsonfreevariableswill beintroducedin thisandthefollowingsections.The
overall ideato berememberedis thatwhen _ N �+ô�b occursin sucha relationthis meanssomething
like “ N is necessarilyolderthan ô ” or “the valueof ô dependson or is describedin termsof N ”.

Definition 5.1( n * , o * )
For a substitutionö we definetheexistentialrelation to ben * · « ��_�p z � N b~¹ N O ¾�¿3Á _#öb�fAp z O }Dz _iög_ N b+b � ,
andtheuniversal relation to beo * · « ��_#ô � � N bw¹ N�O ¾�¿ÂÁ _iö�b�fyô �oO } � _iö�_ N b�b � .
Definition 5.2([[Quasi-]Existential] ¼ -Substitution)
Let ¼ beavariable-condition,cf. Definition4.6.ö is an ¼ -substitution if ö is asubstitutionfor that ¼\�qn * �Ao * is wellfounded.ö is existential if

¾�¿ÂÁ _iöb0Ò Q z . ö is quasi-existential if
¾�¿3Á _#öb0Ò Q z » Q ��� � .

Note that, regardingsyntax, _ N �rp z b O ¼ is intendedto meanthatan ¼ -substitutionö may not
replaceN with atermin which p z occurs,i.e. _�p z � N b O n * mustbedisallowed,i.e. ¼A�=n * must
bewellfounded.As anotherexample,take from Ex.4.9thevariable-condition¼ of (#) andthe ö
of ($). As explainedthere,ö mustnot bean ¼ -substitutiondueto thecycleX z j g ��� �s8t

ô ��� �
s8t

N zj
whichjustcontradictsthewellfoundednessof ¼��uo * . Notethatin practicew.l.o.g. ¼ , n * , and o *
canalwaysbechosento befinite, sothat ¼^�vn * �wo * is wellfounded if f it is acyclic.

After applicationof an ¼ -substitution ö , in caseof _ N �Yô � b O ¼k� we have to updateour
variable-condition¼ in orderto ensurethat N is not replacedwith ô � via a futureapplicationof
another¼ -substitutionthat replacesa free variablesay X z occurringin ög_ N b with ô � . In this
case,thetransitiveclosureof theupdatedvariable-conditionhasto contain _ X z �+ô � b . But wehaveX z n *�N ¼ ô � . This meansthat ¼Ü�xn * mustbe a subsetof the updatedvariable-condition.
Besidesthis,wehave to addstepswith o * again.

Definition 5.3( ö -Update)
Let ¼ beavariable-conditionand ö beasubstitution.The ö -updateof ¼ is ¼^�qn * �wo * .
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Example5.4
In theproof attemptof Ex.4.9 we appliedtheexistential ¼ -substitution öìä « � N{zY�� g ��� ��� where¼ « �<_ N z �Yô ��� � bV�C_ X z �Ug ��� � b � � Note that o *<y « �<_�g ��� � � N z b � and n *�y «PÕ � Thus, the ö ä -updateof¼ is thengiven by the following finite graphwhosetransitive closureis irreflexive andthusa
wellfoundedordering. X z j g ��� �s t y

ô � � � N zj
Notethatour treatmentof variable-conditionshereis notarbitrary, but carefullydesignedaccord-
ing to thefollowing items.

F For efficiency reasonsweshouldnevercomputetransitiveclosuresbut simplykeepadding
new edgesto a graph. The relevant wellfoundedness-checkscan then be performedas
acyclicity-checks,whichhavea timecomplexity thatis linearin thenumberof edges.This
cannotbeimproved.

F All otherapproachesI foundin theliteratureareeithermorecomplicatedandlesspowerful
or elseunsound,cf. Section4.7. The versionpresentedhereis optimal for the choices
describedin thefollowing two items.

F It is with our variable-conditionsthat we have investedmost effort in the possibility of
an efficient implementationand wherewe are alreadyvery closeto an implementation.
Actually, we have even sacrificedsomeotherpossibilitiesfor efficiency; namelyfor the
liberalizationof the

�
-rule(cf. Section4.7)wesacrificedthepossibilityto representHenkin

quantifiersor K. Jaakko J. Hintikka’s IF logic, cf. Hintikka(1996). Nevertheless,you can
have themif you reallywantthem.Ei�

F For simplicity of implementationwe evenhave madere-useandpermutationsof freeex-
istentialvariableslike � N z ��zX z � X z ���N z � impossible.Indeed,all thesesubstitutionslead
to a cycle in theexistentialrelationandthusareno ¼ -substitutionsaccordingto theabove
definitions. Re-useand permutationsof free existential variablesare not appropriatein
practicebecausethenweneeda time referencein additionto thenameof a freeexistential
variableto retrieve its solutionor value. Nevertheless,you canhave them if you really
want them,andwe have workedout everythingfor you in a sequenceof notesEi½ because
this non-trivial enterpriseput to test the well-designednessof the conceptsof the whole
modelingpresentedin this paper.
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6 Existential Valuations

Let � besome
ñ

-structure.Wenow definesemanticalcounterpartsof ourexistential¼ -substitutions,
whichwewill call “existential _��6��¼"b -valuations”.

As suchan existential _��6��¼"b -valuation Y takesover the role of the raising functionsof
Section4.5, it doesnot simply mapeachfree existentialvariabledirectly to an objectof � (of
the sametype), but musthave the ability to additionallyreadthe valuesof somefree universal
variablesunderan � -valuation	 O:Q � � � . More precisely, Y getssomerestrictionof 	 , say	<ä O(Q � í � with 	Àä�Ò{	 , asasecondargument. Short:Y · Q z � _ Q � í � b�í � .

Moreover, for eachfreeexistentialvariableN z , we requiretheset
¾�¿3Á _ 	 ä b of freeuniversalvari-

ablesreadby Y _ N z b to be identical for all 	 . This identicalsetwill be denotedwith |�} Ï � N z � Ð
below. More technically, we requirethatthereis some“semanticalrelation” |�}~Ò Q � � Q z s.t.for
all N{zeOAQ z : Y _ N z bx· _D|�} Ï � N z � Ð � � b � � �
Notethat,for each Y · Q z � _ Q � í � bìí ��� at mostonesemanticalrelationexists,namely|�}R· « ��_iô � � N z bw¹ N z O�Q z fyô �oO ¾�¿ÂÁ _ Û _ ¾�¿ÂÁ _ Y _ N z b+b�b+b � .
In thefollowing definitionswe areslightly moregeneralbecausewe wantto applytheterminol-
ogynotonly to freeexistentialvariablesbut alsoto strongfreeuniversalvariables.

Definition 6.1(SemanticalRelation ( |�} ))
Thesemanticalrelationof Y is|�}P· « ��_#ôT� N b~¹ N�O ¾�¿ÂÁ _ Y b�fyô O ¾�¿ÂÁ _ Û _ ¾�¿ÂÁ _ Y _ N b+b�b+b � .Y is semanticalif Y is apartialfunctionon Q s.t.for all NyO ¾�¿ÂÁ _ Y b :Y _ N b0·{_D|�} Ï � N � Ð � � b � � .

Definition 6.2(Existential _��6��¼"b -Valuation)
Let ¼ be a variable-conditionand � a

ñ
-structure. Y is an existential _��6��¼"b -valuation ifY · Q z � _ Q � í �Cb�í � , Y is semantical,and ¼^�v|�} is wellfounded.

Finally, weneedthetechnicalmeans~ thatturnsanexistential _��6��¼"b -valuationY togetherwith a
valuation	 of thefreeuniversalvariablesinto avaluation~�_ Y b�_ 	Åb of thefreeexistentialvariables:

Definition 6.3( ~ )
Wedefinethefunction~w·Ü_ Q í _ Q í � bêí � b � _ Q í �Cb � Q í �
for Y · Q í _ Q í � bìí �6� 	 OyQ í �6� NAOAQ
by ~�_ Y b*_�	Åb¯_ N bu· « Y _ N b�_���c� ������ Ì 	{b .
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7 Validity

Wearenow goingto define¼ -validity of asetof sequentswith freevariables,in termsof validity
of a formula.

Definition 7.1(Validity , K)
Let ¼ beavariable-condition,� a

ñ
-structure,and � asetof sequents.� is ¼ -valid in � if thereis anexistential _��6��¼"b -valuation Y s.t. � is _ Y �U� b -valid.� is _ Y �U� b -valid if � is _ 	�� Y �U� b -valid for all 	 OAQ � � � .� is _�	À� Y �U� b -valid if � is valid in �Ü»A~�_ Y b*_�	ªbD»{	 .� is valid in � if K is valid in � for all K O � .

A sequentK is valid in � if thereis someformulalistedin K thatis valid in � .
Validity in a classof

ñ
-structuresis understoodasvalidity in eachof the

ñ
-structuresof that

class.
If we omit the referenceto a special

ñ
-structurewe meanvalidity &c. in somefixedclassK ofñ

-structures,e.g.theclassof all
ñ

-structures(
ñ

-algebras)or theclassof Herbrand
ñ

-structures
(term-generated

ñ
-algebras),cf. Wirth & Gramlich(1994b)for moreinterestingclassesfor es-

tablishinginductivevalidities.

Example7.2(Validity)

For N z O.Q z , ô �PO Q � , the sequentN z « ô � is Õ -valid in any � becausewe canchoose|�}y· «Q � � Q z and Y _ N z b¯_ 	Åb�· « 	_iô � b for 	 O�Q � � � , resultingin ~�_ Y b¯_�	Åb*_ N z b « Y _ N z b*_ ���� ��� z ��� Ì 	{b «Y _ N{z b¯_�# � Ì 	ªb « 	_#ô � b � Thismeansthat Õ -validity of N{z « ô � is thesameasvalidity of �Tô � � N�ªN « ô .
Moreover, notethat ~�_ Y b¯_�	ªb hasaccessto the 	 -valueof ô � justasaraisingfunction é for N in the
raised(i.e. duallySkolemized)version éD_#ô � b « ô � of �Tô � � N�ÅN « ô �

Contrary to this, for ¼ · « Q z � Q � , the sameformula N z « ô � is not ¼ -valid in gen-
eral becausethen the requiredirreflexivity of |�}+ÚÂ¼ implies |�} «RÕ � and Y _ N{z b¯_ � � � ��� z ��� Ì 	{b «Y _ N z b¯_�� Ì 	ªb « Y _ N z b*_ Õ b cannotdependon 	_#ô � b anymore. This meansthat _ Q z � Q � b -validity ofN z « ô � is the sameasvalidity of � N� �Tô ��N « ô � Moreover, note that ~�_ Y b¯_�	ªb hasno accessto
the 	 -valueof ô � justasa raisingfunction � for N in theraisedversion� « ô � of � N� �Tô �+N « ô �

For a moregeneralexamplelet � « �w@eâ � × ����� @2â � Ø-��áªE ¹ ã O�� � , wherefor
ã Ox� and �2´A¸Tâ

the @2â � � areformulaswith free existentialvariablesfrom WN andfree universalvariablesfrom Wô .
Then _ Q z � Q � b -validity of � meansvalidity of ��WNo� �KWô � � ã O=�Å� ���2´y¸{â � @2â � �
whereasÕ -validity of � meansvalidity of �KWô � �CWNo� � ã O=�Å� ���2´y¸{â � @2â � �
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8 Moti vation for Reductionand StrongValidity

Besidesthe notion of validity we needthe notion of reduction. Roughlyspeaking,a set � × of
sequentsreducesto aset � E of sequentsif validity of � E impliesvalidity of � × . This,however, is
tooweakfor ourpurposesherebecausewearenotonly interestedin validity but alsoin preserving
thesolutionsfor thefreeexistentialvariables:For ITP, computationof answersandsolutions,and
constraintsolvingit is importantthatthesolutionsof � E arealsosolutionsof � × . Thus,wecould
definethat � × ¼ -reducesto � E if _ Y �U� b -validity of � E implies _ Y �U� b -validity of � × for each
existential _��6��¼"b -valuation Y . This definition works well with all inferencerulesat the endof
Section2.3with theexceptionof theliberalized

�
-rules.

The additionalsolutions(or existentialsubstitutions)that result from the smallervariable-
conditiongeneratedby the liberalized

�
-rule admit additionalproofsandanswercomputations

comparedto the (non-liberalized)
�
-rule. Theseadditionalsolutionsdo not addmuchdifficulty

whenoneis interestedin validity only, cf. e.g.Hähnle& Schmitt(1994),but whenalsothepreser-
vationof solutionsis required,they posesomeproblemsbecausethey maytearsomestrongfree
universalvariable,say ô � � � , outof its context, namelyoutof thescopeof thequantifiereliminated
by ô ��� � :
Example8.1(Reduction & Liberalized

�
-Steps)

In Ex.4.8a liberalized
�
-stepreduced �Tô � B�`D_ÃôÀb�� `�_ N z bV� �����

to B�`D_Ãô � � � bV� `�_ N z bV� �����
with emptyvariable-condition¼ · « Õ � Thelattersequentis _ Y ��� b -valid for theexistential _��6��¼"b -
valuationY givenby Y _ N{z b*_�	Åb0· « 	�_iô ��� � b �
Theformersequent,however, is not _ Y �U� b -valid when `^�0_iÄ¡b is trueand `^�t_ÃÆ�b is falsefor someÄ , Æ from theuniverseof � . To seethis, takesome	 with 	_iô ��� � b0· « Æ .

How canwesolvetheproblemexhibitedin Ex.8.1?I.e.how canwechangethenotionof reduc-
tion suchthattheliberalized

�
-stepbecomesa reductionstep?

Thefirstapproachonemaytry is toallow aslightmodificationof Y to Y ä suchthat Y ä#_ N{z b*_�	Åb «Ä � However, suchamodificationof Y doesnotgotogetherwell with ourrequirementof preserva-
tion of solutions.Besides,thisfirst approacheventuallyfailsbecauseit is notpossibleto preserve
reductionunderInstantiationsteps:

E.g., an Instantiationstepwith the existential ¼ -substitution � N{zV�� ô ��� ��� transforms
thereductionof Ex.8.1 into thereductionof �Tô � B�`�_iôÀb�� `D_#ô ��� � b
to B�`�_Ãô � � � b�� `D_#ô ��� � b
Taking 	 , Y , and � asin Ex.8.1, thenew lattersequentis still _ Y �U� b -valid. Thereis,
however, nomodification Y ä of Y suchthatthenew formersequentis _ 	�� Y ä �U� b -valid.



28

Learningfrom this, the secondapproachonemay try is to allow a slight modificationof 	 in-
stead. E.g., for the reductionstepof Ex.8.1, one would require the existenceof some � O
��ô � � � � � � s.t. the former sequentis _ �)» # � %c��� � � � � Ì 	ê� Y �E� b -valid insteadof _�	�� Y �U� b -valid.
Choosing�d· « ��ô � � �	�� Ä � would solve the problemof Ex.8.1 then: Indeed,the former sequent
is _ �8» # � %c��� � � � � Ì 	�� Y �K� b -valid becausefor the Y of Ex.8.1 we have Y _ N z b*_�� » # � %c��� � � � � Ì 	Åb «_ � » # � %c��� � � � � Ì 	{b¯_#ô � � � b « Ä �

Moreover, with this approach,reductionis preservedunderInstantiationsteps.

The problemswith this approacharise,however, whenoneaskswhethertherehasto be a
single � for all 	 or, for each	 , adifferent � :

Example8.2
Considerthefollowing liberalized

�
-stepwheretheadditionalfreeuniversalvariablep � occursin

theprincipalformula,namelythereductionof �Tô � p � ©« ôT��p � « N z
to p � ©« ô ��� � ��p � « N z
For the Y of Ex.8.1(which gives N{z thevalueof ô ��� � ) thelattersequentis _ Y �U� b -valid.

Differ ent � : In caseof ¼ «RÕ , the formersequentmustbe _ � » # � %c��� � � � � Ì 	ê� Y �U� b -valid for all 	 .
Thiscanonly holdwhenthe � O ��ô ��� �¥� � � canchangewhenthe 	 -valueof p � changes:

E.g.,for 	�· « ��ô ��� �¨�� Äª�Mp �¯�� Æ � weneed�]_iô ��� � b0· « Æ ,
while for 	�· « ��ô � � �¨�� Æ��Mp �¯�� Ä � weneed�g_iô ��� � bu· « Ä .

Indeed,in the reductionabove, ô ��� � is functionally dependenton p � . This dependency is
themainEÃà reasonfor our requirementon our liberalized

�
-rule to insert _�p � �Yô � � � b into the

variable-condition,cf. theendof Section2.3.

Single � : In caseof ¼ « �<_ N z �rp � b � , theformersequentof Ex.8.2is not ¼ -valid in general.Thus,
in order to preserve the connectionbetweenreductionandvalidity (cf. Lemma11.2(1)),
the step of Ex.8.2 must not be a reduction, i.e. the former sequentmust not be _��8»# � %c��� � � � � Ì 	ì� Y �U� b -valid for all 	 . Therefore,� mustnotdependonthe 	 -valueof p � , contrary
to theitemabove. Notethatsuchadependency wouldeffectively allow N z to readthevalue
of p � , which is explicitly forbiddenby thevariable-condition¼ .

Thus,theonly solutioncanbethat � (just like Y ) dependson somevaluesof 	 but not on others.
Sincewe areinterestedin extractinginformationon thesolutionof free existentialvariablesof
theoriginal theoremfrom acompletedproof,wewantto havetheadditionalpossibilityto look up
whatrolethestrongfreeuniversalvariablesintroducedby liberalized

�
-stepsreallyplay. And this

is what thechoice-conditionsof the following sectionareabout.With thehelpof thesechoice-
conditionswe canthendefinethenotionof strongvalidity which givesthestrongfreeuniversal
variablesanextra treatmentandsolvestheproblemof Ex.8.1by disallowing thevalue Æ for ô ��� �
via achoice-conditionthatrequiresto chooseavaluefor ô � � � suchthat `�_iô ��� � b becomestrue.
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9 Choice-Conditions

As will beexplainedbelow, choice-conditionsarecloselyrelatedto Hilbert’s � -terms,cf. Hilbert
& Bernays(1968/70),Vol. II andLeisenring(1969). For a motivationalintroductionto choice-
conditionsasan indefinitesemanticsfor Hilbert’s � -terms,cf. Wirth (2002). Note that the op-
tionalpart[ T5T5T ] in thefollowing definitionis only neededfor modeling“subordinate”� -terms(or
“untergeordnete”� -Ausdr̈ucke accordingto Hilbert & Bernays(1968/70),Vol. II, p.24) andnot
for thecombinationof descenteinfinieanddeductionwhereweonly need� -bindingon top level.

Definition 9.1(Choice-Condition,Extension)î is an ¼ -choice-conditionif ¼ is awellfoundedvariable-condition,î is apartialfunctionfromQ ��� � into thesetof formulas, and pa¼ ¶ ô ��� � for all ô � � ��O ¾�¿3Á _ î b and p O }¡ £¢�¤#¤ _ î _#ô ��� � b�b | ��ô ��� � � .�����������
More generally, thevaluesof î canbeformula-valued ó -termswhere,
for ô � � �gO ¾�¿ÂÁ _ î b and î _#ô ��� � b « ó^g × ������� ófg3� áªE � J ,J is a formulawhosefreeoccurringvariablesfrom QìSVU	WYXYZ

areamong �8g × � ����� ��gm� áªE � Ò QìSVU	WYXYZ
andwhere,for g × ·&G × , . . . , g3� áªE ·ÑG�� áªE , wehaveô ��� � ·&G × � ������� G�� áªE � G�� for sometype G�� ,
andany occurrenceof ô � � � in J mustbeof theform ô � � � _�g × b�T5T5T�_�gm� áªE b .

�¡         ¢
_ î ä���¼Ùä7b is anextensionof _ î ��¼"b if î is an ¼ -choice-condition,î ä is an ¼Ùä -choice-condition,î Ò î ä � and ¼kÒ2¼ ä �
Definition 9.2(Compatibility)
Let î be an ¼ -choice-condition,� a

ñ
-structure,and Y an existential _��6��¼"b -valuation. � is_ Y �U� b -compatiblewith _ î ��¼"b if

1. �P· Q ��� � � _ Q ��� � í � bêí � is semantical(cf. Definition6.1) and ¼ �G|�}~�G|h£ is well-
founded.

2. For all ô ��� �gO ¾�¿ÂÁ _ î b with î _#ô � � � b « ó^g × ������� ó^g3� áªE � J and	 OAQ ��� � � � and ¤ O �8g × � ����� �Ug3� áªE � � � :

If, for some¥ O ��ô � � ��� � � ,J is � # ��� � %c��� � � � � Ì _�~�_��ob*_�	ªbYb�»q¥"»¦	�»v¤g� Y �w� � -valid,
then J is _�~�_��ob*_�	ªbo»§	�»q¤g� Y �U� b -valid.

Item1 of this definitionis quitetechnicalandneededfor lemmaapplication.Roughlyspeaking,
it saysthattheflow of informationbetweenvariablesexpressedin ¼ , Y , and � is acyclic.

Item2 of _ Y �U� b -compatibilityof � with say � �<_iô ��� � ��ófg × �����¯� ófgm� áªE � JCb � �:¼ � meansthat
a differentchoicefor the ~�_ �ob�_�	ªb -valueof ô ��� � cannotgive riseto a previously not givenvalidity
of the formula J in � »¨~ � Y � � ~�_��ob¯_�	Åb�»¦	 � »©~�_��ob*_�	Åbu»x	(»x¤ , or that ~�_ �ob¯_ 	Åb�_#ô � � � b is
chosensuchthat J becomesvalid if suchachoiceis possible.This is closelyrelatedto Hilbert’s� -operatorin thesensethat ô ��� � is giventhevalueofófg × ������� ó^g3� áªE � � ô � _iJ���ô ��� � _�g × b�T5T5T�_�gm� áªE b �� ô � b
for anarbitrary ô OyQìSVU	WYX+Z |�} _iJCb .
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As thechoicefor ô � � � dependson theotherfreevariablesof ófg × ������ ófg3� áªE � J (i.e. the free
variablesof ó^g × ������� ófg3� áªE � � ô � _ÃJ���ô � � � _�g × b�T5T5T�_�g3� áªE b �� ô � b ), we requiredtheinclusionof this
dependency into thetransitiveclosureof thevariable-condition¼ in Definition9.1.

Notethat theemptyfunction Õ is an ¼ -choice-conditionfor any wellfounded(which in the
following will alwaysbe the case)variable-condition¼ . Moreover, any �P· Q ��� � � � Õ � � � is_ Y �U� b -compatiblewith _ Õ �Y¼"b dueto |h£ «PÕ . Indeed,acompatible� alwaysexists:

Lemma 9.3
Let î bean ¼ -choice-condition,� a

ñ
-structure, and Y an existential _��6�Y¼"b -valuation.Now,

there is some� that is _ Y ��� b -compatiblewith _ î ��¼"b .
Finally, we needmeansfor expressingthe requirementon a quasi-existentialsubstitutionto re-
placethestrongfreeuniversalvariablesin awaythatgoestogetherwell with thecompatibilityof
Definition9.2(2):

Definition 9.4( ª�« � * )
Forasubstitutionö andan ¼ -choice-conditionî , werequireª¬« � * to beafunctionfrom

¾À¿ÂÁ _ î b Ô¾À¿ÂÁ _iöb into the setof sequentss.t. for each ô ��� � O ¾�¿ÂÁ _ î b Ô ¾À¿ÂÁ _#öb with î _iô � � � b « ófg × ��¯��� ófgm� áªE � J , we have ª¬« � * _#ô � � � b «
�hg × ������� �hgm� áªE � � �Àô � _iJ���ô ��� � _�g × b�T5T5T�_�gm� áªE b �� ô � b j J � ö

for anarbitrary ô OAQTS�U	W+XYZ |3} _ î _#ô � � � b�b .
After globalapplicationof an ¼ -substitutionö wenow have to updateboth ¼ and î :

Definition 9.5(Extended ö -Update)
Let î bean ¼ -choice-conditionand ö asubstitution.
Theextendedö -update _ î ä ��¼ ä b of _ î �Y¼"b is givenby:î ä · « ��_ N ��J�öbw¹]_ N ��JCb O�î f N ©O ¾�¿ÂÁ _#öb � �¼ ä is the ö -updateof ¼ .

Lemma 9.6(Extended ö -Update)
Let î bean ¼ -choice-condition,ö an ¼ -substitution,and _ î ä���¼Ùä�b theextendedö -updateof _ î ��¼"b .
Now: î ä is an ¼ ä -choice-condition.
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10 StrongValidity

Definition 10.1(Strong Validity)
Let î bean ¼ -choice-condition,� a

ñ
-structure,and � asetof sequents.� is _ î ��¼"b -stronglyvalid in � if thereis anexistential _��6��¼"b -valuation Y s.t.� is _ î ��¼"b -strongly _ Y �U� b -valid.� is _ î ��¼"b -strongly _ Y �U� b -valid if for someE ð � thatis _ Y �U� b -compatiblewith _ î ��¼"b ,� is strongly _ ��� Y �U� b -valid.� is strongly _ ��� Y �U� b -valid if � is _�~�_��ob*_�	Åb�»¦	�� Y �U� b -valid for each	 OyQ ��� � � � .

Therestis givenby Definition7.1.

Note that strongvalidity is called “strong” becauseit treatsthe strongfree universalvariables
properly, whereas(weak)validity of Definition7.1doesnot. It is generallynot thecase,however,
thatstrongvalidity is logically strongerthanweakvalidity. Thelogicalstrengthof thetwo cannot
becomparedeasily, but wedo notneedto know morethanthefollowing two lemmas.

Lemma 10.2(From Weak to Strong Validity)
Let î bean ¼ -choice-condition,� a

ñ
-structure, and � a setof sequents.Now:

If � is Q z � Q � -valid in � , then � is ¼ -valid and _ î ��¼"b -stronglyvalid in � .

On theotherhand,from _ î ��¼"b -strongvalidity of a setof sequents� we shouldbeableto infer_ Õ ��¼ ä b -strongvalidity and(weak) ¼ ä -validity for some� with thestrongfreeuniversalvariables
renamedto somenew freeexistentialvariables.

Lemma 10.3(From Strong to WeakValidity)
Let î bean ¼ -choice-condition,� a

ñ
-structure, and � a setof sequents.

Let  O } ��� � _���b � _ Q zV|�} _���b+b beinjective.
If � is _ î �Y¼"b -stronglyvalid in � , then �B is _ Õ ��¼ ä b -stronglyvalid and (weakly) ¼ ä -valid in �
for any ¼ ä Ò _�# ��� ®°¯ # z % ¢�± X-)+²�, Ì Ó ¾ »³�áªE¥b�Ú!¼ ¶ Í # � � ® ¯ # z % ¢�± XR)+²�, » Q z � Q ��� � �
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11 Reduction

Definition 11.1(Reduction)
Let î bean ¼ -choice-condition,� a

ñ
-structure,and � × , � E setsof sequents.� × _ î ��¼"b -reducesto � E in � if for eachexistential _��6��¼"b -valuationY andeach� thatis _ Y �U� b -

compatiblewith _ î �Y¼"b :
if � E is strongly _���� Y �U� b -valid, then � × is strongly _ ��� Y �U� b -valid.

In the following lemmaskip the very technicaloptional part [ T5T5T ] on a first reading! (If you
neverthelesswantto understandthemeaningof ´ and µ , havea look at thetext precedingLem-
maA.2.)

Lemma 11.2(Reduction)
Let î bean ¼ -choice-condition;� a

ñ
-structure; � × , � E , � I , and � � setsof sequents.

1. (Validity)
Assumethat � × _ î �Y¼"b -reducesto � E in � . Now: If � E is _ î �Y¼"b -stronglyvalid in � , then� × is _ î ��¼"b -stronglyvalid in � .

2. (Reflexivity)
In caseof � × Ò¶� E : � × _ î ��¼"b -reducesto � E in � .

3. (Transitivity)
If � × _ î ��¼"b -reducesto � E in � and � E _ î ��¼"b -reducesto � I in � ,
then � × _ î ��¼"b -reducesto � I in � .

4. (Additi vity)
If � × _ î ��¼"b -reducesto � I in � and � E _ î ��¼"b -reducesto � � in � ,
then � × �]� E _ î ��¼"b -reducesto � I ��� � in � .

5. (Monotonicity)
For _ î ä���¼Ùä�b beingan extensionof _ î ��¼"b :
(a) If � × is _ î ä �Y¼ ä b -stronglyvalid in � , then � × is _ î �Y¼"b -stronglyvalid in � .

(b) If � × _ î ��¼"b -reducesto � E in � , then � × _ î ä���¼Ùä�b -reducesto � E in � .

6. (Instantiation)
For an [quasi-] existential ¼ -substitutionö and
theextendedö -update _ î ä ��¼ ä b of _ î ��¼"b
[andfor ´ , µ with ´ Ò ¾À¿ÂÁ _ î b Ô�¾�¿ÂÁ _iö�buÒ·´Ö»vµ ,µpÒ ¾�¿ÂÁ _ î b | ´ ,

¾�¿ÂÁ _ î b Ô Ï µyÐ+¼ ¶ Ò·µ , and µ Ô } _�� × �U� E b «)Õ ]:

(a) If � × ö ¬�� Ï ´�Ð�ª¬« � * ® is _ î ä���¼Ùä�b -stronglyvalid in � ,
then � × is _ î ��¼"b -stronglyvalid in � .

(b) If � × _ î ��¼"b -reducesto � E in � ,
then � × öõ_ î ä ��¼ ä b -reducesto � E ö�¬�� Ï ´�Ð�ª¬« � * ® in � .
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12 Counterexamplesand Foundedness

For powerful ITP we have to be ableto restrict the testof whetherthe weight of a hypothesis
is smallerthan the weight of a goal (which hasto be satisfiedfor the permissionto apply the
hypothesisto thegoal) to thespecialcasesemanticallydescribedby their logic parts. This can
beachievedby consideringonly suchinstancesof their weightsthat resultfrom valuationsthat
describeinvalid instancesof their logic parts. A syntacticalconstruct(cf. Definition3.2) aug-
mentedwith sucha valuationproviding extra informationon the invalidity of its logic part in
some

ñ
-structure� is our formalmeansto capturethenotionof “counterexample”.

Definition 12.1(Counterexample)
Let � bea

ñ
-structurefrom K, î bean ¼ -choice-condition,Y beanexistential _��6��¼"b -valuation

and � be _ Y ��� b -compatiblewith _ î ��¼"b ._�|���	Åb is an _��D� Y �U� b -counterexample(for | ) if | is asyntacticalconstruct, 	 OAQ ��� � � �6� and� ¿�� Ó���_	�m| � b is not _�~�_ �ob¯_ 	Åb�»>	À� Y �U� b -valid. (Thus,the logic partof a syntacticalconstruct| is
strongly _��D� Y �U� b -valid if f | hasno _���� Y �U� b -counterexamples.)

Now we cometo thecrucial notionnotionof foundedness, which for ITP is what thenotionof
reductionis for deduction.Dueto its technicalcomplexity, beforecomingto its definition,let us
motivatethenotionof foundednesswith themetaphorof building asupportingframein aswamp.

1. We canfix a constructionelemenţ to a constructionelemenţ ä on a strictly lower level
of thesupportingframeresultingin theconstruction¸ ¹¸ ä
for which we alsowrite ¸wºz¸(ä andwhich expressesthat if ¸ needssomesupport,then
it cangetit from theelemenţ(ä below.

In theworld of inductionthis meansthat if anelementof theset ¸ hasa counterexample,
thenthereis a counterexamplefor anelementof ¸ ä whoseweight termis strictly smaller
in theinductionordering ç thatmustbeidenticalfor bothcounterexamples.

2. Wecanfix aconstructionelemenţ to aconstructionelement_�� �U»tb onthesameor lower
level of thesupportingframeresultingin theconstruction¸w¼`_�� �U»tb
In the world of inductionthis meansthat if an elementof ¸ hasa counterexample,then
thereis a counterexamplefor an elementof � or » . Moreover, if this counterexampleis
from � , thenit hasto be smalleror equalin the inductionquasi-orderingå thatmustbe
identicalfor bothcounterexamples.Notethat‘ ¸ ’ standsfor theinductionhypotheses,‘ � ’
for thesub-goalsof ¸ , and‘ » ’ for thelemmasof theproof.



34

3. Wecanfix aconstructionelemenţ partly to aconstructionelement_�� �r»]b onthesameor
lowerlevelandpartlyto aconstructionelemenţ(ä onastrictly lowerlevelof thesupporting
frameresultingin theconstruction ¸G¼`_�� �r»]b¹¸ ä
for which we alsowrite ¸½º¿¾�¼ _�¸ ä �r� �U»tb � In theworld of inductionthis meansthat if
an elementof ¸ hasa counterexample,thenthereis a counterexamplefor an elementof¸(ä , � , or » . Moreover, if this counterexampleis from ¸(ä thenit hasto bestrictly smaller
andif it is from � it hasto beequalor smallerthantheoriginalcounterexamplefrom ¸ in
theinductionorderingthey share.

Now, if wehaveasupportingframeof theform ¸½ºG¾�¼ _�¸(�U� �r»]b , i.e.¸v¼ _�� �r»]b¹¸v¼ _�� �r»]b¹
...

andweknow thattheswampis wellfounded(i.e.wegetto solidgroundeverywhereif weonly go
deepenough)thenweknow that ¸ is sufficiently supportedagainstsinkingby theelement_�� �r»]b
alone,i.e. ¸w¼`_�� �r»]b � In theworld of inductionthis meansthatall sequentsof theelementsof
the set ¸ are inductively valid provided that the basecasesin � andthe lemmasin » are,cf.
Lemma12.3(7).

Finally, notethat theexpressive power of º¿¾�¼ is higherthanthatof º and ¼ together:�m| � ºz¸ = �m| � ¼`_�� �r»]b implies �m| � º¿¾�¼ _�¸��r� �U»tb for | O>À[Á Ê^Â ¿ Ê1Ã , but theconversedoes
not hold in generalbecausedifferentcounterexamplesfor | mayhave smallercounterexamples
in differentsets.Thuswedefine ºG¾�¼ first:
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Definition 12.2(Foundedness)
Let î bean ¼ -choice-condition.Let � × �r� E �r¸��r»�Ò À[Á Ê^Â ¿ Ê1Ã . Now:� × is _ î ��¼"b -strict/quasi-foundedon _�¸��r� E �r»]b (denotedby � × ºG¾�¼G« � j _�¸(�U� E �U»tb ) if�h� O=ÄC� � Y existential _��6��¼"b -valuation� �&�P_ Y �U� b -compatiblewith _ î ��¼"b �

�Å| O � × � �&	 �

ÆÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÈ

_+_�|���	Åb is an _���� Y �U� b -counterexampleb

j �f| ä ��	 ä �

ÆÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÈ

_�_D|�ä���	Àä b is an _���� Y ��� b -counterexampleb

f

ÆÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÈ

��Kt��K ä �Yü��+ü ä ��ç"��ç ä �VåC�Vå ä � � � � ä�Éü�� Éü ä �RÊ�� ÊË �ÆÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÇÈ

_iKt��_#ü���ç"�Vå�b�b « |f _iK ä ��_#ü ä ��ç ä �Vå ä b�b « | äf � « ~�_��ob*_�	Åb�»¦	f � ä « ~�_��b¯_�	 ä b�»¦	 äf Éü « ��� É � _��d»v~�_ Y b*_ � b�» � b¯_iü!bf Éü ä « �� É � _�� »{~�_ Y b¯_ � ä b» � ä b¯_iü ä bf Ê « ��� É � _��d»v~�_ Y b*_ � b�» � b�_¥ç2bf Ê « ��� É � _��d»v~�_ Y b*_ � ä b�» � ä b*_¥ç ä bf ÊË « �� É �¨_��m»v~�_ Y b�_ � b�» � b¯_Ãå�bf ÊË « �� É �¨_��m»v~�_ Y b�_ � ä b�» � ä b¯_¨å ä b
f

ÆÇÇÇÇÇÇÈ
ÆÇÇÈ |�ä O ¸f Éü2äÌÊ ¶ Éüf Ê!Ú ÊË ÒÍÊ ¶f Ê is wellfounded

Î-ÏÏÐ
= Ñ | ä O � Ef Éü ä _ ÊË �>Êab ß Éü�Ò

Î ÏÏÏÏÏÏÐ

Î-ÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÐ
= | ä O »

Î ÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÐ

Î ÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÐ

Î ÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÏÐ
� × is strictly _ î �Y¼"b -foundedon ¸ (denotedby � × º « � j ¸ ) if � × º¿¾�¼¿« � j _�¸�� Õ � Õ b .� × is _ î ��¼"b -foundedon _�� E �r»]b (denotedby � × ¼z« � j _�� E �r»]b ) if � × º¿¾�¼¿« � j _ Õ �r� E �r»]b .
Notethat ¸w¼G« � j _ Õ �r»]b if f � ¿�� Ó���_�¸ybt_ î ��¼"b -reducesto � ¿�� Ó���_�»]b in all � OAÄ .

Moreover, notethat in caseof “ ç ” &c. beingno propertermsof our (possiblyfirst-order)
logic language,“ �� É � _�� »{~�_ Y b¯_ � b�» � b¯_�çÙb ” is to betakenashorthandforÓ _ÃÄª��Æ�b �� É � � �m»v~�_ Y b�_ � b�» � »P� No�� Äª�eô �� Æ � � � N ç\ô � « �������ÕÔ��
for two distinctvariablesN �+ô OAQìSVU	WYX+Z |3} _¥ç2b .

Furthermore,notethatthedefinitioncouldbesimplifiedby requiring ÊË to beawellfounded
quasi-orderingand Ê to be its ordering. For proof-technicalconvenience,however, we prefer
theweaker requirements:E.g.,if wewantto formally provethatwellfoundednessof a relation ¼
impliesterminationof thetransitiveclosureof its reverse,theaboveconditionsshouldbesatisfied
whenweset Ê to ¼ (and ÊË to Õ ).

Moreover, notethatourinductionorderingis semantical(cf. Definition13.7of Wirth (1997))
in thesensethat it cannotdependon thesyntacticaltermstructureof a weight ü but only on the
valueof ü underthe evaluationfunction. In Wirth (1997)we have rigorously investigatedthe
priceonehasto payfor thepossibility to have inductionorderingsalsodependingon thesyntax
of weights.For powerful concreteinferencesystemsthispriceturnedout to besurprisinglyhigh.
Besidesthis, after improving theorderinginformationin descenteinfinie by our introductionof
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explicit weights(cf. Wirth & Becker(1995))the formernecessityof sophisticatedinductionor-
deringsthatexploit thetermstructure(cf. e.g.Bachmair(1988))doesnotseemto exist anymore.

Finally, notethatthewholeSection13dependsonly on thosepropertiesof foundednessthat
aregivenin thefollowing lemma(andon thedefinitionof ¼¿« � j in termsof º¿¾�¼z« � j ).

Lemma 12.3(Foundedness)
Let î bean ¼ -choice-condition; �aâ �r�aäâ �r¸kâÃ�r»DâoÒ ÀÖÁ ÊfÂ ¿ Ê1Ã �

1. (Validity)
Assume� × ¼G« � j _�� E �r» E b �
(a) If � ¿�� ÓÌ��_�� E �C» E b is _ î ��¼"b -stronglyvalid,

then � ¿�� ÓÌ�3_�� × b is _ î ��¼"b -stronglyvalid, too.

(b) Let � OAÄ , Y beanexistential _��6��¼"b -valuationand� be _ Y �U� b -compatiblewith _ î ��¼"b .
If � ¿�� ÓÌ��_�� E �C» E b is strongly _��D� Y �U� b -valid,
then � ¿�� ÓÌ�3_�� × b is strongly _ ��� Y �U� b -valid, too.

2. (Reflexivity)
In caseof � × Ò·� E �]» E : � × º¿¾�¼G« � j _�¸ E �U� E �U» E b �

3. (Transitivity)
(a) If � × ¼¿« � j _�� E �r» E b and � E ºG¾�¼G« � j _�¸ I �r� I �r» I b��

then � × º¿¾�¼z« � j _�¸ I �r� I �r» E �]» I b �
(b) If � × ¼¿« � j _�� E �r» E b and » E ¼G« � j _�� I �r» I b�� then � × ¼z« � j _�� E �r� I �]» I b �

4. (Additi vity)
If � ã O��Å� �"âmº¿¾�¼G« � j _�¸kâ¨�r�"äâ �r»Dâ#bV� then Û â ÝR× �"â
ºG¾�¼G« � j _ Û â ÝR× ¸kâ � Û â ÝR× �aäâ � Û â Ý-× »Dâ#b �

5. (Monotonicity)
For _ î ä ��¼ ä b beingan extensionof _ î ��¼"b : If � × ¼z« � j _�� E �r» E b , then � × ¼G« y � j y _�� E �r» E b .

6. (Instantiation)
For an [quasi-] existential ¼ -substitutionö and
theextendedö -update _ î ä ��¼ ä b of _ î ��¼"b
[andfor ´ , µ with ´ Ò ¾À¿ÂÁ _ î b Ô�¾�¿ÂÁ _iö�buÒ·´Ö»vµ ,µhÒ ¾�¿3Á _ î b | ´ ,

¾�¿ÂÁ _ î b Ô Ï µAÐ+¼ ¶ Ò·µ , and µ Ô } _�� × �r� E �r» E b « Õ ,
and » I a setof syntacticalconstructswith � ¿�� Ó���_�» I b « Ï ´kÐ�ª¬« � * ]:

If � × ¼G« � j _�� E �r» E b�� then � × öÅ¼G« y � j y _�� E öT�r» E ö�¬��Ø» I ®�b .
7. (DescenteInfinie)

If ¸ E ºG¾�¼G« � j _�¸ E �r� E �r» E bV� then ¸ E ¼G« � j _�� E �r» E b � Eiû
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13 Abstract Sequentand TableauCalculus

Now wearegoingto abstractlydescribeinductivesequentandtableaucalculi. Wewill latershow
that theusualdeductive calculi areinstancesof our abstractcalculi andthatdescenteinfinie can
beapplied.Thebenefitof theabstractversionis thatevery instanceis automaticallysound.Due
to thesmallnumberof inferencerulesandthe locality of soundness,this abstractversionis not
really necessaryfor deductivecalculi. For inductivecalculi,however, dueto a biggernumberof
inferencerules(whichusuallyhaveto beimprovednow andthen)andtheglobalityof soundness,
suchanabstractversionis very helpful, cf. Wirth & Becker(1995),Wirth (1997). Note that the
designof our abstractcalculi is not ad hoc. Cf. Wirth & Becker(1995),Wirth (1997) for the
discussionof alternatives.

Comparedto the well-known deductive proof trees,the differenceis that the sequentsare
replacedwith syntacticalconstructs,i.e. to eachsequenta weightconstructis addedfor control-
ling the loopsin ITP. Moreover, in inductive tableaucalculi, theproof treesdiffer from thosein
deductivetableaucalculi in thattheir rootsarelabeledwith weightconstructsinsteadof formulas.

Definition 13.1(Proof Forest)
An (inductive)proof forestin a sequent(or else:tableau) calculusis aquintuple_�Ù~� î ��¼k�r»~�r¸yb
where î is an ¼ -choice-condition, »~�r¸ Ò ³C¶ � ³C¶ª� and Ù is a partial function from ³C¶ into
thesetof pairs _�|��+§�b , where | is a syntacticalconstructand § is a treewhosenodesarelabeled
with syntacticalconstructs(or else:whoserootis labeledwith aweightconstructandwhoseother
nodesarelabeledwith formulas).

Note that » recordsthe lemmaapplicationsand ¸ the inductionhypothesisapplicationsasex-
plainedbelow Definition13.2. Furthermore,the tree § is intendedto representa proof attempt
for thehypothesis| . In caseof a tableaucalculus,thenodesof § arelabeledwith formulas;the
root, however, with a weightconstruct.In caseof a sequentcalculus,thenodesarelabeledwith
syntacticalconstructs.While thesyntacticalconstructsat thenodesof a treein asequentcalculus
standfor themselvesasgoals,in a tableaucalculusall theancestorshave to beincludedto make
upasyntacticalconstructand,moreover, thelabelingformulasarein negatedform:

Definition 13.2( Ú ¿ É � Ã _¨b , �JI , Closedness)
‘ Ú ¿ É � Ã _�ÛÙb ’ denotesthe setof syntacticalconstructslabelingthe leavesof the treesin theset Û
(or else:thesetof syntacticalconstructs_DÜ��	�eb with Ü resultingfrom listing theconjugatesof
the formulaslabelinga branchfrom a leaf to the root (exclusively) in a tree § in Û and � being
thelabelof theroot of thetree § ).
In what follows,we assume�JI to besomesetof axioms. By this we meanthat �JI is Q z � Q � -
valid (for all � OAÄ ). (By Lemma10.2,thismeansthat �JI is ¼ -valid and _Ã¼k� î b -stronglyvalid
for any ¼ -choice-conditionî . For K cf. thelastsentencein Definition7.1.)
Typically, �JI containsall sequentsof theforms Ky@õL @ M and K8_Ã¦ « ¦�b�L for sequentsK ,L , M , formulas@ , andterms ¦ .
Thetree § is closed if � ¿�� ÓÌ��_DÚ ¿ É � Ã _���§ � b+b0ÒG�JI �
Why do we considera proof forestinsteadof a singleproof treeonly? The possibility to have
an emptyproof forestprovidesa nicer startingpoint. Besidesthat, if we have two proof treesÙ�_ ã b « _�_ÃKt��øob��+§�b and Ù _ ã ä b « _+_iK ä ��ø ä b��+§ ä b�� we can apply K ä as a lemmain the tree § of
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_iKt�Vøb andrecordthis lemmaapplicationby inserting _ ã ä � ã b into » . We canalsoapply _ÃK ä ��ø ä b
instantiatedwith Ý asan inductionhypothesisin the tree § of _iKt�Vøb andrecordthis induction
hypothesisapplicationby inserting _ ã ä � ã b into ¸ . In the latter casewe have to addadditional
goalsto § thatexpressthat theweight termof ø ä Ý is smallerthantheweight termof ø andthat
theinduction(quasi-)orderingsof ø ä Ý and ø areidentical.Whenonly asingleconstantinduction
(quasi-)orderingis given (asin QUODL IBET, e.g.), the latter equality is trivial andthe weight
constructscanbesimplifiedto consistof weighttermsonly. Providedthatthelemmaapplication
relation »tÚ�¸Aß is wellfoundedandall trees _ ã ä ä ��_D| ä ä �+§ ä ä b+b with

ã ä ä _�»]��¸:b ß ã areclosed,this proves
that K is _ î �Y¼"b -valid. Contraryto deductivetheoremproving, for descenteinfinie theavailability
of lemmaandinductionhypothesisapplicationof this form is really necessary.

Thefollowing definitionprovidessomesyntacticalsugarto make thefollowing morereadable.

Definition 13.3( Þ Á[ß Ã _Ãb , à È �� Ã _Ãb )
For @ beinga setof pairs _�|��+§�b consistingof asyntacticalconstruct| anda tree § , we definethe
hypothesesof @ by Þ Á[ß Ã _#@abu· « ¾�¿ÂÁ _#@ab andthetreesof @ by à È �-� Ã _i@ab0· « ÈYÉ�Ê _i@!b .

In the following definition, abstractproof stepsof the following threedifferentkinds arecon-
sidered:A Hypothesizingstepstartsa new proof treefor a new conjecture;an Expansionstep
expandsa proof tree; andan Instantiationstepglobally instantiatessomefree variablesin the
wholeproof forest.As thedefinitionis quitelongandhard,wegivesomehintsdirectly following
thedefinitionsof ExpansionandInstantiation.

Definition 13.4(Abstract Sequent(or else:Tableau)Calculus)

We startwith the emptyproof forest _�Ù~� î �Y¼k�r»~�r¸:b · « _ Õ � Õ � Õ � Õ � Õ b andtheniterateonly the
following kindsof modificationsof _�Ù~� î ��¼k�r»~�r¸:b (resultingin _�Ù ä � î ä ��¼ ä �U» ä �r¸ ä b ):
Hypothesizing:

Let _ î ä �Y¼ ä b be an extensionof _ î ��¼"b . Set » ä · « » and ¸ ä · « ¸ . Let
ã O ³C¶ | ¾�¿3Á _�Ù�b �

Let _ÃK]�Vøb bea syntacticalconstruct.Let § be the treewith a singlenodeonly, which is labeled
with _ÃKt��øob (or else:with a singlebranchonly, s.t. K is thelist of theconjugatesof theformulas
labelingthebranchfrom theleaf to theroot (exclusively) and ø is thelabelof theroot).
Thenwemayset Ù ä · « Ù\�P�<_ ã ��_+_iKt�Vøb��+§�b+b � �
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Expansion:

Let _ î ä ��¼ ä b beanextensionof _ î ��¼"b . Let µ¬áª�rµ¬â^Ò ¾À¿ÂÁ _�Ù�b . Set » ä · « » �ãµBá � � ã � and¸(äÙ· « ¸ �äµ�â � � ã � . Let _ ã ��_D|��+§�b�b O Ù . Let L be a leaf in § . Let _DÜ��	�eb be the label of L
(or else:resultfrom listing theconjugatesof theformulaslabelingthebranchfrom L to theroot
(exclusively) and � bethelabelof therootof § ). Let � beasetof syntacticalconstructs(or else:
let å beasetof sequentsandset �.· « ��_ÃLAÜ��	�ebw¹�L O å � ).
Now if �<_�Ü6� �2b � ºz¾�¼G« y � j y � Þ Á[ß Ã _ Ï µ¬âêÐ�Ù�bV�A� �{Þ Á[ß Ã _ Ï µ¬áÑÐ�Ù�b � � ($)

thenwe may set Ù ä · « _�Ù | �<_ ã ��_D|��+§�b�b � bg���<_ ã ��_D|���§ ä b+b � , where § ä resultsfrom § by addingto
theformerleaf L , exactly for eachsyntacticalconstruct| ä in � , anew child nodelabeledwith | ä
(or else:exactly for eachsequentL in å a new child branchs.t. L is the list of theconjugates
of theformulaslabelingthebranchfrom theleaf to thenew child nodeof L ).
Hints: Expansionstepsareparameterizedwith asyntacticalconstruct_�Ü��	�eb , two setsµ¬âc�rµBá Ò¾�¿3Á _�Ù�b , anda setof sequents� s.t. ($) holds.While Þ Á[ß Ã _ Ï µ�âìÐ�Ù�b and Þ Á[ß Ã _ Ï µ¬áÑÐ�Ù�b contain
thehypothesesof theproof treesthatareappliedasinductionhypothesesor lemmas,resp.,the
syntacticalconstructsin � becomethe new child nodesof the former leaf nodelabeledwith_�Ü6� �2b . For tableaucalculi, however, this set � of syntacticalconstructsmustactuallyhave the
form ��_iLAÜ��	�eb�¹uL O å � becausean Expansionstepcannotremove formulasfrom ancestor
nodes.This is becausetheseformulasarealsopart of the goalsassociatedwith otherleavesin
theproof tree.

Instantiation:

Let ö bean[quasi-]existential ¼ -substitutionand _ î ä �Y¼ ä b theextendedö -updateof _ î ��¼"b . SetÙ ä · « ��_ ã ��_+_ÃK2öì�VøêöbV�+§�öb¥bw¹t_ ã ��_+_iKt�Vøb��+§�b+b O Ù � .����� Assumethatfor eachô � � � O ¾À¿ÂÁ _ î b Ô ¾�¿ÂÁ _iö�b thereis some� � � � � O ¾�¿ÂÁ _�Ù�b with� ¿�� ÓÌ��_�Þ Á[ß Ã _ Ï ��� � � � � � Ð�Ù ä b�b = �3ª¬« � * _iô � � � b � �
For each

ã O ¾�¿ÂÁ _�Ù�b set( � abbreviating ¸Aß Ï � ã � Ð )æ _ ã b0· « ¾À¿ÂÁ _ î b Ô�¾�¿ÂÁ _iö�b Ô ¼ ßmç } ��� �mè Ú ¿ É � Ã _�à È �-� Ã _ Ï � Ð�Ù�b�b��KÞ Á[ß Ã _Oé � ã � �q» Ï � Ð<ê Ù�b�ë�ì
�¡   ¢

Thenwemayset » ä · « » ¬�°��_Ì� � � � � � ã bw¹ ã O ¾�¿ÂÁ _�Ù�bofõô � � ��O æ _ ã b � ® and ¸ ä · « ¸ .

Hints: An Instantiationstepglobally instantiatesfreeexistentialandfreeuniversalvariablesvia
a substitutionö . It is simpleunlessstrongfree universalvariablesaresubstitutedandtheparts
in optionalbracketsbecomerelevant. In this case,every replacementof a strongfreeuniversal
variable ô ��� � mustbe justifiedby a lemma ª¬« � * _#ô ��� � b (cf. Definition9.4) givenby thehypothesis
of a proof treenumber� � � � � , which mustbe addedin a precedingHypothesizingstepunlessit
is alreadypresent.Note that this lemmais specialin the sensethat it is not appliedlocally in
someproof treebut globally. Esp.problematicis the possibility that ô ��� � occursin the proof of
the lemmaitself. If we arenot very careful,the lemmabecomesa lemmaof itself, resultingin
a cyclic lemmaapplicationrelation. Thenour wholeproof work is in vain becauseno validities
whatsoevercanbeinferred.Therefore,sincewedonotwantto reintroducethelemmaasanopen
lemmaandproveit again,wetakeaverycloselookonwhichof our(possiblyopen)lemmasreally
dependon the justifying lemma ª�« � * _iô ��� � b afterglobalapplicationof ö . Our solutionis that the
lemmais relevant for any proof treenumber

ã
whoseproof state(i.e. the goals,the hypothesis

itself, andthelemmas,cf. Definition13.5)containsfreevariablesthatmaydependon ô ��� � ; i.e. for
any

ã
with ô � � � O æ _ ã b .
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13.1 Soundness

The following invariantconditioncapturesthesoundnessof our proof trees.Roughlyspeaking
(whenneithera lemmanoraninductionhypothesishasbeenapplied),thevalidity of thegoalsof
a treeis to imply thevalidity of thesequentof this tree;short:“The leavesimply theroot.”

Definition 13.5(SoundnessInvariant Condition)
Thesoundnessinvariantconditionon _�Ù~� î ��¼k�r»~�r¸yb is that _�Ù~� î �Y¼k�r»~�r¸:b is aproof forestand
that,for all _ ã ��_�|��+§�b+b O Ù ,

�m| � ¼¿« � j � Ú ¿ É � Ã _�à È �� Ã _ Ï � Ð�Ù�b+b��{Þ Á[ß Ã _ Ï » Ï � Ð+Ð�Ù�b � for � · « ¸yß Ï � ã � Ð .� arethenumbersof theproof treeswhosehypotheseshavebeenappliedin thetree § asinduction
hypotheses,and Ú ¿ É � Ã _�à È �-� Ã _ Ï � Ð�Ù�b�b is thesetof goalsof theseproof trees. Þ Á[ß Ã _ Ï » Ï � ÐYÐ�Ù�b «��| ä ¹�Ù _ ã ä b « _�| ä �+§ ä bcf ã ä » ã f ã O=� � arethelemmason that K depends.

Theorem 13.6(SuccessfulProof)
Let theproof forest _�Ù~� î ��¼k�r»~�r¸:b satisfytheabovesoundnessinvariantcondition.
Let _ ã ��_+_iKt�VøbV�+§�b�b O Ù �
Assumethatall treesin à È �-� Ã _ Ï _�»]�]¸:b ß Ï � ã � ÐYÐ�Ù�b

(i.e. in �~§ ä ¹t_ ã ä ��_�| ä �+§ ä b�b O Ù f ã ä _�»t��¸:b ß ã � )
areclosedandthat »tÚ°¸yß is wellfounded.Now:K is _ î �Y¼"b -stronglyvalid and,for anyinjective "· } ��� � _ÃK!b � _ Q z�|�} _iKabYb ,K� is _ Õ ��¼ ä b -stronglyvalid and(weakly) ¼ ä -valid for any¼ ä Ò _ # � � ®°¯ # z % ¢�± X-)�²D, Ì Ó ¾ »"�áªE+b�ÚÙ¼ ¶ Í # ��� ® ¯ # z % ¢�± X-)+²�, » Q z � Q ��� � �
Theorem 13.7(Soundness)
Theabove soundnessinvariant condition is alwayssatisfiedfor the sequent(or else: tableau)
calculusof Definition13.4.
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13.2 Safeness

While the soundnessinvariant condition of Definition13.5 (“the leaves imply the root”) is an
essentialone,its converse,namely“the root impliestheleaves”, whichwecall safeness, is useful
in practicefor failuredetection.

Definition 13.8(SafenessInvariant Condition)
Thesafenessinvariant conditionon _�Ù~� î �Y¼k�r»~�r¸:b is that,for all _ ã ��_+_ÃK]�VøbV��§�b+b O Ù ,� ¿�� Ó���_DÚ ¿ É � Ã _	��§ � b+bP_ î ��¼"b -reducesto ��K � .
Definition 13.9(Safenessof Stepsand Sub-rules)
An Expansionstepof thesequentcalculusof Definition13.4is safe if (referringto thevariables
introducedthere) � ¿�� ÓÌ��_���b _ î ä �Y¼ ä b -reducesto �mÜ � .
A sub-ruleof theExpansionruleof thesequentcalculusof Definition13.4is safe if it describes
only safeExpansionsteps.
An Instantiationstep of the sequent(or else: tableau)calculusof Definition13.4 is safe ifª¬« � * _#ô ��� � b is _ î ä��Y¼Ùä7b -strongly valid due to Theor.13.6 for all ô ��� � O ¾�¿ÂÁ _ î b Ô�¾�¿ÂÁ _iö�b , i.e.
all treesin à È �� Ã _ Ï _�» ä ��¸ ä b ß Ï ��� � � � � � ÐYÐ�Ù ä b areclosedand » ä Ú�¸ ä ß is wellfounded.

Nonotionsof safenessaregivenfor Expansionstepsof thetableaucalculusandfor Hypothesizing
steps.This is becausethesestepspreserve thesafenessinvariantconditiontrivially. Furthermore,
notethatanInstantiationstepcanonly beunsafeif strongfreeuniversalvariablesareinstantiated.

Theorem 13.10(Safeness)
The above safenessinvariant condition is alwayssatisfiedfor the tableaucalculusof Defini-
tion13.4if all Instantiationstepsaresafe.
The above safenessinvariant condition is alwayssatisfiedfor the sequentcalculusof Defini-
tion13.4if all ExpansionandInstantiationstepsaresafe.

Supposewe have disproved a goal of a tree § with _ ã ��_�_ÃK]�Vøb��+§�b�b O Ù , i.e. found out that the
goal is invalid. If safenessis provided for the whole constructionof § , then we know that K
is invalid. If somestepsin § may be unsafe,we shouldbacktrackup to an “unsafe” stepthat
mayhave causedthis invalidity. Whenwe supposethatall ExpansionandInstantiationstepsare
safe,theonly reasonnot to remove thehypothesisK canbethatit wasvalid originally but in the
meanwhileinvalidatedby aninstantiation:

F If therehave beenno Instantiationstepsaffecting the sequentK , thenwe shouldremove_ ã ��_�_ÃK]�VøbV�+§�b�b from the proof forest Ù andundoall its applicationsasa lemmaor asan
inductionhypothesis,i.e. e.g.theExpansionstepsof Definition13.4where

ã
occursin the

setsµ¬á , µ¬â , resp..

F Otherwise,we shouldundo an Instantiationstepaffecting the sequentL , and then see
whetherwecanstill detecta failureby againdisproving thedisinstantiatedgoal.
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14 ConcreteSequentand TableauCalculus

The examplesof G -, H -, � -,
�
-, liberalized

�
-, Rewrite-, andCut-rulesat the endof Section2.3

canbemodeledassafeExpansionstepsasfollows: LetÜ
L × �¯��� L Ø�áªE

î ä ä¼ ä ä
denotea sub-ruleof the Expansionrule of the sequentcalculusof Definition13.4 which is
given by µBá�· « µ�âd· « Õ (i.e. neitherlemmasnor inductionhypothesesareapplied), �°· «�<_iL × �	�eb�� �¯��� ��_iL Ø�áªE � �2b � � î ä · « î � î ä ä , and ¼ ä · « ¼8�6¼ ä ä � For î ä ä « ¼ ä ä «PÕ � the‘ î ä ä ’ and
‘ ¼ ä ä ’ to theright areomitted.

For sucha rule beinga safesub-ruleof theExpansionrule of thesequentcalculusof Defi-
nition13.4wehaveto show that î ä is an ¼Ùä -choice-condition,that �<_�Ü��	�eb � º¿¾�¼G« y � j y _ Õ �r� � Õ b��
andthat � ¿�� Ó���_���bu_ î ä ��¼ ä b -reducesto �mÜ � .
Theorem 14.1 Taking [ « _�Ùw� î ��¼k�U»w�U¸:b , the examplesof G -, H -, � -,

�
-,I × liberalized

�
-,

Rewrite-, andCut-rulesat theendof Section2.3 are safesub-rulesof theExpansionrule of the
sequentcalculusof Definition13.4.

Notethattheresp.rulesfor thetableaucalculusof Definition13.4differ only in í consistingof
thesub-sequentscontainingthenew (i.e. thefirst oneor two) formulasof thesequentsbelow the
bar.

Thefollowing exampleshowsthat îMï ï of theliberalizedð -ruleat theendof Section2.3must
indeedcontain ñ�ò�ó�ô@õHö>÷5ø ò�ù úcû andthatthetransitiveclosureover î ï mustbeconsideredfor the
propertyof beinganexistential î ï -substitution.

Example14.2 ü7ý&þ:ÿ&ø�þ�� ÿ��:þ��¬ó�ø�����õ
	���¬ó�ø���ý1õ��
is not deductively valid (to wit, let Q betheidentity relationona non-trivial universe).� -step: ÿ&ø�þ�� ÿ��:þ��¬ó�ø����°õ�	�����ó ø��Uý��Uõ�� ��ü7ý&þ:ÿ&ø�þ�� ÿ��:þ��¬ó�ø�����õ
	���¬ó�ø���ý1õ��
Liberalizedor non-liberalizedð -step:� ÿ��7þ��¬ó�ø ò ����õ
	���¬ó�ø ò ��ý��Uõ�� ��ü7ý&þ:ÿ&ø�þ�� ÿ��:þ��¬ó�ø�����õ
	���¬ó�ø���ý1õ��
with variable-conditionó�ý�����ø ò õ .� -step: ÿ��7þ���ó ø ò ���°õ������¬ó�ø ò ��ý � õ���ü7ý&þ:ÿ&ø�þ � ÿ��:þ��¬ó�ø�����õ
	���¬ó�ø���ý1õ��
Liberalized ð -step: ��ó ø ò ��� ò ù ú õ������¬ó�ø ò ��ý � õ���ü7ý&þ:ÿ&ø�þ � ÿ��:þ��¬ó�ø�����õ
	���¬ó�ø���ý1õ��
with additionalchoice-conditionó�� ò�ù ú ����¬ó�ø ò ��� ò�ù ú õ�õ andadditionalvariable-conditionó�ø ò ��� ò�ù ú õ ,
i.e. thecurrentvariable-conditionî ï is givenbyý � � ø ò ��� � � ò�ù ú
Notethatnow wehave ý �Uî ï"! � ò�ù ú althoughý � doesnotappearin ��ó�ø ò ���°õ<þ

Thus,boththeinclusionof thefreeuniversalvariablesof theprincipleformula into thedo-
mainof thevariable-conditionandthetransitiveclosureover it arenecessaryfor #%$'& ÷8ý ��()*� ò�ù ú û
not beinganexistential îMï -substitutionin our stateof proof. Thelatterfact is, however, essential
for soundness,becausewithout it we couldcompletetheproof attemptby applicationof # in an
Instantiationstep,leadingto thetautology��ó ø ò ��� ò�ù ú õ��+���¬ó�ø ò ��� ò�ù ú õ���ü7ý&þ:ÿ&ø�þ�� ÿ��:þ��¬ó�ø�����õ
	���¬ó�ø���ý1õ��
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Now wewill presentoneprimitiverule for applying ó-,.��/�õ instantiatedwith asubstitution0 asa
lemmaor asaninductionhypothesisto expandagoal ó213�54Kõ of aproof tree 6 . Wewill formulate
thisasanExpansionstepin thetableaucalculusof Definition13.4(sequentcalculusanalogously)
asfollows.

Theorem 14.3

Thefollowing describestwo sub-rulesof the Expansionrule of the tableaucalculusof Defini-
tion13.4:

Let ó�78� î �rî9��:8��;wõ , ó�13�54Kõ , and ó î ï �rî ï õ begivenasin theExpansionrule.
Let ó=<>�5ó�ó?,.��/Cõ��@6(ï ï¡õ�õBAC7 .
Let D E F ý òÌù G A=ñ�òÌù G]ó-,.��/�õ ó&ñ � ó?,.��/�õIHqñ�ò�ù úró-,.��/�õ
õ�öQ÷8ý ò�ù G û E î ïKJ þ
Let 0�A�DL) ó?M ��N ñBóO78� î �Uî@õ�õ bean injectivesubstitution.

Lemma Application: Set PRQC$S&"÷�< û and PUT*$S&WV . Set í to be thesetcontainingthesingle-
formulasequentsXY0 for each formula X listedin thesequent, .

Induction HypothesisApplication: Set óOZ[�]\R��^¬õ_$'&L4 and ó?Z ï �]\ ï ��^ ï õ_$S&`/�þ Let � bethe
typeof Z and Z�ï . SetPUQa$S&bV and P[TC$'&½÷�< û . Setí to bethesetcontainingthefollowing
sequents:

1. XY0 for each formula X listedin thesequent,
2. Z ï 0_\cZ
3. ÿed
$ � ) f>geg�h�þ ij ülkY$ � þ>d�ó�k[õnm ülk3$ � þ ij d�ó�k[õo ��ülk�ï�$ � þqp d�óOk ï õo k ï \rkts uv uv

where “ d�ó�k[õ ” abbreviates“ d�óOk:õw&qx�y2z|{ ” &c. and“ � ) f}g g�h ” musthavethestandard
interpretationof a predicateover “ � ”.

4. ÿ&ø��Uý3$ � þ� ø�\zý�~ øwó�\Zï�03õ�ýt�
5. ÿ&ø��Uý3$ � þ� ø�^Øý�~ øvó�^ ï 03õ�ý��
6. ÿ&ø��Uý����a$ � þ � ó ø�\zý o ý�^L�°õ�m ø�\*� �

Each of thesequents(3)-(6) can beomittedif the following holds,resp.,for any ��A�� ,
existential óO���rî ï õ -valuation � , and � and � s.t. � is ó��>�@�Jõ -compatiblewith ó î ï �Uî ï õ andó�ó213�54Kõ��w�^õ isan ó?�����>���Jõ -counterexample, andfor ð9$'&��5ó?��õ-ó?�fõ@�n�l�Y��$'&������}�(ó?�����5ó��8õó�ðmõI�{ð�õó�\�õ
and �� $S&b�����}� ó?�L���5ó��8õó�ðmõI�{ð3õ-ó2^¬õB$

3. � is wellfounded.

4. ��&b�����}�DóO�����5óO�8õRó�ðmõI�vðmõ-ó�\ ï 03õ�þ
5. �� &b���}��� ó?�����5ó��8õó�ðmõI�{ð�õó2^ ï 03õ�þ
6. ��� �� E�� ! þ
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Notethat D containsexactly thoseweakfreeuniversalvariablesof ó?,.��/Cõ thathave neitherfree
existentialvariablesnor strongfreeuniversalvariablesof ó?,.��/�õ in their scopeswhenimagining
any list of quantifiersfor all freevariablesof ó-,.��/�õ that represents(a supersetof) î ï . In other
words,thevariablesin D arethoseweakfreeuniversalvariableson thatneitherasolutionfor the
freeexistentialvariablesnor a choice-conditionfor the strongfreeuniversalvariablesin ó?,.��/�õ
depends.Therefore,the variablesin D are thosewhich we can instantiatewhenapplying the
lemmaor inductionhypothesisó-,.��/�õ . Althoughit doesnot seemimpossibleto instantiatemore
variables,this doesnot seemto benecessary:  Wecanextend î ï with ó^ñ � ó?,.��/CõIHqñ�ò�ù ú�ó?,.��/�õ�õCöw÷8ý òÌù G û in orderto instantiateý ò�ù G when

applyingthe lemma,providedthat î ï is still wellfounded.If this extensionof î ï makesa
queryvariableuseless(i.e.blocksasolutionfor a freeexistentialvariable),wehaveto take
ahigher-orderqueryvariableinstead,cf. Section18.  I do not known any moregeneralapproachin theliterature.E.g., in Baaz&al. (1997),the
inductivepartof theoremproving is triggeredby applicationof a ð -rule andthevariable ý
of the quantifierremovedby the ð -rule becomesthe inductionvariable. In our approach,
the ð -rule applicationwould replaceý with a new free universalvariable ý ò ù G andextend
thevariable-conditionwith ó�ñ � ó?,.��/CõIHqñ�ò�ù úUó-,.��/Cõ�õ�ö§÷8ý ò�ù G û sothat ý òÌù G AU¡ wouldhold.

Moreover, notethat thereis no analogonof Theor.14.3usinga setof strong freeuniversalvari-
ablesinsteadof theset D of weakfreeuniversalvariables.Thisrequiresthepresenceof weakfree
universalvariablesevenif we arenot interestedin (non-liberalized)ð -steps.Oneshouldalways
useweakfreeuniversalvariablesin Hypothesizingsteps.In orderto have moreusefullemmas
andinductionhypothesis,we sometimesevenhave to split a treeat aninnerpositionwith a Hy-
pothesizingstepintroducinga new hypothesiswith weakfree universalvariablesreplacingthe
strong freeuniversalvariablesandapply this new hypothesisasa lemmato thenew leaf of the
old tree,closingthis branch,cf. thediscussionat theendof Section17.

Furthermore,notethat,althoughTheor.14.3doesnot forbid, it wouldbesilly to destroy the
wellfoundednessof :�>;�¢ requiredin Theor.13.6. Thus,it is reasonableto forbid £�ó�:H�;Aõ ¢ <
for a lemmaapplicationand £�; ¢ �fó�:�>; ¢ õ ! < for aninductionhypothesisapplication.

All of thesequents(3)-(6) canbeomittedif we (asin QUODL IBET, cf. Section4.2) require
that ¤ contains(for eachtype)thebinarypredicate(or booleanfunction)symbolŝ and \ and
thateach¤ -structure� assignsto themawellfoundedquasi-ordering ^¦¥ andits ordering \8¥ ,
resp..Thesequents(5) and(6) canalsobeomittedin theimportantspecialcase(cf. Section19)
thatthethird component�� of theweightconstructsis restrictedto betheemptyrelation V .

Detailedexampleson how Theor.14.3mustbeinstantiatedfor ameaningfulapplicationare
givenin Section15 (lemma)andSection16 (inductionhypothesis),&c..
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15 Example: Lemma Application

In this examplewe will keepto thefollowing: Theproofsarepresentedin thetableaucalculus.
As thereareno inductive proofs,we omit the weight constructscompletely. As no liberalizedð -rulesareapplied,the choice-conditionsarealwaysempty. As all proof treeshave branching
degree1, we do not depict them. Assumethat in the signature¤ we have the operator § , the
constant1, andthe inversefunction inv. We startwith theemptyproof forest ó�Vl��Vl��Vl��Vl��VÖõ . We
startthenew proof treenumber1 for

(1) ø ò�ù G¨ §Zó�ý ò ù G¨ §©� ò�ù G¨ õª& ó�ø ò�ù G¨ §
ý ò ù G¨ õ«§©� ò�ù G¨
by aHypothesizingstepin thetableaucalculusof Definition13.4,justastwo new proof treesfor

(2) ¬�§�ø ò�ù G &wø ò�ù G
(3) ®S¯±°7ó�ø ò�ù G² õ³§�ø ò�ù G² &c¬ .
With thesethreetreeswe have theaxiomsof grouptheoryat handvia lemmaapplication.Now
wereallywantto provesomething.Westartthenew proof treenumber4 for

(4) ÿ&ø�þ øU§�®S¯±°7ó øhõª&c¬
by aHypothesizingstep.Thetheroot of proof tree4 is labeledwith��ÿ&ø�þ øU§�®S¯±°7ó øhõª&�¬
A ð -step(cf. Theor.14.1)addsthechildø ò�ù G´ §�®'¯±°1ó ø ò�ù G´ õ©µ&¶¬
Ourvariable-conditionis still emptybecauseno freevariablesoccurin øU§®S¯±°7ó øhõª&c¬ .
Applying thesequentof proof tree3 in thewayof Theor.14.3addsthenew child®S¯±°7ó�ø � ¨ õª§
ø � ¨ &�¬
to proof tree4 andinsertsthepair óO·���¸Öõ into our lemmaapplicationrelation.A Rewrite step(cf.
Theor.14.1)with this equalityfrom right to left producesthenew childø ò�ù G´ §®S¯±°7ó ø ò�ù G´ õnµ&¶®'¯±°7ó�ø«�¨ õ³§�ø«�¨
Applying thesequentof proof tree2 in thewayof Theor.14.3addsthenew child¬©§�ø«� &Aø«�
to proof tree4 andinsertsthepair ó�¹ ��¸Öõ into our lemmaapplicationrelation.
An Instantiationstep(cf. Definition13.4)transformsthis child into¬©§�ø � ¨ &Aø � ¨
whichcanbeusedfor aRewrite stepfrom right to left addingthechildø ò�ù G´ §®S¯±°7ó�ø òÌù G´ õ©µ&�®'¯±°1ó ø«�¨ õ³§Zó�¬©§�ø«�¨ õ
Now our variable-conditionis îº$S& ÷:ó�ø«�¨ ��ø«� õ û . Since ø«� doesnot occuranywhereelsein our
currentproof forest, this î doesnot put any restrictionson existential î -substitutions,unless
we re-useø � .@¨ Therefore,in future applicationsof Theor.14.3we will not introducenew free
existentialvariablesat all whenwealreadyknow how to instantiatethem.
Applying thesequentof proof tree3 in thewayof Theor.14.3addsthenew child®S¯±°7ó�ø«�² õª§
ø«�² &�¬
A Rewrite step(cf. Theor.14.1)with thisequalityfrom right to left producesthenew childø ò�ù G´ §®'¯±°7ó�ø ò�ù G´ õnµ&�®S¯±°7ó�ø«�¨ õ³§Zó�ó»®S¯±°:ó ø«�² õ«§�ø«�² õ«§�ø«�¨ õ
With two applicationsof thesequentof proof tree1, thiscanberewritten intoø ò�ù G´ §®'¯±°7ó�ø ò�ù G´ õnµ&.ó5®S¯±°7ó ø � ¨ õ«§�®S¯±°7ó�ø �² õ�õ«§Zó ø �² §�ø � ¨ õ
Notethatour lemmaapplicationrelationnow is ÷�¼}��¹ ��· û ö ÷|¸ û þ
Applying thesequentof proof tree3 in thewayof Theor.14.3addsthenew child



46 ®S¯±°7ó ø«�´ õ«§�ø«�´ &¶¬
In orderto usethis for a Rewrite stepfrom left to right we apply theunifier #½$'& ÷5ø � ¨ ()�®'¯±°1ó ø �² õ ,ø«�´ ()�®S¯±°7ó�ø«�² õ û to thewholeproof forestand—aftertheRewrite step—getthenew childø òÌù G´ §�®S¯±°7ó ø ò�ù G´ õ©µ&c¬©§�ó�ø«�² §�®S¯±°7ó�ø«�² õ�õ
Note that this unifier is an existential î -substitutionand that the # -updateof î is given byø«�² ¾ t¾ t ø«�¨ � ø«�

ø«�´
which still puts no restrictionswhatsoever on existential î -substitutionsof the free universal
variablesthatarestill presentin our tree.

5
With anapplicationof thesequentof proof tree2, this canberewritten intoø ò�ù G´ §�®'¯±°1ó ø ò�ù G´ õ©µ&wø«�² §�®S¯±°7ó ø«�² õ
An Instantiationstepproducesthenew childø ò�ù G´ §�®'¯±°1ó ø ò�ù G´ õnµ&>ø òÌù G´ §�®S¯±°7ó ø ò�ù G´ õ
Now thetreeis closedbecauseall sequentsof theform ó?6l&�6�õ�¿ areassumedto bein ouraxioms�aÀ . By Theor.13.6we now know that ÿ&ø�þqøR§®S¯±°7ó�øhõª&¶¬ is V -valid, provided that the proof
trees1, 2, and3 areclosed,which is thecasewhenweassumetheir sequentsto bein �aÀ .

Now westartproof tree5 for

(5) ø ò�ù GÁ §�®S¯±°7ó�ø ò�ù GÁ õ�&�¬
by aHypothesizingstep.Notethatthesequentis not really differentfrom thatof proof tree4. In
orderto haveonly oneversionof eachlemmaandto know how it lookslike,weshouldmakeup
ourmindsfor oneof thetwo forms.Wedoprefertheform of proof tree5 becauseit will bemore
usefulfor ITP. For deductive theoremproving, thetwo only differ in thattheform of proof tree5
is handierfor lemmaapplication.To seethis,wewill proveeachwith thehelpof theother.
A lemmaapplicationaccordingto Theor.14.3of thesequentof proof tree4 to proof tree5 whose
root is labeledwith ø ò�ù GÁ §®S¯±°7ó�ø òÌù GÁ õ©µ&¶¬ addsthechild ÿ&ø�þ øR§�®S¯±°7ó�øhõª&c¬ .
A � -stepaddsthechild ø«�Á §®S¯±°:ó ø«�Á õª&c¬ .
An Instantiationsteptransformsthis into ø ò�ù GÁ §®'¯±°7ó�ø ò�ù GÁ õª&¶¬�þ Now proof tree5 is closedbecause
all sequentsof theform ôC¿ ô areassumedto bein our axioms�aÀ .

Finally, we startanotherproof treenumber6 for the sequentof proof tree4. The root is again
labeledwith ��ÿ&ø�þ øU§®S¯±°:ó øhõª&�¬
A ð -stepaddsthechild ø ò�ù GÂ §®'¯±°7ó�ø ò�ù GÂ õnµ&c¬
Applying thesequentof proof tree5 in thewayof Theor.14.3addsthenew childø«�Â §®'¯±°7ó�ø«�Â õª&¶¬
An Instantiationsteptransformsthis intoø ò�ù GÂ §®'¯±°7ó�ø ò�ù GÂ õl&c¬
Now proof tree6 is alsoclosedbecauseall sequentsof theform ô ôÃ¿ areassumedto bein our
axioms�aÀ .
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16 Example: Mutual Induction

Thetoy exampleof this sectionillustrateshow mutualinductionworks in our framework. Note,
however, that (due to mutual inductionandnon-trivial weights)even this toy examplehasno
straightforward proofs in the ITP calculusof Baaz&al. (1997)or any known ITP systemwith
the exceptionof QUODL IBET. The signatureconsistsof the signaturepresentedin Section4.1
andadditionallycontainsthe predicates Ä�$l¯ÆÅ±x�) f>geg�h and ��$l¯ÆÅ|x�) ¯ÆÅ±xÇ) f>geg�h�þ Besides
theaxiom(nat1) of Section4.1,wehave thefollowing axioms,definingthespecialpredicatesof
ourexample.ó�Ä�¼8õ Ä
ó�È°õó�Ä�¹�õ ÿ&ø�þ��ÉÄ�ó?ÊRó�ø�õ�õnË � Ä
ó�ø�õ o �¬ó ø��@ÊRó ø�õ�õ��Ì�ó��R¼8õ ÿ&ø�þ��¬ó�ø���È�õó��Í¹�õ ÿ&ø��Uý^þ��U��ó ø���ÊRó�ý1õ�õ�Ë � �¬ó�ø���ý7õ o Ä
ó�ø�õ��Ì�
Wewantto show thatbothpredicatesaretautological:ó�Ä�·°õ Ä
ó�ø ò�ù GÎ õ�ÏÍZq� ó�ø ò�ù GÎ õó��r·°õ �¬ó�ý ò�ù GÎ ��� ò�ù GÎ õ�ÏrZ¦�² ó ý òÌù GÎ ��� ò�ù GÎ õ
Recallthatweightconstructsin QUODL IBET consistof weighttermsonly (like Z � ó�ø ò�ù GÎ õ in (P3))
becausetheinductionorderingis agloballyfixedconstant.
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Westartwith thevariable-conditionî $S&�ñ � ó�Ä�·°õmö�ñ�ò�ù G�ó�Ä�·�õ�Hwñ � ó2�.·°õmö�ñ�ò�ù G�ó��r·�õ
& ÷|Z¦� û ö\÷5ø ò�ù GÎ û H ÷|Z¦�² û ö\÷8ý ò�ù GÎ ��� ò�ù GÎ û
in orderto haveall weakfreeuniversalvariablesof (P3) or (Q3) in theset D of Theor.14.3.After
severalinferencestepsXQUODL IBET presentstwo partialsequentproof treesfor (P3) and(Q3)
similar to thefirst two treesdepictedin this section.

Justasin Section4.1, we have usedthe round-edgednodesto give someinformationhow
the inferencestepscanbe achieved in termsof generalinferencerulesastheonespresentedin
Theor.14.1andTheor.14.3.

As theinferencesappliedto (2) do not differ from thoseappliedto (1) in Section4.1, let us
havea closerlook at theinferencebelow (2.2).

Thedefiningformula(P2) is appliedjustlikealemmain Theor.14.3,i.e. its singleformulais
addedin negatedform. Thus,theround-edgednodelabeledwith “ ó�Ä�¹�õ�� � �@Ð�@Ð ” canbereplaced
with thefollowing subtree.Notethatthe � -stepactuallyfirst introducesafreeexistentialvariable
that is theninstantiatedwith ø ò�ù G¨ in orderto closetheleftmostleaf of thetreebelow, which then
doesnot have to bepresentedanymore.
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Even more interestingis what happensbelow (2.2.2). We instantiatethe (meta-)variablesof
Theor.14.3,in thefollowing way: ,�$S&`�¬ó ý òÌù GÎ �@� ò�ù GÎ õ���/�$S&ÑZ �² ó ý òÌù GÎ �@� ò�ù GÎ õ��ÃDÒ$'&Õ÷8ý òÌù GÎ ��� òÌù GÎ û �0�$'&³÷8ý ò ù GÎ ()ÔÓ����q� ò�ù GÎ ()ÔÕ � û �äí $S& ÷����¬óOÓ«�Ö��Õe�rõ��ÍZq�² óOÓ«�Ö�@Õ �Uõ�\8Z¦� óOÊ-ó�ø ò�ù G¨ õ�õ û þ This resultsin the
treebelow. Whenwe instantiatewith ÷|Ó«��().ø ò�ù G¨ �rÕ ��()½ÊRó�ø ò�ù G¨ õ û its left leaf getsclosedandits
right leafbecomes(2.2.2.1).

We have appliedeachof thetwo syntacticalconstructs(P3) and(Q3) in eachof their two proof
trees(2) and(3), resp..Luckily weusedinductionhypothesisapplicationinsteadof lemmaappli-
cation.Thelatterwould have resultedin a lemmaapplicationrelationof ÷�¹e��· û ö ÷�¹ ��· û which
is not wellfoundedandour proof treeswould have beenuselessbecausewe would never beable
to applyTheor.13.6. As we have usedinductionhypothesisapplicationinsteadof lemmaappli-
cation,we have producedthe four additionalleaves(2.2.1.1),(2.2.2.1),(3.2.1.1),and(3.2.2.1),
which arestill open.We chooseour 2nd orderweightfunctionsaccordingto Zq� ó øhõ¦$'& ó øhõ andZq�² ó�ø���ý1õ×$'& ó�ø���ý1õ�� usingthelexicographiccombinationof Section4.2.

5²
Now theproofattempt

canbesuccessfullycompleted:E.g.,thefirst literal of (2.2.1.1)turnsinto ó�ø ò�ù G¨ ��È°õ�\�óOÊ-ó�ø ò�ù G¨ õ���È°õ��
whichafterapplying( \ 4) of Note13, in a � - anda Ð -stepreads ø ò�ù G¨ \.Ê-ó�ø ò�ù G¨ õ which is anorder-
ing axiomin QUODL IBET, asexplainedin Note13.

Finally in this sectionwe shouldanswerthe following question:Which stepsin this proof were
typical for ITP in thesensethat their soundnessrelieson notionsof inductivevalidity insteadof
thestronger notionof deductivevalidity? Besidesthefour inductionhypothesisapplications,the
final branchclosurerulesfor \ -literalsaretypical for inductionbecausethey requirethat, in all
modelsin K, thesuccessorof eachnaturalnumberis differentfrom thatnaturalnumberandeach
naturalnumberis built-up from zeroby a finite numberof successorsteps(i.e. thereareneither
cyclesnor Ø -chainsin themodels,cf. Enderton(1973)).

17 SequentsversusTableausin ITP

In thissectionwearegoingto comparetheappropriatenessof sequentversustableaucalculiunder
thespecialaspectof ITP. To this endwe first seewhat thesequentcalculusproof of Section16
would look like in a tableaucalculus. After the first Hypothesizingstep,the initial tableaufor
(P3) looksthefollowing way. Zq� ó�ø ò�ù GÎ õ�BÄ
ó�ø ò�ù GÎ õ
Notethatthisdiffersfrom (P3) in duality. While this is notahindrancefor completelyautomatic
ITP systems,it posesconsiderablepracticalproblemsin systemswhereuser-guidanceis possible:
Theprimitive processof switchingduality is a typical sourceof errorsfor humanbeings(or me
at least).

For the closedcompleteproof treefor (P3) we have chosena representationaccordingto
clausaltableaucalculi becausethereis notenoughspacefor non-atomicformulashere.

Let ushaveacloserlook at theboxedformulain thetableau.It resultsfrom inductionhypo-
thesisapplicationof (Q3). Notethat theonly differenceto anExtensionstepin Model Elimina-
tion tableaus(cf. Baumgartner&al. (1997))lieswith theadditionalchild (theboxednode),which
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asksus to show that the instanceof thehypothesisis smallerthantheweightof our proof tree.
Indeed:As theinductionorderingis fixedhere,hypothesisapplicationdiffersfrom thestandard
lemma(or axiom) applicationonly in producingan additional \ -goal. This makeshypothesis
applicationa little moreexpensive thanlemmaapplication.Theleft-handterm Z¦�² ó�ø ò�ù G¨ ��Ê-ó�ø ò�ù G¨ õ�õ
is theweight termof (Q3) instantiatedvia ÷8ý òÌù GÎ ()ÔÊRó ø ò�ù G¨ õ��Í� ò�ù GÎ ().ø ò�ù G¨ û becausethis substitution
enablestheleft siblingof theboxednodeto closeits branchwith theinstantiatednegatedformula
of (Q3). The right-handterm Z � ó�ø ò�ù GÎ õ comesdown from the root of the tree. Contraryto the
sequentcalculusexamplewherethe weight of the root is carriedalongandupdatedon its way
down, we have to rewrite thevariableø ò�ù GÎ in it with anancestorequalityliteral in orderto know
whattheroot weightmeansin thelocal context.

Of course,thereis ananalogousclosedtableaufor (Q3)becauseotherwiseTheor.13.6would
notallow usto concludethat Ä
ó�ø òÌù GÎ õ is valid.

Note that thesequentcalculusproof treeis not equalto theresultof thestandardtransfor-
mationof thetableautree.Thestandardtransformationof a tableautreeinto asequenttreeworks
for inductive treesjust asfor deductive trees:

1. Bottom-upreplacethe labelof eachnodewith thesyntacticalconstructlisting theconju-
gatesof theformulasandtheweightlabelingthe(partial)branchfrom thisnodeto theroot.

2. Remove the root part of the tree wherethe nodesare ancestorsof a nodeof the initial
Hypothesizingstep(in our example:remove therootnode).

This standardtransformationmultiplies thenumberof formulaslabelingeachproof treewith at
mostnearlythedepthof thattree,but doesnot usetheadvantagesof sequentcalculi,namelythe
ability to simplify formulasthat label ancestornodesin a tableaucalculus.E.g., in the tableau
treeit is notpossibleto rewrite theliteral �8Ä
ó�ø ò�ù GÎ õ with theequalityliteralsbelow it in place.In
tableautrees,anequalityliteral canbeusedto rewrite formulasof its offspringin place,whereasit
mustcopy ancestorformulasbeforehanddown to its offspringbecausetheancestoris alsopartof
otherbranchesthatdonot includetheequalityliteral. Moreover, theweighttermcanberewritten
in thesequenttree,which againis not possiblein thetableauversionwheretheweight is at the
root node.Since ø ò�ù GÎ is in solvedform aftertheRewrite steps,we know thatvalidity cannotrely
on theequalityliteralscontainingit. This meansthatwe cansafelyremovebothequalityliterals
in thesequenttreesothatthey do notappearin (2.1)and(2.2). Removing redundantformulasis
themostimportantsimplificationstepbesidescontextual rewriting. This is impossiblein tableau
treesunlessthe redundancy of the formula is dueto the ancestornodesonly, which is the case
only for uselessformulasthatshouldnothavebeenaddedat all.

Note that formulaslike ó5¯ÆÅ|x�¼5õ from Section4.1 make equalityomnipresentin ITP andthat
thesesimplificationstepsareevenmoreimportantin inductivethanin deductivetheoremproving:
Not only do they play a role in the generationof appropriateinductionhypotheses;in addition
to thedetectionof invalid input theoremsthey areanessentialpartof the failuredetectionpro-
cessthathasto compensatefor over-generalizationof inductionhypotheses:Indeed,ITP often
is only successfulwhenonetries to show theoremsthataremoregeneralthantheonesoneini-
tially intendedto show. This is becauseaninductive theoremis not only a task(asgoal)but also
a tool (as inductionhypothesis)for ITP. This generalizationis unsafein the sensethat it may
over-generalizea valid hypothesisinto an invalid one. Therefore,generalizationshouldnot be
modeledin Expansionstepswithin atree.Instead,thegeneralizedsequentshouldstartanew tree
(Hypothesizingstep)andbelaterappliedto theoriginal treeasa lemmaor aninductionhypothe-
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sis.Sinceevenavalid input theoremmayresultin aninvalid goaldueto over-generalization,the
ability of anITP systemto detectinvalid goalsis of majorimportancein practice,cf. Section13.2.

In Wirth (1997)andin QUODL IBET theExpansionfrom (2) into (2.1) and(2.2) is donein
a singleinferencestepcalled“substitutionadd” applyinga “coveringsetof substitutions”. Note
thatthestateof thesequentproof resultingfrom thisstepis muchsimplerthanthecorresponding
stateof thetableauproof. Theformerconsistsof thenodes(2.1)and(2.2)andhastwo formulas
andonevariable. The latter consistsof a six nodetreewith five formulasand two variables.
This is of practicalimportancebecausetacticsfor proof searcharemoreeasilyconfusedwith
lessconciseproof staterepresentations.Therestof thewholesequentproof is analogousto the
tableauproof with theexceptionthatall rewrite stepsof the tableautreeareomittedsincethere
areno equalityliteralsto rewrite with andthetermsarealreadyin normalform.

Anotherpossibility restrictedto sequentcalculi is thateachsyntacticalconstructlabelinga
nodein thetreescanbeappliedasaninductionhypothesis.Wedonotseearealadvantagein this
becausesplitting the treein two above suchan inductionhypothesisresultsin a betterstructure
of theproof forestandin moresuccessfulproofsbecausewe canadjustthesyntacticalconstruct
appropriately:Supposewe hadnot starteda new proof treefor thehypothesisfor Q but instead
kept thehypothesisfor Q down in the tree(2) at position(2.2.2). Severalunsafegeneralization
stepswouldhavebeennecessarybefore��ó ø ò�ù G¨ ��Ê-ó�ø ò�ù G¨ õ�õ��Í�8Ä
ó�ø ò�ù G¨ õ��[Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�ÏrZ¦�Î óOÊ-ó�ø ò�ù G¨ õ�õ
would have becomeusefulasan inductionhypothesis,namelyremoving the secondand third
formula,generalizingÊRó ø ò�ù G¨ õ to anew variable,andswitchingto aweightthatmeasuresalsothis
new variable.

Moreover, in practiceoneshouldnotapplythehypothesisfor Q in thetreefor P beforeit is
obviousthat the treefor Q mutuallyneedsthehypothesisfor P: Most of thetime a proof for Q
canbecompletedin aproof forestnot containingthetreefor P. In this case,notonly thenumber
of treesin theproof forestfor Q getssmaller, but alsothe treefor P becauseó2�.·°õ canthenbe
appliedasa lemmaandnotasaninductionhypothesis,whichcutsoff therightmost \ -branchof
theproof treeof P.

18 Example: EagerHypothesesGeneration

Let us try to find a lower boundfor the Ackermannfunction Å|Ù�ÚR$l¯ÆÅ±x�) ¯ÆÅ|xÇ) ¯ÆÅ±x w.r.t. the
orderingon naturalnumbersh {�ÊwÊ.$l¯ÆÅ±x�) ¯ÆÅ±x�) f>geg�h , assumingthefollowing axioms.

(ack1) ÿhýhþLÅÆÙÆÚÖó�È ��ý7õw&¦Ê-ó�ý7õ
(ack2) ÿ&ø��Uý&þÃÅÆÙÆÚÖóOÊ-ó�øhõ���È°õw&RÅ|Ù�Ú�ó�ø��@ÊRóOÈ°õ�õ
(ack3) ÿ&ø��Uý&þÃÅÆÙÆÚÖóOÊ-ó�øhõ���Ê-ó�ý7õ�õw&RÅ|Ù�Ú°ó ø���Å|Ù�Ú�óOÊ-ó�øhõ���ý7õ�õ
(less1) ÿhýhþÑh {ÖÊ�Ê5óOÈ���Ê-ó�ý7õ�õw&qx�y2z|{
(less2) ÿ&ø�þÛh {ÖÊ�Ê5ó ø���È°õw&¦ÜOÅÝh Ê�{
(less3) ÿ&ø��Uý&þ`h {ÖÊ�Ê5ó?ÊRó�øhõ���Ê-ó�ý7õ�õw&�h {ÖÊ�Ê5ó ø��Uý7õ
Thestandardlemmasfor less thathaveverysimpleinductiveproofsin QUODL IBET are:
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(less4) ÿ&ø�þÛh {�ÊwÊRó�ø���Ê-ó�øhõ�õ
(less5) ÿ&ø��Uý&þ�� h {ÖÊ�Ê5ó ø��Uý7õ�m h {ÖÊ�Ê5ó�ø��@ÊRó�ý1õOõ9�
(less6) ÿ&ø��Uý&þ � h {ÖÊ�Ê5ó?ÊRó�øhõ��Uý7õ�m h {ÖÊ�Ê5ó ø��Uý7õ �
(less7) ÿ&ø��Uý«���7þ�pÒp h {ÖÊ�Ê5ó�ø���ý1õo h {ÖÊ�Ê5ó�ý«����õ�s m h {�ÊwÊRóOÊ-ó�øhõ����°õ s
Note that for Booleanterms 6 we abbreviate the equation 6w&¦x�y�z|{ with 6 . Moreover, notethat
(less7) is a strengthenedversionof transitivity. Thesimpletransitivity is a simpleconsequence
of it, using(less6).

Let usstartwith a Hypothesizingstepin thesequentcalculusof Definition13.4,posingthe
queryfor a lowerbound �}�Î $l¯ÆÅ±xÇ) ¯ÆÅ|x�) ¯ÆÅ|x
(4) h {�ÊwÊRó��>�Î ó ø ò�ù GÎ �Uý òÌù GÎ õ��@ÅÆÙÆÚÖó ø ò�ù GÎ �Uý òÌù GÎ õ�õ�ÏÍZq�´ ó ø ò�ù GÎ ��ý ò�ù GÎ õ
with variable-condition î�$S&Í÷Æ� �Î ��Z �´ û ö ÷5ø ò�ù GÎ �Uý òÌù GÎ û þ

Note that we have to let �>�Î be a higher-ordervariable: If �}�Î werea first-ordervariable,it
couldnotdependon ø òÌù GÎ and ý ò�ù GÎ dueto î , resultingin aconstantlowerboundthatwouldnotbe
too interesting.If we did not include �>�Î into Þlß>à{ó�îBõ , however, Theor.14.3would not permitus
to do inductionon ø ò�ù GÎ and ý òÌù GÎ becausethey wouldnotbeelementsof theset D .

Applying (nat1) (cf. Section4.1)asa lemmaaccordingto Theor.14.3yieldsthetwo goals

(4.1) h {�ÊwÊRó�� �Î óOÈ��Uý òÌù GÎ õ���ÅÆÙÆÚ°óOÈ���ý ò�ù GÎ õ�õ�ÏrZ �´ óOÈ���ý ò�ù GÎ õ
(4.2) h {�ÊwÊRó��>�Î ó?ÊRó�ø ò�ù G¨ õ��Uý ò ù GÎ õ���Å|Ù�Ú°óOÊ-ó�ø ò�ù G¨ õ��Uý òÌù GÎ õ�õ�ÏÍZq�´ óOÊ-ó�ø ò�ù G¨ õ��Uý òÌù GÎ õ
just it wasasit wasexplainedat theendof Section4.1,adding ÷Æ�>�Î �@Z¦�´ û ö§÷5ø òÌù G¨ û to thevariable-
condition.Thesameprocedureagainyields

(4.2.1) h {�ÊwÊRó��>�Î ó?ÊRó ø ò�ù G¨ õ���È�õ���Å|Ù�Ú�óOÊ-ó�ø ò�ù G¨ õ���È°õOõ�ÏrZ¦�´ ó?ÊRó ø ò�ù G¨ õ���È°õ
(4.2.2) h {�ÊwÊRó�� �Î ó?ÊRó ø ò�ù G¨ õ���Ê-ó�ý ò ù G¨ õ�õ��@ÅÆÙÆÚÖóOÊ-ó�ø ò�ù G¨ õ���Ê-ó�ý ò�ù G¨ õ�õOõ�ÏrZ �´ óOÊ-ó�ø ò�ù G¨ õ��wÊRó�ý ò ù G¨ õ�õ
adding ÷Æ�>�Î �@Z¦�´ û ö ÷8ý òÌù G¨ û to thevariable-condition.

Rewriting (4.1),(4.2.1),and(4.2.2)with (ack1), (ack2), and(ack3), resp.,yields

(4.1.1) h {�ÊwÊRó��>�Î óOÈ��Uý òÌù GÎ õ��@Ê-ó�ý ò ù GÎ õ�õ�ÏrZq�´ ó�È �Uý ò ù GÎ õ
(4.2.1.1) h {�ÊwÊRó�� �Î ó?ÊRó ø ò�ù G¨ õ���È°õ���Å|Ù�Ú�ó�ø ò�ù G¨ ��ÊRóOÈ°õ�õ�õ�ÏrZ �´ óOÊ-ó�ø ò�ù G¨ õ���È°õ
(4.2.2.1) h {�ÊwÊRó��>�Î ó?ÊRó ø ò�ù G¨ õ��@ÊRó�ý òÌù G¨ õOõ���ÅÆÙÆÚÖó�ø ò�ù G¨ ��ÅÆÙÆÚ°ó?ÊRó ø ò�ù G¨ õ���ý òÌù G¨ õ�õ�õ�ÏÍZq�´ óOÊ-ó�ø ò�ù G¨ õ���Ê-ó�ý ò�ù G¨ õ�õ
In our previous examplesthe generationof inductionhypotheseswasalwayslazy in the sense
of Protzen(1994). In this case,however, in orderto be ableto usegoal-directednessalsow.r.t.
theinductionhypotheses,weshouldgeneratethemeagerlyin thewaysuggestedby therecursion
analysisof explicit induction,cf. e.g.Boyer & Moore(1979),Walther(1992).

Recursionanalysisandeagerhypothesesgenerationareveryusefulfor findingsimpleproofs
completelyautomatically. AlthoughtheITP systemNQTHM (cf. Boyer & Moore(1988))cannot
accept(4) becauseit doesnot have any freeexistentialvariables(not evenexistentialquantifica-
tion), if we instantiate(4) with theproperlowerbound,NQTHM proves(4) completelyautomati-
cally, evenwhenthelemma(less7) is notprovidedandthefunction‘ less’ is redefinedsothatthe
built-in featuresfor treatingarithmeticcannothelp. Moreover, during this proof the fascinating
NQTHM guesses(less7) completelyautomaticallyusingthegoal-directednessw.r.t. theeagerly
generatedinductionhypotheses.Indeed,if theeagerlygeneratedinductionhypotheseshappento
betheright ones,they canhelpusto find missinglemmasor to find properinstantiationsfor free
existentialvariables.Sinceit is folklore heuristicknowledgein ITP thata stronglower boundis
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oftenfoundby first findingaweakeroneandthenimproving it, weshouldnot look for anoptimal
lowerboundwith difficult proof but for a reasonablelowerboundwith simpleproof.

Notethateagerhypothesesgenerationis not possiblewith the inductionrulesof Baaz&al.
(1997).

In our example,the inductionhypothesessuggestedfor (4.2.1.1)and(4.2.2.1)result from
matchingtheack-subtermof (4) to theack-subtermsof (4.2.1.1)and(4.2.2.1).For (4.2.1.1)we
getthesubstitution÷5ø ò�ù GÎ ().ø ò�ù G¨ ��ý ò�ù GÎ ()ÔÊ-ó�È°õ û andfor (4.2.2.1)thesubstitutions÷5ø ò�ù GÎ () ø ò�ù G¨ �\ý ò�ù GÎ ()ÔÅ|Ù�ÚÖó?ÊRó ø ò�ù G¨
and ÷5ø ò�ù GÎ ()½ÊRó�ø ò�ù G¨ õ��Ký ò ù GÎ ()zý ò ù G¨ û resultingin:

(4.2.1.1.1) �×h {�ÊwÊ8óO�>�Î ó�ø òÌù G¨ ��ÊRóOÈ°õ�õ���Å|Ù�Ú°ó�ø ò�ù G¨ ��Ê-ó�È�õ�õ�õ��Uh {ÖÊ�Ê5óO�>�Î óOÊ-ó�ø ò�ù G¨ õ���È°õ���Å|Ù�ÚÖó ø ò�ù G¨ ��Ê-ó�È°õ�õ�õ�ÏÍZq�´ óOÊ-ó�ø òÌù G¨ õ���È°õ
(4.2.1.1.2) Z¦�´ ó�ø ò�ù G¨ ��Ê-ó�È�õ�õ�\.Zq�´ óOÊ-ó�ø òÌù G¨ õ���È°õ��Uh {ÖÊ�Ê5óO�>�Î óOÊ-ó�ø ò�ù G¨ õ���È°õ���ÅÆÙÆÚ°ó ø ò�ù G¨ �@Ê-ó2È°õ�õ�õ�ÏÍZq�´ óOÊ-ó�ø ò�ù G¨ õ���È°õ
(4.2.2.1.1) �×h {�ÊwÊ8óO� �Î ó�ø òÌù G¨ ��ÅÆÙÆÚ°ó?ÊRó ø ò�ù G¨ õ���ý òÌù G¨ õOõ���ÅÆÙÆÚ°ó ø ò�ù G¨ ��ÅÆÙÆÚ°ó?ÊRó ø ò�ù G¨ õ���ý òÌù G¨ õ�õ�õ��h {ÖÊ�Ê5óO� �Î óOÊ-ó�ø ò�ù G¨ õ���ÊRó�ý ò ù G¨ õ�õ���ÅÆÙÆÚ°ó ø ò�ù G¨ ��Å|Ù�Ú°óOÊ-ó�ø ò�ù G¨ õ��Uý ò ù G¨ õ�õ�õ�ÏrZ �´ ó?ÊRó�ø ò�ù G¨ õ���Ê-ó�ý ò ù G¨ õ�õ
(4.2.2.1.2) Z �´ ó�ø ò�ù G¨ ��Å|Ù�Ú�óOÊ-ó�ø òÌù G¨ õ��Uý òÌù G¨ õ�õ�\8Z �´ ó?ÊRó ø ò�ù G¨ õ��wÊRó�ý ò ù G¨ õ�õ��QþRþRþ
(4.2.2.1.1.1)�×h {�ÊwÊRó��>�Î ó?ÊRó�ø òÌù G¨ õ��Uý òÌù G¨ õ���Å|Ù�ÚÖó?ÊRó ø ò�ù G¨ õ���ý òÌù G¨ õ�õ���×h {�ÊwÊRó��>�Î ó ø ò�ù G¨ ��ÅÆÙÆÚ°ó?ÊRó ø ò�ù G¨ õ���ý òÌù G¨ õ�õ���ÅÆÙÆÚ°ó ø ò�ù G¨ ��Å|Ù�ÚÖó?ÊRó ø ò�ù G¨ õ���ý ò ù G¨ õ�õ�õ��h {ÖÊ�Ê5óO� �Î óOÊ-ó�ø ò�ù G¨ õ���ÊRó�ý ò ù G¨ õ�õ���ÅÆÙÆÚ°ó ø ò�ù G¨ ��Å|Ù�Ú°óOÊ-ó�ø ò�ù G¨ õ��Uý ò ù G¨ õ�õ�õ�ÏrZ �´ ó?ÊRó�ø ò�ù G¨ õ���Ê-ó�ý ò ù G¨ õ�õ
(4.2.2.1.1.2)Z¦�´ ó?Ê-ó�ø ò�ù G¨ õ��Uý ò ù G¨ õ�\.Z¦�´ óOÊ-ó�ø ò�ù G¨ õ���ÊRó�ý òÌù G¨ õ�õ�� þRþRþ
After setting Z¦�´ ó ø��Uý1õ×$'& ó ø��Uý7õ , thegoals(4.2.1.1.2),(4.2.2.1.2),and(4.2.2.1.1.2)canbeclosed
dueto their first formulas.Thewholeproof up to now is the“eagerinductionhypothesesgener-
ation” suggestedby recursionanalysisof (4).

Now, (4.2.2.1.1.1)criesfor a lemmaapplicationof (less7). Indeed,thelemmacancloseit,
providedthatwecanidentify thepairs ó?ÊRóO�>�Î óOÊ-ó�ø òÌù G¨ õ��Uý òÌù G¨ õ�õ����>�Î ó?ÊRó�ø ò�ù G¨ õ���Ê-ó�ý ò ù G¨ õ�õ�õ and óOÅÆÙÆÚ°ó?ÊRó ø ò�ù G¨ õ���ý ò�ù G¨ õ����>�Î ó ø ò ¨ ,
which is achievedby theirmostgeneralá³Ð -unifier, theprojection�>�Î ó ø��Uý7õ×$S& ý .

Now (4.1.1)reads

(4.1.1’) h {ÖÊ�Ê5ó�ý ò ù GÎ �@ÊRó�ý òÌù GÎ õ�õ�Ï=ó�È �Uý ò ù GÎ õ
whichcanbeclosedby anapplicationof lemma(less4).

Theonly branchthatis still openis

(4.2.1.1.1’) �×h {ÖÊ�Ê8óOÊ-ó�È°õ���Å|Ù�Ú�ó�ø ò�ù G¨ ��Ê-ó�È�õ�õ�õ��Uh {ÖÊ�Ê5óOÈ���Å|Ù�Ú°ó�ø ò�ù G¨ ��Ê-ó�È�õ�õ�õ�ÏEó?ÊRó ø ò�ù G¨ õ���È°õ
whichcanbeclosedby anapplicationof lemma(less6).

This completestheproof of (4) with theanswerthat � �Î canbe theprojectionto its second
argument,i.e. thelowerboundis ý ò ù GÎ .

Notethatit is possibleto do thisproofwith thefirst-ordersystemQUODL IBET becauseit is
solazy thatonecanusea symbolfor anundefinedfunction insteadof the2nd ordervariable �>�Î .
Thereis no 2nd orderunificationbut theusercansetthis functionto betheprojectionduringthe
proof. SinceQUODL IBET guaranteesconsistency of thespecification(i.e.theexistenceof models
wheresemanticalequality of constructorgroundtermsimplies syntacticalequality) (provided
arithmetic is consistent,cf. Gentzen(1938)) and admitspartially definedand non-terminating
functions,the actualproof in QUODL IBET differs from the presentedoneby someadditional
subgoalsthat canbeclosedby a lemmastatingthatack is a total function,which hasa simple
inductiveproof. For thedetailscf. Kühler& Wirth (1996).



54

19 Example: Variable Induction Ordering

In this sectionwe aregoing to prove a generalizedversionof a lemmaof M. H. A. Newman,
namelythat local commutationof two relationsimplies their commutation,provided that the
reverseof their unionis wellfounded.

Our displayedsimply-typedhigher-ordersignatureis usedto denotethefollowing: §7ó�â�)¿õ
containsthetransitiveclosureof thebinaryrelation â�) onA, ã�{�°fó�â«)Gõ is its reverserelation,andä ¯>® g�¯:ó�â�)��]â«).ï¡õ is its unionwith â�).ï . For all our Booleanterms 6 we abbreviatetheequation6w&qx�y�z|{ with 6 . For â�) $>å%)+å%) f}g g h , insteadof â�)Íó�ø��Uý7õ we write ø�â�)zý«� insteadof§7ó�â�)b��ø��Uý7õ wewrite ø ¢â�).ý«� andinsteadof

ä ¯>®æg�¯:ó�â�)��Öâ�) ï õ wewrite â�)çHèâ�) ï þó»§e¼8õ ÿ�â�)b��ø����7þ ij ø ¢â�)*�q~ ij ø�&_�	 ü7ýhþ p ø�â�)zýo ý ¢â«)*� s uv uv
ó ä ¯>®æg�¯�¼8õ ÿ�â�)b�]â�) ï-��ø���ýhþÍp ø�ó�â�)+Héâ�).ï¡õOýR~ p ø�â�)zý	 ø�â�) ï ýtsÒsó�ã�{�° ¼5õ ÿ�â�)b��ø��Uý&þ � ã«{�°7ó�â�)b��ø��Uý1õI~ ý«â«) ø �
(Comm1), (LComm1), and(Wellf1) arethepropertiesof commutation,local commutation,and
wellfoundedness,resp.:

ó»ê�g ë[ë[¼8õ ÿ�â�)�ì]�]â�)éírþ
iîîîîîîj ê�g�ëUë ó�â«)�ì]�]â�)éícõ
~ ÿ&ø���ý Î �Uý ¨ þ iîîîîj ï ø ¢â�)ÌìUý Îo ø ¢â�)Cícý ¨Uðm ül�7þ ï ý Î ¢â�)éí��o ý ¨ ¢â�)�ì�� ð

uÖññññv
uÖññññññv

ó�ò�ê�g�ëUë�¼8õ ÿ�â�)�ì]�]â�)éírþ iîîîîîj òÝê�g ë[ëEó�â�)�ì]�Öâ«)éí�õ~ ÿ&ø���ý Î �Uý ¨ þ iîîîj p ø�â�) ì ý Îo ø�â�)Cí(ý ¨ sm ül�7þ ï ý Î ¢â�)éí��o ý ¨ ¢â�)�ì�� ð
uÖñññv uÖñññññv

ó�óé{�hôh Ü�¼8õ ÿ�õÉ$Ýåé)�åé) f>geg�h+þiîîîîj óé{�hôh Ü-óOõ�õ~ ÿed
$>å%) f>geg�h+þ iîîj ü:ø�þÝd�ó�øhõm ü:ø�þ ij d�ó øhõo ��ü7ý&þqp d�ó�ý7õo õ1ó�ý���øhõ�s uv uÖññv u ññññv
Notethatwellfoundednessandterminationarenofirst-orderproperties.

 ´
Thetransitivity lemma

(5) Ó òÌù GÎ ¢â�) ò�ù G Ó òÌù G �q�©Ó òÌù GÎ ¢â�) òÌù G Ó ò�ù G¨ �¦�©Ó ò�ù G¨ ¢â�) ò�ù G Ó òÌù G �q��óé{�hôh ÜRówã«{�°7ó�â�) ò�ù G õ�õ�ÏrÓ ò�ù GÎ
canbeshown by inductionon Ó òÌù GÎ in â�) òÌù G . Notethatweneedthewellfoundednessbecauseoth-
erwise ¢â�) òÌù G

maybeapropersuper-relationof thetransitiveclosureof â�) ò�ù G . I.e. thetransitive
closureis thesmallestsolutionof ó5§e¼8õ andin caseof wellfoundednessthereis only onesingle
solution.
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The following lemmashave very simple non-inductive proofs that expandthe definition
(Wellf1) twice. Notethattheexpansionof a logical equivalenceis nothingbut ( � -stepsfollowed
by) a kind of Rewrite-stepbecauseformulascanbeseenashigher-ordertermsof typebool and
thelogicalequivalenceastheequalityof typebool.

(6a) ��óé{�hôh ÜRówã�{�°7ó�â�) ò�ù GÎ Hèâ�) ò�ù G¨ õ�õ��8óé{�hôh ÜRówã�{�°7ó�â�) ò�ù GÎ õ�õ
(6b) ��óé{�hôh ÜRówã�{�°7ó�â�) ò�ù GÎ H%â�) ò�ù G¨ õ�õ��.óC{�h'h Ü-ówã�{�°7ó�â�) ò�ù G¨ õ�õ
Notethatcommutativity of Union impliesthat(6a)and(6b)areequivalent,but to prove â�) ò�ù GÎ Hâ�) òÌù G¨ &�â�) ò�ù G¨ Hèâ«) ò�ù GÎ weneedextensionalitywhich wedonot wantto discusshere.

Now we aregoingto show thegeneralizedNewmanlemma,namelythatwellfoundednessof the
reverseof theunionpluslocal commutationimpliescommutation.��óé{�hôh ÜRówã�{�°7ó�â�) ò�ù GÎ H%â�) ò�ù G¨ õ�õ��¦�8òÝê�g�ëUëEó�â�) ò�ù GÎ �]â«) òÌù G¨ õ��Rê�g�ëUë ó�â�) ò�ù GÎ �]â�) ò�ù G¨ õ
Expandingthedefinition(Comm1), threeliberalized ð -steps,andtwo � -stepsyield�
ø ò�ù ú ¢â�) ò�ù GÎ � ò�ù úÎ �Í�
ø ò ù ú ¢â�) òÌù G¨ � ò�ù ú¨ �¶ül�7þ ï � ò ù úÎ ¢â�) ò�ù G¨ �o � ò ù ú¨ ¢â�) ò�ù GÎ � ð ���óé{Æh'h Ü5ówã«{�°7ó�â«) òÌù GÎ Hèâ�) ò�ù G¨ õ�õ��q�8ò�ê�g�ë[ëEó�â�) òÌù GÎ �Öâ�) ò�ù G¨ õ
Now, sincewewantto do inductionon ø ò�ù ú , westartanew proof treefor

(7) �
ø ò�ù G ¢â�) òÌù GÎ � ò�ù GÎ �q��ø ò�ù G ¢â�) òÌù G¨ � ò�ù G¨ �¶ül�:þ ï � ò�ù GÎ ¢â�) òÌù G¨ �o � ò�ù G¨ ¢â�) òÌù GÎ � ð ���óé{Æh'h Ü5ó�ã�{�°7ó�â�) òÌù GÎ Héâ�) òÌù G¨ õ�õ��q�8ò�ê�g�ëUë ó�â�) òÌù GÎ �]â«) ò�ù G¨ õ�Ïø ò�ù G �U\ � ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â«) òÌù GÎ �Öâ�) ò�ù G¨ õ
Note that this differs from the previous sequent(which can immediatelybe closedby lemma
applicationof (7)) notonly in thatall freeuniversalvariablesareweaknow (whichwealsocould
have achievedby usingnon-liberalizedð -stepsbeforeinsteadof theliberalizedones)but alsoin
that ø ò�ù G is includedin the weight,which is necessaryfor our intendedinduction. Actually we
havesettheweightdirectlyto ø ò�ù G for simplicity. Notethatif theheuristicknowledgeto recognize
theabovesequentasthelikely inductionhypothesisis not present,our calculi violateour design
goalof a naturalflow of information(cf. Section2.1) becausewe sometimelaterrealizethatwe
shouldhave starteda new proof tree. With implementedcalculi, however, this violation is no
problembecauseonejust hasto implementa destructive inferencerule thatautomaticallysplits
a proof treeat a givenposition,reorganizesthe formersubtreeinto a new individual proof tree,
andclosesthecutbranchby lemmaor inductionhypothesisapplicationof thesequentof thenew
tree.

Moreover, wehaveaddeda freeexistentialvariablefor theinductionordering\r�.$Ýåé)�åé)�åé) ó?åé)+å%) f}g g h õ�) óOåé)+å%) f>geg�h õ�)�åé)�åé) f}g g h
wherethe last two argumentswill be suppliedin infix notationbelow. Note that we have not
suppliedany inductionquasi-ordering,but insteadassumeit to be the emptyrelationasin the
discussionafter Theor.14.3,so that the sequents(5) and(6) canbe omittedfrom the set í in
Theor.14.3.

Wesetourvariable-conditionîÑ$'& ÷�\ � û öA÷5ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â�) ò�ù GÎ �]â�) òÌù G¨ û in orderto have
all weakfreeuniversalvariablesof (7) in theset D of Theor.14.3.
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Expansionof the equivalence ó5§e¼8õ in the first formula of (7), a Ð -, a liberalized ð - andan� -stepyield:

(7.1) ø ò�ù G µ&_� ò�ù GÎ �q�
ø ò�ù G ¢â�) òÌù G¨ � ò�ù G¨ �Mül�7þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð � þRþ-þ]Ï þRþ-þ
(7.2) �
ø ò�ù G â�) ò�ù GÎ ý ò ù úÎ �¦��ý òÌù úÎ ¢â�) ò�ù GÎ � ò�ù GÎ �q�
ø ò�ù G ¢â�) òÌù G¨ � ò�ù G¨ �Mül�7þ ï � ò ù GÎ ¢â�) ò�ù G¨ �o � ò ù G¨ ¢â�) ò�ù GÎ � ð ��nóC{�h'h Ü5ó�ã�{�°fó�â«) ò�ù GÎ H%â�) ò�ù G¨ õ�õ��¦�8ò�ê�g�ëUë ó�â�) ò�ù GÎ �]â«) ò�ù G¨ õ�Ïø ò�ù G �U\ � ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â�) ò�ù GÎ �]â�) ò�ù G¨ õ
Rewriting with thefirst formulaof (7.1)yields:

(7.1.1) �
ø ò�ù G ¢â�) ò�ù G¨ � ò�ù G¨ �Mül�7þ ï ø ò�ù G ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð � þRþ-þÖÏ þRþ-þ
which is easilyprovedby setting � to � ò�ù G¨ in a � -step.Expansionof theequivalenceó»§e¼8õ in the
third formulaof (7.2),a Ð -, a liberalizedð - andan � -stepyield:

(7.2.1) ø ò�ù G µ&_� ò�ù G¨ �q�
ø ò�ù G â�) ò�ù GÎ ý òÌù úÎ �¦��ý ò�ù úÎ ¢â�) ò�ù GÎ � ò�ù GÎ �Mül�7þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð � þRþ-þÖÏ þRþ-þ
(7.2.2) �
ø ò�ù G â�) ò�ù G¨ ý ò�ù ú¨ �¦��ý ò�ù ú¨ ¢â�) ò�ù G¨ � ò�ù G¨ �q�
ø ò�ù G â�) ò�ù GÎ ý òÌù úÎ �¦��ý ò�ù úÎ ¢â�) ò�ù GÎ � ò�ù GÎ �ül�7þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð �¦��óé{Æh'h Ü5ó�ã�{�°7ó�â�) ò�ù GÎ H%â�) ò�ù G¨ õ�õ��¦�8ò�ê�g�ëUë ó�â�) ò�ù GÎ �]â�) ò�ù G¨ õ�Ïø ò�ù G �U\Í�Ró�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â�) ò�ù GÎ �]â�) ò�ù G¨ õ
Rewriting with thefirst formulaof (7.2.1)yields:

(7.2.1.1) �
ø ò�ù G â�) ò�ù GÎ ý ò�ù úÎ �¦��ý ò�ù úÎ ¢â«) ò�ù GÎ � ò�ù GÎ �Mül�7þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o ø ò�ù G ¢â�) ò�ù GÎ � ð � þ-þRþ]Ï þ-þRþ
Now we have to regeneratethe literal �
ø ò�ù G ¢â�) ò�ù GÎ � ò�ù GÎ (which a tableauproof would still have
availablefrom (7)) by applicationof ó5§e¼8õ andthenclosethis subtreeby setting � to � ò�ù GÎ .
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Expansionof (LComm1) in (7.2.2), � -, Ð - andliberalizedð -stepsyield two tautologiesplus

(7.2.2.1) ��ý òÌù úÎ ¢â�) ò�ù G¨ ý òÌù ú �q��ý òÌù ú¨ ¢â�) ò�ù GÎ ý òÌù ú ��
ø ò�ù G â�) ò�ù G¨ ý ò�ù ú¨ �q��ý òÌù ú¨ ¢â�) òÌù G¨ � ò�ù G¨ �¦�
ø ò�ù G â�) ò�ù GÎ ý ò�ù úÎ �q�]ý ò�ù úÎ ¢â«) ò�ù GÎ � ò�ù GÎ �ül�:þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð �¦��óé{Æh'h Ü5ó�ã�{�°7ó�â�) òÌù GÎ Hèâ�) òÌù G¨ õ�õ��q�8ò�ê�g�ëUë ó�â�) òÌù GÎ �]â«) ò�ù G¨ õ�Ïø ò�ù G �U\ � ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â«) òÌù GÎ �Öâ�) ò�ù G¨ õ
Applying (7) asaninductionhypothesisaccordingto Theor.14.3with substitution÷5ø ò�ù G () ý òÌù úÎ �Í� ò�ù G¨ ()zý òÌù ú û
yieldsfour tautologiesand

(7.2.2.1.1) ��� ò ù GÎ ¢â�) ò�ù G¨ ý òÌù ú² �¦��ý ò�ù ú ¢â�) ò�ù GÎ ý òÌù ú² �¦��ý ò�ù úÎ ¢â�) ò�ù G¨ ý òÌù ú �¦��ý òÌù ú¨ ¢â�) ò�ù GÎ ý ò�ù ú ��
ø ò�ù G â�) ò�ù G¨ ý ò�ù ú¨ �q��ý òÌù ú¨ ¢â�) òÌù G¨ � ò�ù G¨ �¦�
ø ò�ù G â�) ò�ù GÎ ý ò�ù úÎ �q�]ý ò�ù úÎ ¢â«) ò�ù GÎ � ò�ù GÎ �ül�:þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð �¦��óé{Æh'h Ü5ó�ã�{�°7ó�â�) òÌù GÎ Hèâ�) òÌù G¨ õ�õ��q�8ò�ê�g�ëUë ó�â�) òÌù GÎ �]â«) ò�ù G¨ õ�Ïø ò�ù G �U\Í�Ró�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â«) òÌù GÎ �Öâ�) ò�ù G¨ õ
(7.2.2.1.2) ý ò�ù úÎ \r�5ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �Öâ�) òÌù GÎ �]â«) ò�ù G¨ õ�ø òÌù G � þRþRþ��¦�
ø ò�ù G â«) ò�ù GÎ ý òÌù úÎ � þRþ-þ
(7.2.2.1.3) ÿed�$Ýåé) f>geg�h�þij ü:ø�þÝd�ó øhõ©m ü:ø�þ ij d�ó�øhõo ��ü7ý&þ p d�ó�ý7õo ý�\ � ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â�) ò�ù GÎ �]â�) ò�ù G¨ õ øÔs uv uv �þ-þRþÖ�q��óé{�hôh ÜRówã�{�°fó�â«) ò�ù GÎ Hèâ�) ò�ù G¨ õ�õ�� þRþRþ
(7.2.2.1.4) ÿ&ø��Uý�$>åZþ p ø�\ � ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �Öâ�) ò�ù GÎ �]â�) ò�ù G¨ õ ý~ ø�\r�5ó�ý òÌù úÎ ��� ò�ù GÎ �Uý ò ù ú �]â�) ò�ù GÎ �]â�) ò�ù G¨ õ�ý s � þRþRþ
where(7.2.2.1.1)is presentedafterapplicationof a liberalized ð - andan � -step.Thesituationof
thefirst two linesof (7.2.2.1.1)(seenasanantecedent)canbedepictedasfollows:ø ò�ù G Î¨ ý òÌù úÎ Î ¢¨ ¢ � ò�ù GÎ¨ ¢ý ò�ù ú¨ Î ¢¨ ¢ ý òÌù ú Î ¢ ý ò�ù ú²

� ò�ù G¨
Applicationof (5) asa lemmayields(besidesa sequentthatcanbeclosedby lemmaapplication
of (6a))

(7.2.2.1.1.1)��ý òÌù ú¨ ¢â�) òÌù GÎ ý ò ù ú² �q��� ò�ù GÎ ¢â�) ò�ù G¨ ý ò�ù ú² �q�]ý ò�ù ú ¢â�) ò�ù GÎ ý ò�ù ú² �q�]ý ò�ù úÎ ¢â�) ò�ù G¨ ý ò�ù ú �q�]ý ò�ù ú¨ ¢â«) ò�ù GÎ ý ò�ù ú ��
ø ò�ù G â�) ò�ù G¨ ý ò�ù ú¨ �q��ý òÌù ú¨ ¢â�) òÌù G¨ � ò�ù G¨ �¦�
ø ò�ù G â�) ò�ù GÎ ý ò�ù úÎ �q�]ý ò�ù úÎ ¢â«) ò�ù GÎ � ò�ù GÎ �ül�:þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð �¦��óé{Æh'h Ü5ó�ã�{�°7ó�â�) òÌù GÎ Hèâ�) òÌù G¨ õ�õ��q�8ò�ê�g�ëUë ó�â�) òÌù GÎ �]â«) ò�ù G¨ õ�Ïø ò�ù G �U\ � ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â«) òÌù GÎ �Öâ�) ò�ù G¨ õ
Applying (7) asan inductionhypothesiswith substitution ÷5ø òÌù G ()zý ò ù ú¨ �r� ò ù GÎ ()zý òÌù ú² û yields four
tautologiesand
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(7.2.2.1.1.1.1)��� ò�ù GÎ ¢â�) ò�ù G¨ ý òÌù ú´ �q��� ò�ù G¨ ¢â�) ò�ù GÎ ý òÌù ú´ �¦��ý ò�ù ú² ¢â«) ò�ù G¨ ý òÌù ú´ ���ý ò ù ú¨ ¢â�) òÌù GÎ ý ò ù ú² �Í��� ò ù GÎ ¢â�) ò�ù G¨ ý ò�ù ú² � þRþ-þÖ�Mül�7þ ï � ò�ù GÎ ¢â�) ò�ù G¨ �o � ò�ù G¨ ¢â�) ò�ù GÎ � ð � þRþ-þ
(7.2.2.1.1.1.2)ý òÌù ú¨ \r�5ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â�) ò�ù GÎ �]â�) ò�ù G¨ õÅø ò�ù G � þRþ-þ]�Í��ø ò ù G â�) òÌù G¨ ý ò ù ú¨ �QþRþRþ
(7.2.2.1.1.1.3)ÿed�$Ýåé) f>geg�h�þij ü:ø�þÝd�ó øhõnm ü:ø�þ ij d�ó�øhõo ��ü7ý&þ p d�ó�ý1õo ý�\r�5ó�ø ò�ù G ��� ò�ù GÎ ��� ò�ù G¨ �]â«) òÌù GÎ �]â«) ò�ù G¨ õ�ø s uv uv �þ-þRþÖ�q��óé{�hôh ÜRówã�{�°7ó�â�) ò�ù GÎ Hèâ�) ò�ù G¨ õ�õ�� þRþ-þ
(7.2.2.1.1.1.4)ÿ&ø��UýY$Ýå�þ p øÌ\r�5ó�ø òÌù G ��� ò�ù GÎ ��� ò�ù G¨ �]â�) ò�ù GÎ �]â�) ò�ù G¨ õ�ý~ øÌ\ � ó�ý ò ù ú¨ �Uý ò ù ú² ��� ò�ù G¨ �]â«) ò�ù GÎ �]â�) ò�ù G¨ õ�ý s � þRþRþ
where(7.2.2.1.1.1.1)is presentedafterapplicationof a liberalizedð - andan � -step,whichcanbe
depictedas ø ò�ù G Î¨ ý ò ù úÎ Î ¢ � ò�ù GÎ¨ ¢ý òÌù ú¨ Î ¢¨ ¢ ý ò�ù ú²¨ ¢� ò�ù G¨ Î ¢ ý ò�ù ú´
andafter a lemmaapplicationof (5) (producinganothergoal closedby lemmaapplicationof
(6b)).

Now (7.2.2.1.1.1.1)canbeclosedaftersetting � to ý ò�ù ú´ in a � -step.Whenwe finally apply
the existential î -substitution ÷�\r�9() áªÕ Î �RþRþRþ���Õ ´ þ
ó�ã�{�°1ó?Õ ² H�Õ ´ õOõ û and áªÐ -reduce,we get the
following opengoals:

(7.2.2.1.2’) ã«{�°7ó�â�) ò�ù GÎ Hèâ�) ò�ù G¨ �Uý òÌù úÎ ��ø ò�ù G õ�� þRþRþÖ�q�
ø ò�ù G â«) ò�ù GÎ ý ò�ù úÎ � þRþRþ
(7.2.2.1[.1.1].3’) ÿed�$Ýå%) f}g g�h�þij ü:ø�þÝd�ó øhõ©m ü:ø�þ ij d�ó�øhõo ��ü7ý&þ p d�ó�ý7õo ã�{�°1ó�â�) ò�ù GÎ Héâ�) ò�ù G¨ �Uý«��øhõ[s uv uv �þ-þRþÖ�q��óé{�hôh ÜRówã�{�°7ó�â�) ò�ù GÎ Hèâ�) ò�ù G¨ õ�õ�� þRþ-þ
(7.2.2.1[.1.1].4’) ÿ&ø���ý�$Ýå�þ p ã«{�°7ó�â�) ò�ù GÎ Hèâ�) ò�ù G¨ ��ø���ý1õ~ ã«{�°7ó�â�) ò�ù GÎ Hèâ�) ò�ù G¨ ��ø���ý1õUs � þRþ-þ
(7.2.2.1.1.1.2’) ã�{�°7ó�â�) òÌù GÎ Héâ�) òÌù G¨ �Uý ò ù ú¨ ��ø ò�ù G õ��QþRþRþ��¦�
ø ò�ù G â�) ò�ù G¨ ý òÌù ú¨ � þRþ-þ
whichcanbeeasilyclosed.
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(2) Ä�ó ø ò�ù GÎ õ�ÏrZ¦� ó�ø ò�ù GÎ õ
(nat1) � � �@Ð�Uð|� Rewrite¢

(2.1) Ä
ó�È°õ�ÏÍZ � óOÈ°õ (2.2) Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�Ï.Z¦� ó?ÊRó ø ò�ù G¨ õ�õ
(P1) ó�Ä�¹�õ�� � �@Ð�@Ð

(2.2.1) Ä�ó ø ò�ù G¨ õ��Ä�ó?ÊRó�ø ò�ù G¨ õ�õ�ÏrZ¦� óOÊ-ó�ø ò�ù G¨ õ�õ (2.2.2) �¬ó�ø ò�ù G¨ ��ÊRó ø ò�ù G¨ õ�õ��¦�BÄ
ó�ø ò�ù G¨ õ��Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�ÏrZ¦� óOÊ-ó�ø ò�ù G¨ õ�õ
inductionhypothesisappl.ofó�Ä�·°õ<÷5ø òÌù GÎ ().ø ò�ù G¨ û inductionhypothesisapplicationofó2�.·°õ<÷8ý òÌù GÎ ().ø ò�ù G¨ �q� ò�ù GÎ ()ÔÊ-ó�ø ò�ù G¨ õ û

(2.2.1.1) Z � ó�ø ò�ù G¨ õ�\.Z � ó?ÊRó ø ò�ù G¨ õ�õ��Ä
ó�ø òÌù G¨ õ��Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�ÏrZ¦� ó?ÊRó ø ò�ù G¨ õ�õ (2.2.2.1) Z �² ó ø ò�ù G¨ ��ÊRó ø ò�ù G¨ õ�õ�\.Z � ó?ÊRó ø ò�ù G¨ õ�õ���¬ó�ø òÌù G¨ ��ÊRó ø ò�ù G¨ õ�õ��¦�BÄ
ó�ø ò�ù G¨ õ��Ä
óOÊ-ó�ø ò�ù G¨ õOõ�ÏrZ¦� óOÊ-ó�ø ò�ù G¨ õ�õ
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(3) �¬ó�ý òÌù GÎ ��� ò�ù GÎ õ�Ï.Z �² ó�ý ò ù GÎ ��� ò�ù GÎ õ
(nat1) � � ��Ð��rð±� Rewrite¢

(3.1) �¬ó�ý ò�ù GÎ ��È°õ�ÏZq�² ó�ý ò ù GÎ ��È°õ (3.2) ��ó�ý ò ù GÎ ��Ê-ó�� ò�ù G¨ õ�õ�ÏZ¦�² ó ý ò�ù GÎ �@Ê-ó2� ò�ù G¨ õ�õ
(Q1) ó��Í¹�õ�� � ��Ð���Ð

(3.2.1) �¬ó�ý òÌù GÎ ��� ò�ù G¨ õ���¬ó�ý òÌù GÎ ��Ê-ó�� ò�ù G¨ õ�õ�ÏZ �² ó�ý òÌù GÎ �wÊRó2� ò�ù G¨ õ�õ (3.2.2) Ä
ó�ý ò�ù GÎ õ��¦���¬ó�ý ò�ù GÎ ��� ò�ù G¨ õ���¬ó�ý ò�ù GÎ ��Ê-ó�� ò�ù G¨ õ�õ�ÏZ �² ó�ý òÌù GÎ ��Ê-ó�� ò�ù G¨ õ�õ
ind. hyp.appl.of (Q3) ÷Æ� ò�ù GÎ ()*� ò�ù G¨ û ind. hyp.appl.of (P3) ÷5ø òÌù GÎ ()zý ò ù GÎ û

(3.2.1.1) Z �² ó�ý ò�ù GÎ ��� ò�ù G¨ õ�\.Z �² ó�ý ò�ù GÎ ��Ê-ó�� ò�ù G¨ õ�õ���¬ó�ý òÌù GÎ �@� ò�ù G¨ õ���¬ó�ý òÌù GÎ �wÊRó2� ò�ù G¨ õ�õ�ÏZq�² ó�ý ò�ù GÎ �@ÊRóO� ò�ù G¨ õ�õ
(3.2.2.1) Z � ó�ý òÌù GÎ õ�\rZ �² ó�ý òÌù GÎ ��ÊRóO� ò�ù G¨ õ�õ��Ä
ó�ý òÌù GÎ õ��¦���¬ó�ý ò�ù GÎ ��� ò�ù G¨ õ���¬ó�ý òÌù GÎ ��Ê-ó�� ò�ù G¨ õ�õ�ÏZq�² ó�ý òÌù GÎ �wÊRó2� ò�ù G¨ õ�õ

(2.2)��ÿ&ø�þ���Ä
óOÊ-ó�ø�õ�õ�Ë � Ä
ó�ø�õ o �¬ó�ø��@ÊRó ø�õ�õ���� �Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�Ï.Z¦� ó?ÊRó ø ò�ù G¨ õ�õ
� � Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�Ë � Ä
ó�ø òÌù G¨ õ o ��ó ø ò�ù G¨ �@Ê-ó�ø ò�ù G¨ õ�õ��
� �Ä�ó?ÊRó ø ò�ù G¨ õ�õ�ÏÍZ � óOÊ-ó�ø ò�ù G¨ õ�õ

�BÄ�óOÊRó ø ò�ù G¨ õ�õ��Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�ÏÍZ � ó?ÊRó�ø òÌù G¨ õ�õ � Ä�ó ø ò�ù G¨ õ o ��ó�ø ò�ù G¨ ��Ê-ó�ø ò�ù G¨ õ�õ9� �Ä
óOÊ-ó�ø ò�ù G¨ õOõ�ÏrZ¦� ó?ÊRó ø ò�ù G¨ õ�õ
(2.2.1) (2.2.2)
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(2.2.2)���¬óOÓ � ��Õ � õ���¬ó�ø ò�ù G¨ ��ÊRó ø ò�ù G¨ õ�õ��¦�BÄ
ó�ø ò�ù G¨ õ��Ä
óOÊ-ó�ø ò�ù G¨ õ�õ�ÏrZ¦� óOÊ-ó�ø ò�ù G¨ õ�õ Z �² óOÓ � �wÕ � õ�\.Z � óOÊ-ó�ø ò�ù G¨ õ�õ���¬ó�ø ò�ù G¨ �wÊRó�ø ò�ù G¨ õ�õ��¦�BÄ
ó�ø ò�ù G¨ õ��Ä
óOÊ-ó�ø òÌù G¨ õ�õ�ÏrZ¦� ó-Ê-ó�ø ò�ù G¨ õ�õ
Zq� ó�ø ò�ù GÎ õ�BÄ�ó ø ò�ù GÎ õ

ø ò�ù GÎ &éÈ ø ò�ù GÎ &%Ê-ó�ø ò�ù G¨ õ�BÄ�ó2È�õ �BÄ
óOÊ-ó�ø ò�ù G¨ õ�õÄ
ó�È°õ Ä
ó�ø ò�ù G¨ õÄ
óOÊ-ó�ø ò�ù G¨ õ�õ �BÄ�ó ø ò�ù G¨ õ ����ó ø ò�ù G¨ �@Ê-ó�ø ò�ù G¨ õ�õ
Ä�ó ø ò�ù G¨ õ Zq� ó�ø ò�ù G¨ õµ\8Z � ó ø ò�ù GÎ õ �¬ó�ø ò�ù G¨ �wÊRó�ø ò�ù G¨ õ�õ Zq�² ó�ø òÌù G¨ �@ÊRó ø ò�ù G¨ õ�õµ\rZ � ó ø ò�ù GÎ õ

Zq� ó�ø ò�ù G¨ õµ\.Z¦� óOÊ-ó�ø ò�ù G¨ õ�õ Zq�² ó�ø òÌù G¨ �@ÊRó ø ò�ù G¨ õ�õµ\.Z¦� ó?ÊRó ø ò�ù G¨ õ�õ
ø ò�ù G¨ µ\.ÊRó ø ò�ù G¨ õ ø ò�ù G¨ µ\.ÊRó ø ò�ù G¨ õ

È $ ¯ÆÅ|xÊ $ ¯ÆÅ±x�) ¯ÆÅ|xx�y2z|{}�rÜOÅÝh Ê�{ $ f>geg�h§e�[ã�{�° $ óOåC)+å%) f>geg�h õn)�åé)�åC) f>geg�hä ¯>®æg�¯ $$óOåé)öå%) f>geg�h õn) óOåC)+å%) f>geg�h õn)�åé)�åC) f>geg�hê�g�ë[ë[�[ò�ê�g�ë[ë[$ ó?å%)+å%) f}g g�h õn) óOå%)+å%) f}g g h õ�) f>geg�hóé{Æh'h Ü $ óOå%)+å%) f}g g h õ�) f>geg�h
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20 Optimizations

Notethat(asfarasTheor.14.1andTheor.14.3areconcerned)thechoice-conditionsdo not have
any influenceon our proofswhenwe never instantiatestrongfreeuniversalvariablesandwhen,
in theliberalized ð -steps,we alwayschoosea completelynew strongfreeuniversalvariable ø ò�ù ú
thatdoesnotoccurelsewhere.Thus,thechoice-conditionsmaybeomittedin animplementation.
Wecould,however, usethemfor thefollowing purposes:

1. We couldusethechoice-conditionsin orderto weakenour requirementsfor our setof ax-
ioms �aÀ : Insteadof (weak) M � ö�Mhò -validity of �aÀ , ó î �rîBõ -strongvalidity of �aÀ (which
is logically weaker, cf. Lemma10.2)is sufficient for Theor.13.6.

2. Wecansimulatethebehavior of animprovedversionof the ðÆ÷ ! -ruleof Beckert&al. (1993)
by equatingdifferentstrongfreeuniversalvariableswhoseî -valuesareinitially equalor
havebecomelogically equivalentduringtheproof. Notethatthisdoesnotanymorerequire
a functionalandextensionalbehavior of choice-conditionsasin Wirth (1998). Therewe
hadto requirethat, for ó�ø ò�ù ú �Uô¶õ3A î , the valuefor ø ò�ù ú is not just an arbitraryonefrom
thesetof valuesthatmake ô valid, but a uniqueelementof this setgivenby somechoice-
function. In thepresentversion(dueto thechangednotionof strongvalidity) it is possible
to globally replacenot only a freeexistentialvariable,but alsoa strongfreeuniversalvari-
able ø òÌù ú with any termthat(if possible)makes î ó ø ò�ù ú õ true.

Expressedwith Hilbert’s ø -terms(asindicatedin Section9), our treatmentis similar to a
structuresharingversionof themerelyintensionaltreatmentof ø -termsin Giese& Ahrendt
(1999). Note that our choice-conditionseven do not imply a functional dependenceof�5ó?��õó?�fõ-ó�ý ò�ù ú õ from î ó�ý òÌù ú õ ; insteadthechoiceof a specialvalueis a stepin a proof similar
to theinstantiationof afreeexistentialvariable,andwedonothaveto committo thischoice
for otheroccurrencesof thesameø -term. Thismeansthatour choice-conditionswork like
theword“some” in thein theEnglishlanguage.E.g.,“Somehumanlovessomehuman”is
like ò�g�°|{ÖÊ-ó�ø ò�ù ú �Uý òÌù ú õ with î ó�ø ò�ù ú õ�&ÑùzÝë¦ÅÝ¯:ó�ø ò�ù ú õ and î ó�ý ò ù ú õ�&Ñù�zÝëqÅ�¯:ó�ý òÌù ú õ , or likeòÆg}°|{ÖÊ-ó?ø8ø�þ�ù�zÝëqÅ�¯:ó øhõ��nø8ø�þIùzÝë¦ÅÝ¯7ó øhõUõ
andfollows from ò�g�°|{ÖÊ-ó�ú|ÅÆÙÆÚ}��ú>®'h'h õ , ù�zÝëqÅ�¯:óOú|ÅÆÙÆÚ5õ , ùzÝë¦ÅÝ¯:ó�ú}®Shôh õ . Thereis moreon this
subjectin Wirth (2002).

3. Moreover, thechoice-conditionsmaybeusedto getmoreinterestingsolutions:
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Example20.1
Startingwith theemptyproof forestandhypothesizingÿ&ø�þ��¬ó�ø���øhõ�� ü7ýhþ� ����ó�ý«��ý7õ o �BÄ
ó�ý7õ�� � Ä�óO�>�<õ
with therulesat theendof Section2.3wecanproduceaproof treewith theleaves���¬ó�ý �Ö�Uý �Uõ����¬ó ø ò�ù ú �Oø ò�ù ú õ�� ü7ýhþ� ����ó�ý«��ý7õ o �BÄ
ó�ý7õ�� � Ä�óO�>�<õ
and �8Ä
ó�ý �Uõ����¬ó ø ò�ù ú �Oø ò�ù ú õ�� ü7ýhþ� ����ó�ý«��ý7õ o �BÄ
ó�ý7õ�� � Ä�óO�>�<õ
andthe V -choice-condition÷:ó�ø ò�ù ú �����¬ó�ø ò�ù ú ��ø òÌù ú õ�õ û .

Theexistential V -substitution ÷8ý � () ø ò�ù ú �Í� � () ø ò�ù ú û closestheproof treevia anInstantiation
step.Thesolution ø ò�ù ú for ourqueryvariable�>� is notvery interestingunlessthechoice-condition
tellsusto chooseø ò�ù ú in suchaway that ��ó ø ò�ù ú ��ø ò�ù ú õ becomesfalse.

Note that if we hadappliedthe ð -rule insteadof the liberalized ð -rule in the above proof,
i.e. if we hadintroducedø ò�ù G insteadof ø ò�ù ú , thenwe would not only be unableto provide any
informationonourqueryvariable(becausethechoice-conditionis empty),but wewouldevenbe
unableto finish our proof becausedueto thenew variable-conditionî�&ã÷:óO�>�]��ø òÌù G õ û wecannot
apply ÷8ý � () ø ò�ù G �Í� � () ø ò�ù G�û anymore,becauseit is not anexistential î -substitution.With the
(weak) ð -rule,all wecanshow insteadis ÿ&ø�þ���ó ø���øhõ�� ü7ýhþ � ����ó�ý��Oý1õ o �8Ä
ó�ý7õ �>��ül�7þ�Ä�óO�°õ
Thus,it is obviousthattheliberalized ð -rule is not only superior

5Á
to the(non-liberalized)ð -rule

w.r.t. theoremproving but alsow.r.t. computationof answersandsolutions.Nevertheless,when
interestedonly in proving theoremsnot containingstrongfree universalvariables,the choice-
conditionsdonot produceany overheadbecausethey cansimplybeomitted;therebyleaving the
strongfreeuniversalvariablesunspecifiedjust like theSkolemfunctionsin Skolemizingdeduc-
tion.

The only overheadcomparedto the standardframework of Skolemizationseemsto be that we
haveto computetransitiveclosureswhencheckingwhetherasubstitution# is reallyanexistentialî -substitutionandwhencomputingthe # -updateof î . But we actuallydo not have to compute
thetransitiveclosureat all, becausetheonly essentialthing is thecircularity-checkwhich canbe
doneon agraphgeneratingthetransitiveclosures.Thischeckingis in theworstcaselinearinû î û�üÔý}þ � û ÿ þ û�ü+û � þ û �
andis expectedto performat leastaswell asan optimally integratedversion(i.e. onewithout
conversionof term-representation)of the linear unification algorithm of Paterson& Wegman
(1978)in thestandardframework of Skolemizationandunification.(Of course,thecheckingfor
existential î -substitutionscanalsobeimplementedwith any otherunificationalgorithm.)
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20.1 Variable-Condition versusFreeUniversal Variables

Not really computingthetransitive closureenablesanotherrefinementthatallows usto go even
beyondthefascinatingstrongSkolemizationof Nonnengart(1996).Thebasicideaof Nonnengart
(1996)canbetranslatedinto our framework in thefollowing simplifiedway.

Instead of proving ÿ&ø�þ�ó�ô¦	XEõ it may be advantageousto prove the strongerÿ&ø�þ^ô*	vÿ&ø�þ«X , becauseafterapplicationsof � - andliberalized ð -rulesto ÿ&ø�þ^ô�	qÿ&ø�þ«X , re-
sulting in ô¬÷5ø�().ø ò�ù ú� û �rX ÷5ø�().ø ò�ù ú� û , the variable-conditionsintroducedfor ø ò�ù ú� and ø ò�ù ú� may
be smaller than the variable-conditionintroducedfor ý ò�ù ú after applying theserules to ÿ&ø�þó�ô_	�X õ�� resultingin ô¬÷5ø�()zý òÌù úOû �ÍX ÷5ø�()zý ò�ù úcû � i.e. ñ����	�
��ó�ô@õ and ñ�������<ó�X õ may be proper sub-
setsof ñ�����
�ó�ô���X õ . Thereforetheproofof ÿ&ø�þ&ôÔ	¦ÿ&ø�þ«X maybesimplerthantheproofof ÿ&ø�þó�ô_	�X õþ Theniceaspectof strongSkolemizationroughlytranslatedintoourframework is thatthe
intermediatelysized ñ�������<ó�ô@õ�öq÷5ø ò�ù ú� û H ñ����	�
�ó�ô���X õ�öv÷5ø ò�ù ú� û is addedto thevariable-condition,
but only asingleSkolemfunction � is introducedwith ø òÌù ú� representedas ��ó�ô ï ���Sõ and ø ò�ù ú� repre-
sentedas ��ó�ô ï ��X ï N ô ï õ where� aresomenew freeexistentialvariables, ô ï $'& M ��� î_¢���ñ����	�
�ó�ô@õ����
and X ï $S& M ��� î_¢���ñ�����
��ó�X õ��þ Thus, ø ò�ù ú� still becomesdependenton the free variablesof the
whole disjunction,so that—dueto this asymmetry

5Â
—it may make an importantdifferenceto

prove ÿ&ø�þ
ó�ô_	�X õ or ÿ&ø�þ�ó�XÉ	�ô¶õ .
Now, if we do not really compute the transitive closuresin our strong version, we

can prove ô�÷5ø�().ø ò�ù ú� û �ÍX ÷5ø�().ø ò�ù ú� û in parallel and may later decideto prove the strongerô¬÷5ø�()zý ò ù ú û �qX ÷5ø�()zý ò ù ú û instead,simply by merging thenodesfor ø ò�ù ú� and ø òÌù ú� andsubstitutingø ò�ù ú� and ø ò�ù ú� with ý ò ù ú . Of course,we have to pay thepriceof checkingwhetherall substitutions
arestill existential î -substitutions.

Finally notethatthesameconflict andsolutionapplytoÿ&ø�þ�ó�ô o X õ vs. ÿ&ø�þ&ô o ÿ&ø�þ«X ,
althoughtheseformulasare logically equivalent: The latter in generalproducessmallervari-
able-conditions(unlessñ�����
�ó�ô@õ�&Sñ����	�
��óOX õ ) but the former lessfreeuniversalvariables(Skolem
functions)andeachof thetwo mayreducetheproof size.

20.2 Impr oving Multiple � -Rule Applications

Anotheroptimization,inspiredby theideasof Section7 of Giese(1998)andAppendixB of Wirth
(1997),improvesthebehavior of multiple � -rule applicationsto thesameformula. It requiresa
new kind of freeexistentialvariableswhicharenotusedfor directinstantiationbut asgenerators
for the usualkind of free existential variables. In the tableaucommunitythesevariablesare
sometimescalled “universal” (cf. e.g. Beckert & Hähnle(1998)), but they have nothing to do
with our freeuniversalvariableshere. Thus,we call themgeneratorvariablesanddenotethem
with ø � ù � and M � ù � , &c.. Insteadof the � -rulesay� ü:ø�þ^ô �ô¬÷5ø�().ø � û � ü:ø�þ^ô �
wetakea rule like � ü:ø�þ^ô �ô¬÷5ø�().ø«� ù � û � �
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where ü:ø�þ^ô is removedand ø«� ù � is a new generatorvariable.Other � -rulesarechangedanal-
ogously. � -rulesarenot changedandthe Ð -rulesat theendof Section2.3 arerestrictedin their
applicability by the restrictionof ñ � ù �mó�ô@õ � ñ � ù �mó�XEõl&èVl� which (togetherwith the condition
thatgeneratorvariablesdonotoccurin rootsequentsof Hypothesizingstepsandsubstitutionsof
Instantiationsteps)guaranteesthatfor eachgeneratorvariablethereis alwaysasinglebranchin a
treethatcontainsall occurrencesof thisgeneratorvariable.To enableblocked Ð -ruleapplications
andfor Instantiation,we needageneration rule like� ô �ô�÷5ø � ù � () ø � û � ô �
The ð -rulesat the endof Section2.3 eitherget restrictedby ñ � ù �mó�ô¶õl&èV or otherwisewe can
proceedin the following lesssimple but more powerful way: We must treat generatorvari-
ableslike freeexistentialvariablesandthegenerationrule mustreplaceeachstrong(weakones
analogously)free universal variable ý ò ù ú from ñ�ò�ù ú�ó�ô@õ � � ÷5ø«� ù � û ��î ! in ô¬÷5ø«� ù � ().ø«� û with a
new one,say ý ò ù ú� , andadd to the variable-conditionî a copy of the graphof � ÷5ø«� ù � û ��î_¢ withø«� insteadof ø«� ù � and ý òÌù ú� insteadof ý òÌù ú &c., and add to the choice-condition� something
like ó�ý ò ù ú� �8ó�� ó�ý òÌù ú õ�õ<÷5ø«� ù � () ø«�]�Ký ò ù ú () ý òÌù ú� � þRþRþ û õ . The nice treatmentin Section7 of Giese(1998)
makes the reasonfor this seeminglycomplicatedprocedureobvious by meansof Hilbert’s ø -
terms.

Thecrucialstepin orderto includethis into our framework hereis to changethenotionofó-�l���>���Jõ -validity suchthata generatorvariableø«� ù � is treatedlike a freeexistentialvariablewith
theexceptionthat its valuemayalsobe chosenfrom the valuesof the freeexistentialvariables
thathave beengeneratedfrom it; i.e. a valueof ø«� ù � establishingthe validity mustexist among�5óO�8õ-ó-�^õ-ó ø«� ù � õ andthe �5ó��8õRó-�^õó�ø«�<õ for thefreeexistentialvariablesø«� generatedfrom ø«� ù � . Without
this, thegenerationrulewouldnot preservesolutions.

Now, if the ô in the � -rule is a literal or a blocked Ð -formula, thenthe new � -rule plus �
generationstepshave the effect of � applicationsof the old � -rule andno improvementtakes
place.Otherwise,however, severalinferencerulesmaybeappliedafterthenew � -rule,andwhen
we suddenlydiscover that we needsay Ä�ó ø«� ù � õ twice, thenwe canapply two generationsteps
insteadof repeatingthewholesubtreeup to the � -ruleapplication.

All in all, we have to admitthatthepossibilitiesto improvemultiple � -rule applicationsare
poorin sequentandtableaucalculi. In amatrixrepresentationlikein Wallen(1990),however, it is
possibleto dynamicallyincreasethemultiplicity andto let all existentialvariablesbegenerating,
no matterwhetherall occurrencesof eachvariableare on the samebranchor not. Thus, an
implementationshouldusematrix calculi insteadof the presentationallysimpler sequentand
tableaucalculi usedin this paperbecausethenthe Ð - and ð -rulesdo not suffer from the severe
restrictionsexplainedabove.
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21 Conclusion

After introducingthe requiredinterdisciplinarybackground,we have presenteda combination
of the following featuresin deductive theoremproving: raising, explicit variabledependency
representation,preservationof solutions,andtheliberalized ð -rule. To our knowledge

! 
we have

presentedon theonehandthefirst soundcombinationof explicit variabledependency represen-
tation andthe liberalized ð -rule. And on the otherhandthe first framework for preservation of
solutionsin full first-orderlogic. Thedifficultiesdescribedin Section8 with thecombinationof
thepreservationof solutionsandtheliberalized ð -rule revealunexpecteddetailson thenatureof
theliberalizedð -rule.

Theoriginalmotivationfor ourwork, however, wasnot to combinetheseseeminglycontrary
features,but to provide thefoundationfor ITP, wherethepreservationof solutionsis indispens-
ablefor thepossibilityto modeldescenteinfinie.

In thepresentversion,lemmaapplicationandinductionhypothesisapplicationareincluded
for the first time in all calculi: Wirth (1999) includedonly hypothesisapplicationfor the weak
versionof thecalculi of Wirth (1998). For thestrongversionwe surprisinglyhadto changethe
notion of strongvalidity in orderto make lemmaor inductionhypothesisapplicationpossible.
With thisexceptionandbesideslotsof minor improvements,thecalculiof thispaperaretheones
of thestrongversionof Wirth (1998),althoughwe have omittedtheword “strong” in thenames
of thenotionswhereverwedid notpresentany weakversionin this paper.

We have shown how to integratedescenteinfinie into state-of-the-artclassicalsequentand
tableaucalculi. The following aspectsare novel comparedto the concreteinduction calculus
of Wirth (1997): The tableaupresentation,the possibility to usesequentsof full first-orderand
higher-orderformulasinsteadof literalsonly, andtheimportantadditionof freeexistentialvari-
ables,i.e. the“dummies”of Prawitz(1960),makingthemajordifferencebetweenthe freevari-
ablecalculi of Fitting(1996)andthe calculi of Smullyan(1968). Contraryto Baaz&al. (1997)
we really integratedescenteinfinie: Whenwe startan inductive proof we do not restricttheap-
plicableinductionhypotheses.Wecandomutualinductionandinventcompletelynew induction
hypotheses,whichcanbesequentsinsteadof literalsonly. Moreover, wecanalsogenerateinduc-
tion hypotheseseagerlyin thestyleof explicit induction,which enablesgoal-directednessw.r.t.
inductionhypotheses.Finally, we canhave variableinductionorderings.Thus,our calculi are
much“f atter” thanthe“lean” calculusof Baaz&al. (1997)whereall this is notpossible.Further-
more,in Section17weexemplifiedthatalthoughtableaucalculimaysaverepetitionof formulas,
sequentcalculi havesubstantialadvantages.

We hopethat our examplesillustratethat our modelingof descenteinfinie in sequentand
tableaucalculi canmeetour designgoalsof Section2.1 and is of practicalrelevance. A more
convincing examplethatshows thefeaturesin their combinedpower requiresanimplementation
with agraphicaluserinterfacefor developmentaswell asfor presentation.
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Principleof DependentChoicethatwasveryhelpful to meandUlrich Kühlerfor his fascinating
XQUODL IBET system.
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A Additional Lemmas

Thefollowing lemma—roughlyspeaking—onlysaysthat theSubstitution-Lemmacanbe lifted
to existentialvaluationsasexpected.

Lemma A.1 Let î bea variable-conditionand # an î -substitution.

1. Let î ï bea variable-conditionwith î9E�î ï þ Now:
Each existential ó?���rî ï õ -valuationis alsoan existential ó?���rîBõ -valuation.

2. Let î ï the # -updateof î . For each existential ó?���rî ï õ -valuation � ï thereis someexistentialó?���rîBõ -valuation � s.t." # & " # � ��ó%$ �'&)(+*-,/. þ 0�132 ÞÉH � þ/4 $ � õ H ÿ þ/4 $ �
andfor all ð9A�Mhò�)+� :�5óO�8õRó�ðmõ & ó%$ ��&)(+*-,5. þ 0�162 ÞÉH7$ � 1 # õ
�Ô�����}�DóO�����Ró�� ï õó�ðmõI�vðmõ�þ

3. Let ó��Bï-�UîMï õ theextended# -updateof ó��U�rîBõ . For eachexistential óO���rîMï¡õ -valuation �-ï and
each � ï that is ó�� ï ���Jõ -compatiblewith ó�� ï �rî ï õ , there is someexistential óO���UîBõ -valuation� s.t. " # & ó " 8 � H9$ ò%: ; 132 Þ^õÌ�Íó " # � �¬ó<$ � &)(+*-,=. þ 0�1>2 ÞÉH � þ/4 $ � õnH ÿ þ54 $ � õ
andfor all ð9A�Mhò�)+� , when� abbreviates$ ò	: ; 1 ð :�5ó��8õ-ó�ðmõ & ó<$ � &)(+*-,=. þ 0�1>2 Þ9H?$ � 1 #�õ��Ô�����}�DóO�����5óO� ï õ-óO�5ó?� ï õ-ó-�^õ����fõÇ�Ì�5ó?� ï õ-ó-�^õI�Ì�fõ ,
Notethat î*H " # H ó�î ï H " # � H " 8 � õw! 4 $ ò is wellfoundedhere.

For dealingwith quasi-existential î -substitutionssemantically, we needthefollowing technical
sub-lemmato Lemma11.2(5)andLemma12.3(5),whichwasremovedfrom theendof Section7.
Notethat,consideringthosevariablesthatareconstrainedby thechoice-condition� andreplaced
by thesubstitution# , on theonehand,theset @ containsthevariableswhosereplacementsare
supportedby the lemmas ��@A��BDC7ù þ (cf. Definition9.4). On the otherhand,the set P contains
the variablesthat arenot supportedby suchlemmas,plus all the variablesthat areconstrained
by � andsuffer from thismissingsupportin thesensethatthey dependon thesevariablesvia the
variable-conditionî .

Lemma A.2 Let � be an î -choice-condition, � a ¤ -structure, # a quasi-existential î -
substitution. Let ó�� ï �rî ï õ be the extended# -updateof ó��U�rîBõ . Assumethat we have @ andP with @ E Þlß}à{ó��=õ � Þlß>à{óO#�õ×EE@ �ÌP , PºE�Þlß>àvó���õ N @ , Þlß}à{ó��=õ � �2PF��î ! E P .
Now, for anyexistential ó?���rî ï õ -valuation � ï andany � ï that is óO� ï ���Jõ -compatiblewith ó�� ï �rî ï õ
s.t. �)@A��BGC7ù þ is strongly ó?� ï ��� ï ���Jõ -valid, there are an existential óO���rîBõ -valuation � anda � that
is ó��>�@�Jõ -compatiblewith ó��R�rîBõ for which thefollowingholds:

1. For anytermor formula X (possiblycontainingsomeunboundvariablesfroma set H EMJI *-K+L+( ) with P � ñBóOX õq&ÛV , andfor any ��A¶MhòÌù G�)�� and M ANH )�� , whenwesetð ï $'&��5ó?� ï õ-ó-�^õI�Ì� and ð9$S&b�5ó?��õó?�fõI�Ì� :�����}�DóO�����5óO�-ï õ-ó�ð8ï¡õI�{ð8ï��OM
õó�X�# õ�&b�����}�DóO�����5óO�8õRó�ðmõI�vðB�7M�õ-ó�XEõ .
2. For anysetof sequentsP with P � ñBó�P=õ�&bV :PU# is strongly ó?� ï ��� ï ���Jõ -valid iff P is strongly ó?�����>�@�Jõ -valid.
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B Proofs

Proof of Lemma3.1
Sinceî ! is clearlytransitive,it sufficesto show thatit is wellfounded,becausethenit is irreflex-
ive. Thus,supposethat thereis someclassô with ÿ�krA=ô�þ�ülk�ï|A�ô=þ«k�ï¡î ! kfþ We have to show
that ô is empty. Set X $'& ÷RQ û ülkÍA�ô=þ«kÖî ¢ Q û .
Claim1: For any QqACX , thereis someQ ï ACX with Q ï îSQ .
Proofof Claim1: By definitionof X andthepropertyof ô , thereis somekYAwô with kÖî ! Q . Thus,
thereis someQUï with kÖî ¢ QUï îSQ . Q.e.d.(Claim1)
By Claim 1 andtheassumptionthat î is wellfounded,weget ô�E�Xc&%V1þ

Q.e.d.(Lemma3.1)

Proof of Lemma4.5

4.2 m 4.4: Let \ beanorderingwith ÿ�krAEô=þ&ülk ï A=ô�þ³kFTÃk ï . Set î $'&UT � ó�ô ö�ô@õ . NowÞlß}à{ó�îBõ�& ôWVYX��[Z�ó�îBõ . Assume ô µ&%V . By thePrincipleof DependentChoice,î
is not terminating.ThiscontradictsVersion1 andVersion2 of thePrincipleof DescenteInfinie.

4.4 m 4.2: Let î be a binary relationwith X��[Z ó�îBõ�EÍÞlß>àvó�îBõ©µ&éV1þ We aregoing to show thatî is not terminating.

Set ôÃ$S& \ k ü]�ÉA_^Qþ p kY$1÷�` �RþRþRþ��+� û )öÞlß>àvó�îBõo ÿ�£baF��þ«kdc�î_kec ÷ ¨ s f þ
Define ^ on ô by kAgLk ï if p Þlß>àvó�k[õBE�Þlß>àvóOk°ï õo ÿ�£ªA�Þlß}àwóOk:õ<þ³kec�&%k ïc s þ Let \ betheorderingof ^ .

Claim1: ÿ�kÍA=ô=þ&ülk ï A=ô=þ³khT*k ï þ
Proofof Claim1: For kK$1÷�`��RþRþRþ��+� û )�Þlß>àvó�îBõ we have to show the existence of somek ï $1÷�`��Rþ-þRþ����n�+� ü ¼ û )+Þlß>àvó�îBõ with kiT�k ï þ Whenwe set k ïc $S& kec for £bjF� then(duetokek8A[Þlß>àvó�îBõ ) thereexistsan k ïk ÷ ¨ with kekMî�k ïk ÷ ¨ � andthen k ïk ÷ ¨ A_X@�[Z�ó�îBõ�EÍÞ�ß>àwó�îBõ�þ

Q.e.d.(Claim1)
Since Þlß>à{ó�îBõ�µ&èV we have ô µ&%V1þ Thus,by Claim1 and the Principleof DescenteInfinie
(Version1) thereis somenon-terminatingsequenceó�kec�õ c	lnm in T andweset �`$'&oX@�[Z óOk:õ or (Ver-
sion2) thereis some�WE©ô totally orderedby \ thathasno \ -minimal element.But then pq�
is anon-terminatingsequencein î .

4.4(Version1) m 4.3: If \ is notwellfounded,thenthereis somenon-emptyclassô with ÿ�kÍA=ô�þülk�ï�A�ô=þ³kbTrk�ï . Thus,by thePrincipleof DescenteInfinie, T � ó�ô öCô@õ is
not terminating,which impliesthat T is not terminating.

4.3 m 4.4(Version1): Let \ beanordering.Then \ � ó�ôVöCô¶õ is anordering,too. Thus,if T �ó�ôVöHô@õ is terminating,by thePrincipleof Wellfoundedness,\ � ó�ô ö�ô@õ
is a wellfoundedordering.In caseof ÿ�kÍA�ô=þ&ülk�ïÆA=ô=þ³kbTrk�ï , this meansthat ô mustbeempty.

Q.e.d.(Lemma4.5)
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Proof of Lemma9.3

Set � $'& ó�î½H " # õ�! and

" 8 $'&�� � ó?MhòÌù Guö�M&ò�ù ú õ . As � is anexistential óO���rîBõ -valuation, � is a
wellfoundedordering.With thehelpof a choicefunctionandby inductionon ý ò ù ú A�MhòÌù ú in � we
candefine�Có�ý òÌù ú õBA ó " 8 � ÷8ý òÌù ú û �©)ö�Jõn)+� in thefollowing way:
Let ��A " 8 � ÷8ý òÌù ú û �©)�� . In caseof ý òÌù ú A
MhòÌù ú N Þ�ß>àvó���õ wechooseanarbitraryvaluefor �Có�ý ò ù ú õ-ó?�fõ
fromtheuniverseof � (of theappropriatetype).Notethatuniversesareassumedto benon-empty,
cf. Section3.2.
In caseof ý ò ù ú AçÞlß>àvó��=õ , we have the following situation: � ó�ý òÌù ú õ�& áªÕ Î þ�þ-þRþ�áªÕsrut ¨ þ³X ,X is a formulawhoseunboundvariablesfrom MJI *-K�L+( areamong ÷|Õ Î �RþRþ-þÖ��Õ�rvt ¨ û E`MJI *-K�L+( and
where,for Õ Î $ � Î , . . . , Õsrut ¨ $ � rut ¨ , we have ý ò�ù ú $ � Î ) þRþ-þ}) � rut ¨ ) � r for sometype � r , and
any occurrenceof ý ò�ù ú in X is of the form ý ò ù ú óOÕ Î õxwywywRó?Õsrut ¨ õ . In this case,we let �Có�ý ò ù ú õ-ó?�fõ
be the function � that for M+A�÷|Õ Î �-þRþRþÖ�@Õsrut ¨ û )+� choosesa value from universeof � for��ó
MHóOÕ Î õ�õxwywyw-ó�MHóOÕ�rut ¨ õ�õ suchthat, if possible,X is ó��Ró?��õó?�[�Ì� ï õ��è�[�Ì� ï �9M����>�@�Jõ -valid for an
arbitrary � ï A ó?MhòÌù G N Þlß>à{ó?�fõ�õn)ö� . Note that this definition of ��ó
MHóOÕ Î õ�õxwywywRó�MHóOÕ�rvt ¨ õ�õ doesnot
dependon thevaluesof ��ó
M ï óOÕ Î õ�õxwywyw-ó�M ï ó?Õsrut ¨ õOõ for a different M ï A ÷|Õ Î �-þRþRþ���Õsrut ¨ û )�� because
any occurrenceof ý ò ù ú in X is of theform ý òÌù ú ó?Õ Î õxwywyw-óOÕ�rut ¨ õ .
Claim1: For � ò A
M&ò with � ò �xý òÌù ú , óO�5ó?��õó?���Ì�:ï õI�Ì�����:ï õ-óO� ò õ dependsonly � , �CóO� ò õ , and � ò .
Claim2: For ø«�¦ACM � with �>��xý òÌù ú �_�5ó��8õ-ó��5ó-��õ-ó-�[�Ì� ï õI�����Ì� ï õ-ó�ø«�<õ dependsonly � , zb{ |�} ò<: ~
��� 1 �
and �Öó�ø«�<õ .
Claim3: Thedefinitionof �Có�ý ò ù ú õó?�^õ dependsonly on such�CóOÕ òÌù ú õ with Õ ò�ù ú �xý ò ù ú þ
Claim4: Thedefinitionof �Có�ý ò ù ú õó?�^õ doesnot dependon � ï .
Proofof Claim1: For � ò A M&ò�ù G we have ó��5ó-��õ-ó-����� ï õI�Ì�[�Ì� ï õ-ó�� ò õº& � ó�� ò õ due to� ò A " 8 � ÷8ý òÌù ú û �þ Moreover, for � ò A MhòÌù ú , we have

" 8 � ÷Æ� ò û �`E " 8 � ÷8ý òÌù ú û ��� and thereforeóO�5ó?��õó?�[�Ì� ï õI������� ï õó�� ò õ = ��ó�� ò õó��6� { |)� ò ��� 1 ó?����� ï õ�õ = ��ó�� ò õó��6� { |)� ò ��� 1 �&õ . Q.e.d.(Claim1)

Proofof Claim2: As

" # � ÷5ø«� û � E �_� ÷8ý òÌù ú û ��� and �5óO�8õRó��Ró?��õó?�[�Ì� ï õI������� ï õ-ó ø«�<õ =�Öó ø«�rõ-ó �6� { |�� � ��� 1 ó��Ró?��õó?����� ï õI�Ì����� ï õ�õ this follows from Claim1. Q.e.d.(Claim2)

Proofof Claim3 and4: Since � is an î -choice-condition,we have �%�$ý ò ù ú for all ��Añ�������<ó�� ó�ý òÌù ú õ�õ N ÷8ý ò ù ú û . Thus,this follows from Claim1 andClaim2. Q.e.d.(Claim3, 4)

Now � is well-definedby Claim3 and Claim4 and obviously semantical. Thus, item1 of
Definition9.2 is satisfiedbecauseó�îÔH " # H " 8 õ ! = � is a wellfoundedordering. For show-
ing item2, let � A Mhò�ù G3)�� , ý ò�ù ú A Þlß>à{ó���õ , and � ó�ý òÌù ú õc& áªÕ Î þ¬þRþRþ�á³Õ�rvt ¨ þ³X , and as-
sumeto the contrary that, for some �çA ÷8ý ò ù ú û )�� and M A ÷|Õ Î �RþRþ-þÖ��Õ�rvt ¨ û )+� , X isó $ ò%: ~ & |�} ò�: ~<� 1 ó��5ó-��õ-ó-�^õUõ����K�è����M����>���Jõ -valid, but not ó��5ó-��õ-ó-�^õ×�è����M����>���Jõ -valid. This con-
tradictsthedefinitionof ��ó�ý ò�ù ú õ-ó �6� { |�} ò
: ~%��� 1 �fõ from abovedueto Claim4. Q.e.d.(Lemma9.3)
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Proof of Lemma9.6
Herewedenoteconcatenation(product)of relations‘ � ’ simplyby juxtapositionandassumeit to
havehigherpriority thanany otherbinaryoperator. î ïS! is awellfoundedorderingsimplybecauseî ï is the # -updateof î and # is an î -substitution.Now it sufficesto show the following two
claimsfor anarbitrary ý ò ù ú A�Þlß}à{ó�� ï õ :
Claim1: For all � ò Awñ�òmó�� ï ó�ý òÌù ú õ�õ N ÷8ý òÌù ú û : � ò î ï"! ý òÌù ú þ
Claim2: For all Ó � Awñ � ó��@ï�ó�ý ò�ù ú õ�õ : Ó � îMï ! ý òÌù ú .
Proofof Claim1: Let � ò A ñ�ò�ó�� ï ó�ý òÌù ú õ�õ N ÷8ý ò ù ú û . By the definition of � ï this means� ò A�ñ�òmó�� ó�ý ò ù ú õ�õ N ÷8ý òÌù ú û or there is some ÓºA ñBó��Vó�ý òÌù ú õ�õ with � ò ÿ þ Ó]þ Since � is an î -
choice-condition,we have � ò î ! ý ò ù ú or � ò ÿ þ Ó{î ¢ ý ò�ù ú . As îMï is the # -updateof î , we haveî½H ÿ þ E·îMï . -� Thus � ò îMï !°ý ò ù ú þ Q.e.d.(Claim1)
Proofof Claim2: Let Ó � A¨ñ � ó��Bï ó�ý òÌù ú õ�õ . By the definition of �@ï thereis some Õ�A ñBó��Vó�ý òÌù ú õ�õ
with Ó«�Vó%$ �+&)(�*-,5. þ 0�1>2 ÞUH � þ õ¦Õ . Since � is an î -choice-condition,we have ÕAî_¢¬ý ò ù ú , i.e.Ó«�Bó $ �+&)(�*-,=. þ 0 132 Þ[H � þ õ�î_¢Zý òÌù ú . As î ï is the # -updateof î , we have ó $ �+&)(+*-,5. þ 0 162 ÞUH � þ õOî_¢YEó�îÔH � þ õ ¢ E·îMï ¢ .-� Thus Ó � îMï ! ý ò ù ú þ Q.e.d.(Claim2) Q.e.d.(Lemma9.6)

Proof of Lemma10.2
As P is M � ö�Mhò -valid in � , thereis someexistential óO���wM � ö�Mhò�õ -valuation� s.t. P is óO�>���Jõ -valid.
Claim1: � is anexistential ó?���rîBõ -valuation.
Proofof Claim1: As � is an existential óO���wM � ö�Mhò-õ -valuation,

" # � ó?M � ö�M&òõ is irreflexive. This
means

" # &èVl� i.e. ó�î½H " # õw!�&�î ! þ As � is an î -choice-condition,î ! is a wellfounded
ordering.Thismeansthat ó�î½H " # õ�! is awellfoundedordering,aswasto beshown.

Q.e.d.(Claim1)
By Claim1, P is immediately î -valid. Moreover, by Claim1 andLemma9.3, thereis some�
thatis ó��>�@�Jõ -compatiblewith ó��U�UîBõ . As P is óO�>���Jõ -valid, P is also óO�5ó?��õ-ó?�fõl���l���>�@�Jõ -valid for
all �ÌA�MhòÌù GY)�� . Then,as � is ó��>���Jõ -compatiblewith ó��R�rîBõ , P is ó��R�rîBõ -strongly óO�>���Jõ -valid.
Then,by Claim1, P is ó��R�rîBõ -stronglyvalid in � . Q.e.d.(Lemma10.2)

Proof of Lemma10.3

As P is ó��R�rîBõ -stronglyvalid in � , therearesomeexistential óO���rîBõ -valuation� andsome� s.t.� is óO�>���Jõ -compatiblewith ó��R�rîBõ and P is strongly ó?�©���>���Jõ -valid.

Set

" # � $S& ó%$ ò	: ; 1>2 ÞUH " 8 õI� " # 4 $ � & �%� L�.�� 0 H " 8 ����þ We define � ï via:
For ø � A
M ��N X@�[Z�ó
�5õ : For �ÌA " # � � ÷5ø � û �n)�� :�-ï�ó�ø � õó?�^õB$'&��Öó�ø � õó�� � { |�� � ��� 1 ó��5ó-��õ-ó-�[�Ì�7ï õI�������7ï õ�õ
where� ï A ó?MhòÌù G N Þlß>àvó?�fõ�õn)�� . Notethatthis right-handsideis okaybecauseÞlß>àvó?�fõ.E�M&ò�ù G�Ï
indeed,dueto ø«��µA_X@�[Z�ó
�5õ , we have

" # � � ÷5ø«� û �É&aó-Mhò�ù G � " # � ÷5ø«� û �Uõ�H¿ó " 8 � " # õ�� ÷5ø«� û �KE M&ò�ù G�þ
Furthermore,note that this right-handsidedoesnot dependon � ï because Mhò�ù G � " # � ÷5ø«� û �
E" # � � ÷5ø«� û �8&�Þ�ß>àwó-�^õ�� andfor ý ò ù ú A " # � ÷5ø«� û � , we have

" 8 � ÷8ý ò ù ú û �qE ó " 8 � " # õ�� ÷5ø«� û �qE " # � � ÷5ø«� û �
andtherefore �5ó?��õ-ó?����� ï õó�ý òÌù ú õ�& �Có�ý ò ù ú õó � ��{ |�} ò
: ~<��� 1 ó?�[�Ì� ï õ�õ�& �Có�ý òÌù ú õ�ó � �y{ |�} ò�: ~
��� 1 �&õ�þ
For ø«�.AFX��[Z ó��5õ : For �ÌA " # � � ÷5ø«� û �©)+� :� ï ó ø � õ-ó-�^õB$S& �Có�� t ¨ ó�ø � õ�õ-ó?�fõ�þ
Note that this right-handside is okay because,due to ø � A_X��sZ�ó��Rõ , we have

" # � � ÷5ø � û �Ô&" 8 � ÷�� t ¨ ó�ø � õ û �8E*MhòÌù G�þ
Claim1: � ï is anexistential óO���rî ï õ -valuation.
Proofof Claim1: Herewedenoteconcatenation(product)of relations‘ � ’ simplyby juxtaposition
andassumeit to have higherpriority thanany otherbinaryoperator. As � is óO�>���Jõ -compatible
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with ó��R�rîBõ , weknow that ó�î½H " # H " 8 õ ! is awellfoundedordering.Thus,its subset� ó<$ ò%: ;�� $ �+& �%� L�.�� 0�1>2 ÞUH " 8 �6� t ¨ õ�î ! 4 $ ò%: ;�� $ ��& �%� L�.�� 0 Haó<$ ò<: ; 162 ÞUH " 8 õ " # 4 $ �+& �	� Ln.�� 0 � !is awellfoundedordering,too.
Sincethedomainof this relationand Þlß>àvó " 8 õ aredisjoint from X��[Z ó��5õ , weknow that� ó<$ ò%: ; � $ � & �%� L�.�� 0�1>2 ÞUH " 8 �6� t ¨ õ�î ! 4 $ ò%: ;�� $ ��& �%� L�.�� 0 Haó<$ ò<: ; 162 ÞUH " 8 õ " # 4 $ �+& �	� Ln.�� 0 H " 8 � � !
is awellfoundedordering,too.
Sincethedomainof this relationand M � aredisjoint from MhòÌù ú , weknow that� ó<$ ò%: ;�� $ �+& �%� L�.�� 0�1>2 ÞUH " 8 �6� t ¨ õ�î ! 4 $ ò%: ; � $ � & �%� L�.�� 0 HbM � ö�M&ò�ù ú�HÕó%$ ò	: ; 1>2 ÞUH " 8 õ " # 4 $ � & �%� L�.�� 0 H " 8 � � !
is a wellfoundedordering,too. Sinceastepinsidethetransitiveclosureof theprevioustermthat
canprecede� t ¨ canonly beastepwith

" 8 � (dueto Þlß}àwó
� t ¨ õ�&�X@�[Z�ó
�5õBE*M � ),� ó<$ ò%: ;�� $ �+& �%� L�.�� 0�1>2 ÞUHO� t ¨ õOî ! 4 $ ò%: ; � $ � & �%� L�.�� 0 H M � öMhòÌù úYH�ó%$ ò<: ; 1>2 ÞUH " 8 õ " # 4 $ � & �%� Ln.�� 0 H " 8 � � !
is a wellfoundedordering,too. The latter relationis a supersetof ó�î ï H " # � õ ! which we hadto
show to beawellfoundedordering. Q.e.d.(Claim1)

As theuniversesareassumedto benon-empty(cf. Section3.2), thereis some ð�AÔM&ò�ù ú�)�� by
theAxiom of Choice.Define � ï by � ï ó�ý ò�ù ú õ-óOVÖõ8$'& ð:ó�ý ò ù ú õ .
Claim2: � ï is ó�� ï ���Jõ -compatiblewith ó�Vl�Uî ï õ .
Proofof Claim2: We have

" 8 � &%V1þ Thus, ó�î ï H " # � H " 8 � õ ! is equalto ó�î ï H " # � õ ! , which is a
wellfoundedorderingby Claim1. Q.e.d.(Claim2)

Claim3: For �ÌA
M&ò�ù G3)�� and ø«�.Awñ � ó�P=õ : �5ó�� ï õó��5ó-� ï õó?�fõÇ���^õRó ø«�rõ�&��5óO�8õ-ó��Ró?��õó?�^õ����^õRó ø«�rõ�þ
Proofof Claim3: We have ø«� A ñ � ó�P�õÒE M ��N X��[Z�ó
�5õ<þ Thus, by the discussionof the
first caseof the definition of � ï , we have �5ó�� ï õó��5ó-� ï õó?�^õI���^õ-ó ø«�<õ & � ï ó ø«�<õ-ó � � � { |�� � ��� 1 �^õ &�Öó ø � õ-ó�� � { |�� � ��� 1 ó��Ró?��õó?�^õ����^õUõ�&��Ró��8õ-óO�5ó?��õRó?�fõI�Ì�^õó�ø � õ�þ Q.e.d.(Claim3)

Claim4: For �ÌA
M&ò�ù G3)�� and ý ò ù ú Awñ�ò�ù úUó�P�õ : �5óO�-ï õ-óO�5ó?�Åï¡õ-ó-�^õ����fõRó���ó�ý òÌù ú õ�õ�&��Ró?��õó?�^õó�ý ò�ù ú õ�þ
Proofof Claim4: Since ��ó�ý ò�ù ú õ A X��sZ�ó��Rõ�� by the discussion of the second case of
the definition of � ï , we have �5ó�� ï õ-ó��Ró?� ï õó?�fõI�Ì�^õó��°ó�ý òÌù ú õ�õ & � ï ó��°ó�ý ò ù ú õ�õ-ó � � � { | �-. } ò
: ~ 0 ��� 1 �&õ &�Có
� t ¨ ó
�°ó�ý òÌù ú õ�õ�õó �6� { | �-� í .��!. } ò<: ~ 0�0 ��� 1 �&õ�&��Có�ý ò ù ú õ-ó �>� { |�} ò<: ~
��� 1 �&õ�&b�5ó?��õó?�fõ-ó�ý ò�ù ú õ<þ Q.e.d.(Claim4)

Claim5: PD� is strongly ó-� ï ��� ï ���Jõ -valid.
Proofof Claim5: Let �bA�MhòÌù G3)+� be arbitrary. First by the Substitution-Lemma,secondby
Claim3, ñ�ò�ù úró�P=õ×E�Þ�ß>àwó
�5õ�� Claim4, andthird as P is strongly ó-�����>���Jõ -valid, weget:���}��� ó?� �Ò�5ó�� ï õó��5ó-� ï õó?�^õI���^õ
�Ò�5ó-� ï õó?�^õ�� �&õó�PD�Rõ =���}���|p � �Ò�5óO� ï õ-óO�5ó?� ï õ-ó-�^õ����fõ� $ ò<: ~ &)(+*-,=.�� 0
1 ó��5ó-�Åï õ-ó-�^õ�õ
�����óO�5ó��-ï õ-ó��Ró?�Åï õó?�fõI�Ì�^õ�õ
� ��s ó�P=õ =���}����� � ���5ó��8õó��5ó-��õ-ó-�^õ����fõ��Ò�5ó?��õó?�fõ
� ��� ó�P�õ = �qã ä�� Q.e.d.(Claim5)

Claim6: PD� is î ï -valid in � .
Proofof Claim6: First note that by Claim1, � ï is an existential óO���Uî ï õ -valuation. Let � ï AM&ò�)+� bearbitrary. Whenweset ð9$'&E$ ò	: ~ 1 �7ï and �Ì$S&i$ ò<: ; 1 �7ï , we get���}��� ó?� �Ò�5ó�� ï õó?� ï õ
� � ï õ-ó�P��5õ = �����}�DóO� �Ò�5ó�� ï õ-ó��Ró?� ï õ-ó?�fõI�Ì�^õ��Ò�5ó?� ï õ-ó?�fõ
� �&õó�P��5õ =�Íã ä�� , wherethelatterstepis dueto Claim5. Q.e.d.(Claim6)

Now we concludethat P�� is óOVl�rî ï õ -stronglyvalid in � (by Claim1, Claim2, andClaim5) andî ï -valid (Claim6) in � . Q.e.d.(Lemma10.3)
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Proof of Lemma11.2

(1), (2), (3), and(4) aretrivial.

(5): Let � beanexistential óO���UîMï¡õ -valuationand � be ó��>�@�Jõ -compatiblewith ó��@ï��rîMï¡õ . Due toî9EMîMï , by LemmaA.1(1), � is anexistential ó?���rîBõ -valuation,too.

Claim0: � is ó��>���Jõ -compatiblewith ó��U�UîBõ .
Proofof Claim0: As � is ó��>���Jõ -compatiblewith ó�� ï �rî ï õ , and ��E�� ï �3� is óO�>���Jõ -compatible
with ó��R�rî ï õ . As î9EMî ï �r� is óO�>���Jõ -compatiblewith ó��R�rîBõ . Q.e.d.(Claim0)

(5a): As P Î is ó��Bï �rîMï õ -stronglyvalid in � , thereis anexistential óO���UîMï õ -valuation � andsome� s.t. � is ó��>�@�Jõ -compatiblewith ó��@ï��rîMï¡õ and P Î is strongly ó?�©���>���Jõ -valid. Thus, by
Claim0, P Î is ó��U�rîBõ -strongly ó��>���Jõ -valid. As � is anexistential ó?���rîBõ -valuation,P Î is ó��U�rîBõ -
stronglyvalid in � .

(5b): Let � and � begivenasin (5) aboveandsupposethat P ¨ is strongly ó-�����>���Jõ -valid. Thus,
by Claim0 andsince� is anexistential ó?���rîBõ -valuationand P Î ó��R�rîBõ -reducesto P ¨ , alsoP Î is strongly ó?�����>�@�Jõ -valid aswasto beshown.

(6a): As P Î #�HE�)@A��BDC7ù þ is ó�� ï �rî ï õ -stronglyvalid in � , thereis an existential óO���rî ï õ -valua-
tion � ï andsome� ï s.t. � ï is óO� ï ���Jõ -compatiblewith ó�� ï �rî ï õ and P Î #BH��)@A��BDC7ù þ is stronglyó-� ï ��� ï ���Jõ -valid. Let � and � be given as in LemmaA.2. Then P Î is strongly ó?�����>�@�Jõ -valid.

Moreover, as � is óO�>���Jõ -compatiblewith ó�î9�'��õ andas � is anexistential óO���rîBõ -valuation, P Î
is ó��U�rîBõ -stronglyvalid in � .

(6b): Let � ï beanexistential óO���rî ï õ -valuation,� ï be óO� ï ���Jõ -compatiblewith ó�� ï �Uî ï õ , andsup-
posethat P ¨ #8H���@A��BDC7ù þ is strongly ó?� ï ��� ï ���Jõ -valid. Let � andtheexistential ó?���rîBõ -valu-

ation � begivenasin LemmaA.2. Then � is ó��>�@�Jõ -compatiblewith ó��U�rîBõ , and P ¨ is stronglyó-�����>���Jõ -valid. By assumption,P Î strongly ó��U�rîBõ -reducesto P ¨ . Thus, P Î is strongly ó-�����>���Jõ -
valid, too. By LemmaA.2(2), thismeansthat P Î # is strongly ó?� ï ��� ï �@�Jõ -valid aswasto beshown.

Q.e.d.(Lemma11.2)

Proof of Lemma12.3

(1), (2), (3), and(4) aretrivial.

(5): Let � Ab� ,

" AoP Î , let � be an existential óO���Uî ï õ -valuation,and � be óO�>���Jõ -compatible
with ó�� ï �rî ï õ . Supposethat ó " �@�fõ is an ó?�©���>���Jõ -counterexample. Due to î9E�î ï � by Lem-
maA.1(1), � is anexistential óO���UîBõ -valuation,too. As � is óO�>���Jõ -compatiblewith ó��@ï��rîMï¡õ , and��E��Bï-��� is ó��>�@�Jõ -compatiblewith ó��R�rîMï õ . As î9EMîMï���� is ó��>���Jõ -compatiblewith ó��R�rîBõ .
By assumption, P Î3� C7ù � ó�P ¨ ��: ¨ õ<þ Thus,thereis some ó?�©���>���Jõ -counterexample ó " ï �@� ï õ with" ï A�: ¨ or

" ï AAP ¨ andin the lattercasethe long conjunctionof thedefinitionof foundedness
aswasto beshown.

(6): Let � A � , let � ï be an existential ó?���rî ï õ -valuation, and � ï be ó�� ï ���Jõ -compatible
with ó��Bï �rîMï õ . Let ó � �5óOZ��Ö\U��^�õOõBA�P Î andassumethat ó�ó � #��8ó?Zq#��]\.#���^R#�õ�õ��@�^õ is an ó?�Åï ���-ï����Jõ -
counterexample.Assumingthat thereis no ó?� ï ��� ï �@�Jõ -counterexampleof : ¨ #�Hé:  , we have to
find some ó?� ï ��� ï ���Jõ -counterexample ó�ó � ï #��8ó?Z ï #��]\ ï #���^ ï # õ�õ��w� ï õ with ó � ï �5óOZ ï �]\ ï ��^ ï õ�õaA�P ¨ �
plusthelongconjunctionof thedefinitionof foundednessfor � , � replacedwith �-ï , �Åï , resp.,and\ , ^ , Z , \Zï , ^¶ï , ZKï replacedwith their # -instantiations.By our assumptionon no ó?�Åï ���-ï����Jõ -
counterexamplesof :  , we canapplyLemmaA.2 to geta anexistential óO���UîBõ -valuation � and
a � that is ó��>���Jõ -compatiblewith ó��R�rîBõ . Moreover, by this lemma, ó�ó � �8óOZ[�]\R��^�õOõ��w�^õ is an



73ó-�����>���Jõ -counterexample. By assumption, P Î'� C7ù � ó�P ¨ ��: ¨ õ . Thus, thereis some ó-�����>���Jõ -
counterexample ó�ó � ï �8óOZKï �]\Zï ��^@ï õ�õ��w�7ï õ with ó � ï��8ó?Z�ï=�]\Zï���^¶ï õ�õÔA : ¨ or ó � ï-�8óOZKï �Ö\\ï ��^¶ï õ�õÔAP ¨ � plus in the latter casethe long conjunctionof the definition of foundedness.By Lem-
maA.2, this meansthat ó�ó � ï #��8óOZ ï #��]\ ï #���^ ï #�õ�õ��@� ï õ is an ó-� ï ��� ï ���Jõ -counterexample. We only
have left to show that in the latter casethe long conjunctionof the definition of founded-
nessholds when we replace � , � with � ï , � ï , resp.,and \ , ^ , Z , \ ï , ^ ï , Z ï with their # -
instantiations. This is nearly implied by LemmaA.2(1); the only problemis that \ , ^ , \Zï ,^ ï are possiblyno terms(so that the X of LemmaA.2(1) cannotbe instantiatedwith them).
Thus, for arbitrary ��A MhòÌù G3)�� and ð and ð ï given as in LemmaA.2(1), we still have to
provesay �����}� ó?�L�Ì�5ó��-ï õ-ó�ð5ï õI�vð8ï¡õ-ó�\.#�õ�& �����}�DóO���
�5ó��8õó�ðmõI�{ðmõ-ó�\�õrþ After expandingtheshort-
handon both sidesfor somedistinct ø��UýÃAÛMxI *-K+L+( N ñ@ó�\R��Þlß>àvó?#�õ��+X@�[Z�ó?#�õ�õ , this follows from���}��� ó?�L�Ì�5ó��-ï õó�ð5ï õI�{ð5ï��S÷5øÇ()*kª�Ký ()iQ û õó�øQó�\r# õ�ý7õ = (as ø��Uý9µA[Þlß>àvóO#�õ )���}��� ó?�L�Ì�5ó�� ï õó�ð ï õI�{ð ï �S÷5øÇ()*kª�Ký ()iQ û õó�ó øt\¿ý7õ�# õ = (dueto LemmaA.2.1)���}��� ó?�L�Ì�5ó��8õRó�ð�õI�qð8�S÷5øÇ()*kª�Kýl()NQ û õ�ó�øt\zý7õ .
(7): Let � A � , � be some existential ó?���rîBõ -valuation, and � be óO�>���Jõ -compatible
with ó��R�rîBõ . Let   be the classof ó?�©���>���Jõ -counterexamples ó " �w�^õ with

" A9; ¨ for that
thereis no ó?�����>���Jõ -counterexample ó " ï �@� ï õ with

" ï A9: ¨ or

" ï A_P ¨ � and in the latter case
the long existential quantificationof the definition of foundednesswith the secondalternative
being valid. It suffices to show that   is empty becausethis means ; ¨¡� C7ù � ó�P ¨ ��: ¨ õ�þ To
the contrary, suppose ó�ó � ï ï ï-�5óOZ�ï ï ï��]\Zï ï ï���^¶ï ï ï¡õ�õ��w�7ï ï ï õ A   and set ð5ï ï ï $'& �Ró?��õRó-�7ï ï ï õ[���:ï ï ï ,� $'& �����}� ó?�L�Ì�5ó��8õ-ó�ð5ï ï ï õI�vð8ï ï ï õ-ó�\Zï ï ï õ�� and �� $'& �����}� ó?�b�
�5ó��8õó�ð5ï ï ï õI�vð8ï ï ï õ-ó�^@ï ï ï õ�þ Setô $'& ¢££¤ ££¥ �����}�DóO�����Ró��8õRó�ð�õI�qð�õóOZ@õ iîîj ó�ó � �8ó?Z��]\R��^¬õOõ��@�fõ�AA o ð_&��Ró?��õó?�^õ����o ��&b���}��� ó?�����5ó��8õRó�ð�õ��{ð�õó�\�õo �� & �����}� óO�b�
�5óO�8õ-ó�ðmõI�{ðmõ-ó�^�õ

u ññv ¦ ££§££¨ þ Then���}��� ó?�L�Ì�5ó��8õRó�ð8ï ï ï õI�{ð5ï ï ï¡õ-ó?Z�ï ï ï¡õ�A=ô�þ Dueto theassumed; ¨b©qª�� C7ù � óO; ¨ �'P ¨ ��: ¨ õ and  Wµ&éVl�� ! is a wellfoundedordering. Thus, ô must have a � ! -minimal element «Z . Thus, there
mustbe some ó�ó � �8óOZ[�]\R��^�õOõ��w�^õÌAW  with ð�&é�5ó?��õó?�fõÇ��� , �é&%�����}� ó?�L�Ì�5ó��8õ-ó�ðmõI�vðmõ-ó�\�õ���� &é�����}� ó?�L�Ì�5ó��8õ-ó�ðmõI�vðmõ-ó2^¬õ�� and «Zé&C�����}� óO�b�
�5óO�8õ-ó�ð�õI�{ðmõ-ó?Z@õ . Then, due to the assumed; ¨¬©iª
� C1ù � ó�; ¨ �'P ¨ ��: ¨ õ�� theremustbean ó?�©���>���Jõ -counterexample ó�ó � ï �5óOZ ï �]\ ï ��^ ï õ�õ��@� ï õ withó � ï �8ó?Z ï �]\ ï ��^ ï õ�õ�A9; ¨ � � &������}�DóO�����5óO�8õRó�ð ï õI�{ð ï õó�\ ï õ�� �� & �����}� óO�b�
�5óO�8õ-ó�ð ï õI�qð ï õ-ó2^ ï õ��
and «Z ï � ! «Z for ð ï $'& �5ó?��õ-ó?� ï õ��L� ï and «Z ï $S& �����}�(ó?�����5ó��8õó�ð ï õI�vð ï õóOZ ï õ�þ Thus,
since «Z is � ! -minimal in ô , ó�ó � ï �8óOZ ï �]\ ï ��^ ï õ�õ��w� ï õ ªA�  . Thus, there must be someó-�����>���Jõ -counterexample ó�ó � ï ï �8óOZ ï ï �Ö\ ï ï ��^ ï ï õ�õ��@� ï ï õ either with ó � ï ï �8ó?Z ï ï �]\ ï ï ��^ ï ï õ�õ�A�: ¨ �
or otherwise with ó � ï ï��8óOZKï ï �Ö\\ï ï���^¶ï ï õ�õ�AAP ¨ , ��&b�����}� ó?�L�Ì�5ó��8õ-ó�ð5ï ï õI�{ð5ï ï¡õ-ó�\Zï ï¡õ ,�� &������}�DóO���
�5óO�8õ-ó�ð ï ï õI�{ð ï ï õó2^ ï ï õ , and «Z ï ï ó �� Hé�@õ ¢ «Z ï for ð ï ï $'& �5ó-��õ-ó-� ï ï õ���� ï ï and«Z ï ï $S& ���}��� ó?�����5ó��8õó�ð ï ï õI�vð ï ï õóOZ ï ï õ<þ In bothcases,this contradicts ó�ó � �8ó?Z��]\R��^¬õOõ��@�fõ�AA 
Ï in
thelatterdueto «Z�ï ïfó �� Hè�Mõ ¢ «Z�þ Q.e.d.(Lemma12.3)

Proof of Theor. 13.6

Let � A � be arbitrary. Since �aÀ is M � ö�M&ò -valid in � (cf. Definition13.2) and � is an î -
choice-condition,�aÀ is ó��R�rîBõ -stronglyvalid in � by Lemma10.2. By definition, this means
thatthereis someexistential óO���UîBõ -valuation� andsome� thatis ó��>���Jõ -compatiblewith ó��U�UîBõ
s.t. �aÀ is strongly ó-�����>���Jõ -valid.

Claim1: For £ ï with £ ï ó�:H�;Aõ ¢ £ andfor óO£ ï �8ó�ó � ï �3 ï õ��w6 ï õ�õ�A�7 $ � ï is strongly ó?�����>�@�Jõ -valid.
Proofof Claim1: By inductionon £�ï in ó�:�>; ¢ õ ! : Set ®é$S&Û; ¢ � ÷|£�ï û � . Dueto ®éE³ó�:H�;Aõ ¢ � ÷|£ û �
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and by the closednessassumptionof the theoremwe have � ße¯ 2° ó)±_ßÝ�}�	²-ó�³´X@����²8ó���®µ�@7¬õ�õ�õ E�=ße¯ 2° ó�±Rß>�}�	²-ó�³´X@����²8ó��Uó�:H�;Aõ ¢ � ÷|£ û �'�@7¬õ�õ�õ%Eö�aÀ . Thus, �=ße¯ 2	° ó�±RßÝ���	²ó�³´X@����²3ó���®]�w7�õ�õ�õ is stronglyó-�����>���Jõ -valid. By inductionhypothesis,�=ße¯ 2	° ó�¶¸·�¹¬²3ó���:���®]���@7¬õ�õ is strongly ó?�����>�@�Jõ -valid. To-
getherthis meansthat � ße¯ 2° ó)±_ßÝ�}�	²ó
³/Xw�Ö��²3ó���®µ�@7¬õ�õIHO¶¸·�¹¬²3ó���:���®]���@7¬õ�õ is strongly ó?�����>�@�Jõ -valid,
too. (Note that the last stepwould not be possiblefor ó��R�rîBõ -strongvalidity insteadof strongó-�����>���Jõ -validity.) Since óO£ ï �8ó�ó � ï �3 ï õ��w6 ï õ�õ�A�7 and óO78�'�U�Uî9��:8��;Aõ satisfiesthe soundnessin-
variantcondition, ÷:ó � ï��'Åï¡õ û � C7ù � ó�±RßÝ���	²-ó�³´X@�Ö�6²8ó���®]�w7�õ�õ��'¶R·�¹¬²8ó���:���®]���@7¬õ�õ�þ All in all, by Lem-
ma12.3(1b),

� ï is strongly ó?�����>���Jõ -valid. Q.e.d.(Claim1)

For thespecialcaseof £ ï &é£ , Claim1 saysthat
�

is ó��R�rîBõ -stronglyvalid in � . Finally, by Lem-
ma10.3,

� � is óOVl�rî ï õ -stronglyvalid and î ï -valid in � . Q.e.d.(Theor. 13.6)

Proof of Theor. 13.7V is an V -choice-conditionand ó�Vl��Vl��Vl��Vl��VÖõ vacuouslysatisfiesthesoundnessinvariantcondition.

For the iteration steps,we let óO£�ï ï-�8ó�ó � ï ï��3�ï ï¡õ��@6(ï ï¡õ�õCAW7Bï be arbitrary. Assumingthe soundness
invariantconditionfor óO78�'�U�Uî9��:8��;Aõ andusingtheabbreviations® $S& ;�¢y� ÷|£ ï ï û �ô $S& ±RßÝ���	²-ó�³´X@�Ö�6²8ó���® ï �@7�õ�õ ® ï $S& ; ï ¢ � ÷|£ ï ï û �ô ï $S& ±_ßÝ�}�²ó�³´X@�Ö�6²3ó���® ï �@7 ï õ�õX ï $S& ¶R·�¹¬²8ó���: ï ��® ï �+�w7 ï õ�þ
wehave to show that � ï is an î ï -choice-conditionandthat ÷:ó � ï ï �3 ï ï õ û � C � ù � � ó�ô ï ��X ï õ<þ
Hypothesizing:Notethat 7 ï is apartialfunctionon ^ ! just like 7 becauseof £�A�^ ! N Þlß>àvóO7=õrþ

Notethat î is avariable-conditionandthat î ! is awellfoundedorderingbecause� is an î -choice-condition(becauseó�78�'�R�rî9��:8��;Aõ is assumedto beaproof forest).£�ï ï|A�Þ�ß>àwóO7=õ : By assumption,÷:ó � ï ï �3 ï ï õ û � C7ù � ó)±_ßÝ�}�²Ró
³/Xw�Ö��²5ó���®µ�@7¬õ�õ��'¶¸·�¹¬²5ó��2:¸��®µ���w7=õ�õ�þ
As ó�� ï �rî ï õ is anextensionof ó��R�rîBõ andby Lemma12.3(5),this means÷:ó � ï ï��3�ï ï¡õ û � C � ù � � ó)±_ßÝ�}�²-ó
³/Xw�Ö�6²3ó���®µ�@7¬õOõ��'¶R·µ¹]²8ó��2:¸��®µ�+�w7�õ�õ�þ
Dueto ;Ã&è;vï wehave ®B&º®°ï , andthendueto :3&é:�ï and 7�Eq7@ï , we have±_ßÝ�}�²-ó
³/Xw�Ö�6²3ó���®µ�@7¬õ�õ×EGô ï and ¶R·�¹¬²3ó��2:¸��®µ���@7¬õ8E X ï þ
Thus,by Lemma12.3(2),wehave±_ßÝ�}�	²-ó�³´X@����²8ó���®µ�@7¬õ�õ � C � ù � � ó�ô ï ��VÖõ and ¶R·�¹¬²3ó��2:¸��®µ���@7¬õ � C � ù � � ó�Vl��X ï õ�þ
Thus,by Lemma12.3(3a,b),wehave ÷:ó � ï ï �3 ï ï õ û � C � ù � � ó�ô ï ��X ï õ<þ£ ï ï &%£ : Then ÷:ó � ï ï �3 ï ï õ û & ÷:ó � �'�õ û &�±_ßÝ�}�²Ró(÷±6 û õR&»±RßÝ���	²-óc÷±6 ï ï û õÉEäô ï Eäô ï H%X ï . Thus,by
Lemma12.3(2), ÷:ó � ï ï �' ï ï õ û � C � ù � � ó�ô ï ��X ï õ�þ
Expansion:Notethat ÿ´¼:þ½¶¸·�¹¬²8ó��¡¼¾�@7¬õ�&¿¶R·µ¹]²8ó��¡¼À�@7 ï õ<þ

Claim1: ¶R·µ¹]²8ó���®°ïu�@7¬õ � C � ù � � ó�ô���X�ï õ<þ
Claim2: ô ©Yª
� C � ù � � ó�¶R·�¹¬²8ó���®Öïu�@7�õ��UôKï���X�ï¡õ�þ
By Claim1, Claim2, andLemma12.3(3a),weget¶¸·�¹¬²8ó���® ï �@7�õ ©Yª
� C � ù � � ó�¶¸·�¹¬²3ó���® ï �@7�õ��Uô ï ��X ï õ�þ
By Lemma12.3(7),weget ¶R·µ¹]²8ó���® ï �@7¬õ � C � ù � � ó�ô ï ��X ï õ . Since ÷:ó � ï ï �3 ï ï õ û Eo¶R·�¹¬²8ó���® ï �@7¬õ�� we
have ÷:ó � ï ï �3�ï ï õ û � C � ù � � ó�¶¸·�¹¬²5ó���®°ïv�w7=õ���VÖõ by Lemma12.3(2).Thus,by Lemma12.3(3a),we get÷:ó � ï ï �3 ï ï õ û � C � ù � � ó�ô ï ��X ï õ<þ
Proofof Claim1: By Lemma12.3(4)it sufficesto show ¶R·µ¹]²8ó�� ÷|£ ï ï ï û �@7�õ � C � ù � � ó�ô���X ï õ for any£ ï ï ï A�® ï . Wehave¶¸·�¹¬²8ó�� ÷|£ ï ï ï û �@7¬õ � C7ù � ó�±Rß>�}�	²-ó�³´X@����²8ó���® ï ï ï �w7=õ�õ��'¶R·�¹¬²8ó���:���® ï ï ï ���w7=õ�õ
for ®°ï ï ï�$'&�; ¢ � ÷|£�ï ï ï û � by assumption.As ó��Bï �rîMï õ is anextensionof ó��R�rîBõ andby Lemma12.3(5),
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¶R·µ¹]²3ó�� ÷|£ ï ï ï û �@7�õ � C � ù � � ó)±_ßÝ�}�²ó�³´X@�Ö�6²3ó���® ï ï ï �@7¬õ�õ��'¶¸·�¹¬²5ó��2:¸��® ï ï ï �+�@7¬õ�õ<þ
Dueto ;tEÍ;vï , we have ®°ï ï ïnEÃ;vï ¢ � ÷|£�ï ï ï û �_EÑ;qï ¢ ��®°ïu�Í&W®Öï . Thus, ±_ßÝ�}�²Ró
³/Xw�Ö��²5ó���®°ï ï ïu�@7�õ�õqE½ô
and (due to :8Eq: ï ) ¶R·�¹¬²8ó���:���® ï ï ï �+�w7=õèEÁ¶¸·�¹¬²8ó��2: ï ��® ï ���@7=õ
& X ï þ Thus, by Lemma12.3(2),
we get ±_ßÝ�}�²Ró
³/Xw�Ö�6²8ó���® ï ï ï �@7�õ�õ � C � ù � � ó�ô���VÖõ and ¶¸·�¹¬²3ó��2:¸��® ï ï ï ���@7¬õ � C � ù � � ó�Vl��X ï õ<þ By Lem-
ma12.3(3a,b): ¶¸·�¹¬²5ó�� ÷|£ ï ï ï û �@7�õ � C � ù � � ó�ô[��X ï õ . Q.e.d.(Claim1)

Proofof Claim2: If £�µA_®°ï�� thenwe have ô%&>ô�ï andClaim2 follows from Lemma12.3(2).
Thus,we mayassume£ªAG®Öï�þ By constructionof 6(ï we have ô N ÷:ó213�54Kõ û E¨ô�ï þ Thus,by Lem-
ma12.3(2), ô N ÷:ó213�54Kõ û ©iª
� C � ù � � ó�¶¸·�¹¬²8ó���® ï �@7�õ��Uô ï ��X ï õ�þ
By assumptionwehave÷:ó�13�54Kõ û ©iª�� C � ù � � ó�¶R·µ¹]²3ó��2PUTx�w7=õ��'Pa�+¶¸·�¹¬²5ó��2PUQd�@7�õ�õ�þ
By Lemma12.3(4),wegetClaim2 dueto ¶¸·�¹¬²3ó��2P[TJ�@7�õBEE¶¸·�¹¬²3ó���® ï �@7�õ��NP`Eo±RßÝ���	²óc÷±6 ï û õ&±_ßÝ�}�²-ó
³/Xw�Ö�6²3ó�� ÷|£ û �w7 ï õ�õKE$ô ï � and ¶R·�¹¬²8ó���PUQ��w7�õaE»¶¸·�¹¬²8ó��2: ï ��® ï �+�@7¬õ9&�X ï � which hold due
to P[TbEÒ; ï � ÷|£ û �YE ; ï ��® ï �É&»® ï , the constructionof 6 ï , and PRQ¶E : ï � ÷|£ û �YEÒ: ï ��® ï ��� resp..

Q.e.d.(Claim2)

Instantiation:By Lemma9.6, �Bï is an îMï -choice-condition.

Set @`$S&� AóO£ ï ï õ and Pç$S& Þlß>à{ó���õ � �Uó?Þlß>àvó���õ � Þlß}àwó?#�õ�õ N @A��î_¢ .
Claim3: @ E Þlß>àvó��=õ � Þlß>à{óO#�õ×EE@½�3P , Þlß>àvó���õ � ��PF��î ! E P , PºE Þlß>àvó��=õ N @ , andP � ñ@ó)±_ßÝ�}�	²-ó�³´X@����²8ó���®µ�@7¬õ�õ��'¶¸·�¹¬²8ó��O÷|£ ï ï û H�:¸��®µ�+�@7�õ�õ�&�V .
Proofof Claim3: By definition of  wóO£(õ and P , the first, second,and third statementare triv-
ial with the exceptionof P � @¶&èVl� which we will show togetherwith the last statement:Setí $S& î ¢ ��ñ�ò�ù ú�ó�±RßÝ���	²-ó�³´X@�Ö�6²8ó���®]�w7�õ�õ��'¶R·�¹¬²8ó��c÷|£�ï ï û H:¸��®µ���w7=õ�õ�� . It now sufficesto show P � íö&éV1þ
If � ò�ù ú¨ A�P , thereis some� ò�ù úÎ A óOÞlß>àvó��=õ � Þ�ß>àvóO#�õ�õ N @ with � ò�ù úÎ î_¢�� ò�ù ú¨ , but then,if � ò�ù ú¨ A í ,
weget � ò�ù úÎ AEí andthecontradictory � ò�ù úÎ A_@ by definitionof @ . Q.e.d.(Claim3)

By assumption ¶¸·�¹¬²8ó�� ÷|£ ï ï û �w7�õ � C7ù � ó)±_ßÝ�}�²ó�³´X@�Ö�6²3ó���®µ�@7¬õOõ��'¶R·�¹¬²8ó���:���®]���@7¬õ�õ . Set X ï ï $S&p } ò%: ~ lbÂ ¶R·�¹¬²8ó�� ÷�< } ò<: ~ û �@7 ï õ . Thenwe have � ße¯ 2	° ó�X ï ï õ.&»�)@A��BDC7ù þ accordingto therequirements
of theInstantiationrule. By Claim3 wecanapplyLemma12.3(6)to get:÷:ó � ï ï �' ï ï õ û &o¶R·µ¹]²8ó�� ÷|£ ï ï û �@7�õ�# � C � ù � � ó)±_ßÝ�}�²Ró
³/Xw�Ö�6²8ó���®µ�@7¬õ�õ�#��+¶¸·�¹¬²3ó���:���®]���@7�õ�#KH�X ï ï õ& ó)±_ßÝ�}�²Ró
³/Xw�Ö�6²8ó���®µ�@7 ï õ�õ��+¶¸·�¹¬²8ó��2:¸��®µ�+�@7 ï õIH�X ï ï õ& ó�ôKï-�'¶R·µ¹]²8ó��2:¸��®°ïu���@7@ï õIH
X¬ï ï õ��
thelatterstepbeingdueto ®×&Ã® ï .
By definition of : ï we have ÷< } ò<: ~ û ý òÌù ú AA@ û E : ï � ÷|£ ï ï û � E : ï ��® ï � . Thus, we haveX�ï ï�E¦X¬ï . Moreover, due to :.Eq:�ï , we have ¶R·�¹¬²3ó��2:¸��®°ïu���@7@ï õÔE X¬ï . Togetherthis im-
plies ¶¸·�¹¬²5ó��2:¸��®°ïv���@7Bï¡õ�H�X¬ï ï � C � ù � � ó�Vl��X�ï õ , by Lemma12.3(2). By Lemma12.3(3b)we get÷:ó � ï ï �' ï ï õ û � C � ù � � ó�ô ï ��X ï õ . Q.e.d.(Theor. 13.7)
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Proof of Theor. 13.10

Theemptyproof foresttrivially satisfiesthesafenessinvariantcondition.

Hypothesizing:Whenwe assumethe old treesfrom 7 to satisfy the safenessinvariantcondi-
tion for ó��U�UîBõ , thenthey alsosatisfyit for ó��Bï �rîMï õ by Lemma11.2(5b)becauseó�� ï �rî ï õ is anextensionof ó��R�rîBõ . Thenew tree óO£@�5ó�ó � �3�õ��@6�õ�õ satisfiesthesafenessinvariantcon-

dition because� ße¯ 2	° ó)±_ßÝ�}�²-ó(÷±6 û õ�õl&x÷ � û and ÷ � û ó�� ï �rî ï õ -reducesto ÷ � û by Lemma11.2(2).

Expansion:Whenwe assumethenon-expandedtreesto satisfythesafenessinvariantcondition
for ó��R�rîBõ , then they also satisfy it for the extension ó�� ï �rî ï õ of ó��R�rîBõ by Lem-

ma11.2(5b).For thenew tree óO£w�8ó � �@6 ï õ�õ wehaveto show that �=ße¯ 2° ó�±RßÝ���	²óc÷±6 ï û õ�õ
ó�� ï �rî ï õ -reduces
to ÷ � û .
Claim1: � ße¯ 2	° ó�P�õHó�� ï �rî ï õ -reducesto ÷�1 û .
Proofof Claim1: In caseof asequentcalculusthis is givenby theadditionalrequirementof safe-
nessof theExpansionstep.In caseof a tableaucalculuswehave � ße¯ 2	° ó�P�õ�&ã÷R�C1 û �`A í û ,
and the claim follows becausebecausestrong ó?�©���>���Jõ -validity of 1 implies strong ó-�����>���Jõ -
validity of ��1 . Q.e.d.(Claim1)
Claim2: � ße¯ 2	° ó)±_ßÝ�}�²-ó(÷±6(ï û õ�õuó��@ï��UîMï õ -reducesto �=ße¯ 2° ó�±Rß>�}�	²-óc÷±6 û õOõ .
Proofof Claim2: As ±_ßÝ�}�	²-óc÷±6 ï û õ N P`E�±_ßÝ�}�²óc÷±6 û õ ,� ß[¯ 2	° ó)±_ßÝ�}�²Ró(÷±6 ï û õ�õ N �=ße¯ 2	° ó�P=õQó�� ï �rî ï õ -reducesto � ß[¯ 2	° ó)±_ßÝ�}�²óc÷±6 û õ�õ
by Lemma11.2(2). Thus, by Claim1, the claim follows by Lemma11.2(4) due to1 A��=ße¯ 2	° ó�±RßÝ���	²-óc÷±6 û õ�õ . Q.e.d.(Claim2)

Whenweassumetheold tree óO£w�8ó�ó � �3�õ��@6�õ�õ to satisfythesafenessinvariantconditionfor ó��R�rîBõ ,
then�=ße¯ 2	° ó�±RßÝ���	²-óc÷±6 û õ�õ
ó��@ï��UîMï õ -reducesto ÷ � û byLemma11.2(5b).By Lemma11.2(3),together
with Claim2 this impliesthat � ße¯ 2	° ó)±_ßÝ�}�	²ó(÷±6 ï û õ�õHó�� ï �rî ï õ -reducesto ÷ � û , aswasto beshown.

Instantiation:Assumeany old tree ó?£@�8ó�ó � �'�õ��@6�õ�õ.At7 to satisfythesafenessinvariantcondition
for ó��U�rîBõ , i.e. �=ße¯ 2	° ó�±RßÝ���	²-óc÷±6 û õOõVó��R�rîBõ -reducesto ÷ � û . Set @ $'&  AóO£ õ andPº$'&bÞlß>àvó��=õ � ��óOÞlß>àvó��=õ � Þlß>àvóO#�õ�õ N @_��î_¢ .

Claim3: @`E�Þlß}à{ó��=õ � Þlß>àvóO# õ×Eo@��3P , Þlß>à{ó���õ � �2PF��î ! E P , PºE�Þlß}à{ó��=õ N @ , andP � ñBó)±_ßÝ�}�²Ró
³/Xw�Ö��²5ó���®µ�@7¬õ�õ��'¶¸·�¹¬²5ó��O÷|£ û H�:¸��®µ�+�w7�õ�õ�&bV .
Proofof Claim3: Justlike theproofof Claim3 in theproof of Theor.13.7. Q.e.d.(Claim3)

By Lemma11.2(6b)andClaim3, � ße¯ 2	° ó)±_ßÝ�}�²Ró(÷±6�# û õ�õKó�� ï �Uî ï õ -reducesto ÷ � # û HÄ�)@_��BGC7ù þ . As
theInstantiationstepis safeby assumption,by Theor.13.7andTheor.13.6, �)@_��BGC7ù þ is ó�� ï �rî ï õ -
stronglyvalid. Thus, � ße¯ 2	° ó)±_ßÝ�}�²Ró(÷±6�# û õ�õHó�� ï �rî ï õ -reducesto ÷ � # û , aswasto beshown.

Q.e.d.(Theor. 13.10)
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Proof of Theor. 14.1

We only prove oneexampleof eachkind of rule to bea safesub-ruleof theExpansionrule and
leave theothersasanexercise.

Dueto X@�[Z�ó�P�õl& ÷�4 û , for the � -, Ð -, � -, Rewrite-,andCut-rules,it sufficesto show that,for each¤ -structure� , eachexistential óO���UîBõ -valuation� , each� thatis óO�>���Jõ -compatiblewith ó��U�UîBõ ,
each�ÌA
MhòÌù G3)+� , andfor ð9$S&b�5ó?��õó?�fõª��� , the ó�ð±���>���Jõ -validity of ÷�1 û is logically equivalent
to thatof �=ße¯ 2° ó�P=õ .� -rule: ó�ð±���>���Jõ -validity of ÷ � ó�ô_	�X õ/� û is indeedlogically equivalentto thatof ÷8ô*X � � û .Ð -rule: ó�ð±���>�@�Jõ -validity of ÷ � ó�ô o X õÅ� û is indeed logically equivalent to that of÷8ô � ��� XÇÆ ôWÈ � � û .� -rule: ó�ð±���>�@�Jõ -validity of ÷ � ü:ø�þ^ô � û is indeed logically equivalent to that of÷8ô�÷5ø�().ø«� û � ü:ø�þ^ô � û þ The implication from left to right is given becausethe
formersequentis asub-sequentof thelatter. For theotherdirection,notethatalthoughit is clear
that ó�ð±���>�@�Jõ -validity of ô�÷5ø�().ø«� û implies ó�ð±���>���Jõ -validity of ü:ø�þ&ô[� we shouldbe a little
moreexplicit herebecausethestandardsemanticaldefinitionof ü (cf. e.g.Wirth (1997),p.188,
or Enderton(1973),p.82) usesa freeuniversalvariableinsteadof a freeexistentialvariableand
is somewhatmorecomplicatedthanit couldbein termsof freeexistentialvariables.Moreover,
in the noteabove the rule we remarked that the restrictionon ø � is not really necessary. Thus,
in orderto bemoreexplicit here,assumethat ô¬÷5ø�().ø«� û is ó�ð±���>���Jõ -valid. Let ý ò A�M&ò N ñBó�ô¶õ .
Then,since ô¬÷5ø�()zý ò û ÷8ý ò ().ø«� û is equalto ô¬÷5ø�().ø«� û � we know that ô�÷5ø�()zý ò û ÷8ý ò () ø«� û is
valid in �
�Í�5óO�8õRó�ðmõ±��ð5þ Then,by theSubstitution-Lemma,ô�÷5ø�()zý ò û is valid in �
�Í�5óO�8õ-ó�ðmõ±��ð ï
for ð ï A
M&ò�)+� givenby $ ò & |�} ò�� 1 ð ï $S& $ ò & |�} ò�� 1 ð and ð ï ó�ý ò õB$S&��5ó��8õ-ó�ðmõ-ó�ø«�Uõ�þ By thestandardse-
manticaldefinitionof ü andsincebindingof ø cannotoccurin ô (as ü:ø�þ^ô is a formulain ourre-
strictedsense,cf. Section3.1),thismeansthat ü:ø�þ�ó�ô�÷5ø�()zý ò û ÷8ý ò ().ø û õ is valid in ���.�5ó��8õó�ðmõÖ�\ð .
Sinceý ò doesnotoccurin ô , this formulais equalto ü:ø�þ&ô , whichmeansthattheformersequent
is ó�ð±���>�@�Jõ -valid.

Rewrite-rule: We have to show that ó�ð±���>�@�Jõ -validity of ÷ � ôÊÉ�Ë�Ì9� X ¿ û is logically equi-
valentto thatof ÷8ôAÉæ6-Ì � � X ¿ û þ

If �����}� ó?�b�
�5ó��8õ-ó�ðmõ��{ðmõ-ó)Ë8õéµ& �����}�DóO�����5óO�8õRó�ðmõI�vðmõ-ó-6�õ�� thenboth are ó�ð±���>�@�Jõ -valid becauseX is.
Otherwise,we set kL$S&����}���(óO�b�
�Ró��8õ-ó�ð�õI�vð�õó)Ë8õ , choosesome � ò AÛMhò N ñ@ó�ôÊÉ�Ë�Ì õ , and defineð ï A¶M&ò�)+� by $ ò & |)� ò6� 1 ð ï $S& $ ò & |)� ò6� 1 ð and ð ï ó�� ò õ_$'&`k^þ Then k×&%���}��� ó?�����5ó��8õó�ðmõI�{ð�õó?6�õ<þ
Moreover, by theSubstitution-Lemma:�����}�DóO���
�5óO�8õ-ó�ð�õI�{ð3õó�ôÊÉ�Ë�Ì õ &�����}�DóO���
�5óO�8õ-ó�ð�õI�{ð3õó�ôÊÉ � ò Ì�÷Æ� ò ()YË û õç&�����}�DóO���
�5óO�8õ-ó�ð�õI�{ð ï õó�ôAÉ � ò Ì�õ &�����}�DóO���
�5óO�8õ-ó�ð�õI�{ð3õó�ôÊÉ � ò Ì�÷Æ� ò ()½6 û õ &�����}�DóO���
�5óO�8õ-ó�ð�õI�{ð3õó�ôÊÉ 6-Ì�õþ
Notethattheusualproblemswith variablesgettingcapturedby binderscannotoccurin our con-
text, becausethe unboundoccurrenceof variablesfrom MxI *-K+L�( in formulas(like ó�Ë³µ&q6�õ ) is not
permitted,cf. Section3.1.

Cut: Trivial.ð -rule: Note that in this proof, we only make useof theweaker conditionson theoccurrenceofø ò�ù G givenby Note4.
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Claim1: ó�� ï �rî ï õ is anextensionof ó��R�rîBõ .
Proofof Claim1: Since óO78�'�U�Uî9��:8��;Aõ is a proof forest, � is an î -choice-condition.Moreover,��E�� ï and î9E¶î ï aretrivial. Thus,we only have to show that � ï is an î ï -choice-condition.As� ï &º�U� weonly have to show that î ï ! is awellfoundedordering.
As X��[Z ó�î ï ï õª&x÷5ø ò�ù G û and ÷5ø ò�ù G û � Þlß>à{ó�îBõl&%V is required,wehave î ï ï ��î%&èV1þ As X��sZ�ó�î ï ï õ �Þ�ß>àvó�î ï ï õ�E M&ò�ù G � ó?M � H�Mhò�ù úDõ[&�Vl� we have î ï ï ��î ï ï &%V1þ Therefore,as î ! is a wellfounded
ordering,îMï ! is awellfoundedordering,too. Q.e.d.(Claim1)

Now, we have to show that÷:ó � ÿ&ø�þ^ôÁ����4�õ û � C � ù � � ó(÷:ó�ô¬÷5ø�() ø ò�ù G û � �Ì�I4Kõ û ��VÖõ
Let � and � be arbitrary s.t. � is an existential óO���rî ï õ -valuationand � is óO�>���Jõ -compatible
with ó�� ï �rî ï õ . Assumethat ó�ó � ÿ&ø�þ^ôÁ�Ì�I4Kõ��@�fõ is an ó-�����>���Jõ -counterexample. Then,

� �
is invalid in �L�Ì�5ó��8õRóO�5ó?��õ-ó?�fõI�Ì�^õI���5ó?��õó?�fõI�Ì�1þ
Claim2:

� � is invalid in �L�Ì�5ó��8õRóO�5ó?��õ-ó?� ï õI�Ì� ï õI���Ró?��õRó-� ï õI�Ì� ï and�����}� ó?�L�Ì�5ó��8õ-ó��5ó-��õ-ó-� ï õI��� ï õI�
�Ró?��õó?� ï õI��� ï õ-ó=4Kõ& �����}� ó?�L�Ì�5ó��8õ-ó��5ó-��õ-ó-�^õI�Ì�fõÇ�Ì�5ó?��õ-ó?�fõ����&õó=4Kõ
for all � ï A�Mhò�ù G3)+� with $ ò%: ; & |�� ò%: ;�� 1 � ï & $ ò<: ; & |�� ò<: ;�� 1 � þ
Proofof Claim2: Otherwise there must be some Ó A ñ�ò�ù ú�ó � �Ì�54Mõ
H ñ � ó � ���54Kõ withø ò�ù G " 8 � " # Ó (thefirst occurrenceof � ï makesadifference)or ø ò�ù G " # Ó (thesecondoccurrence
of � ï makesa difference)or ø ò�ù G " 8 Ó whenthethird occurrenceof � ï makesa difference.Note
that the fourth occurrenceof � ï cannotmake a differencesimply becauseø ò�ù G doesnot occurinñ@ó � �Ì�54Kõ . Since ÓEî ï ï ø ò�ù G � weknow that ó�î ï H " # H " 8 õw! is notawellfoundedordering,which
contradicts� being ó��>�@�Jõ -compatiblewith ó�� ï �rî ï õ . Q.e.d.(Claim2)

Now, if thereis any � ï AtM&ò�ù G3)+� with $ ò%: ; & |�� ò%: ;�� 1 � ï & $ ò%: ; & |�� ò<: ;�� 1 � s.t. ô¬÷5ø�().ø ò�ù G û is invalid
in � �c�5ó��8õó��5ó-��õRó-� ï õI��� ï õ��½�5ó-��õ-ó-� ï õ×�¶� ï � then due to Claim2 ó�ó�ô¬÷5ø�().ø ò�ù G û � �Ì�I4Kõ��@� ï õ
is the ó-�����>���Jõ -counterexamplewe aresearchingfor. Otherwise,ô¬÷5ø�().ø ò�ù G û is valid in �`��Ró��8õ-óO�5ó?��õRó?�:ï õI�Ì�:ï õI���5ó-��õ-ó-�7ï õI���7ï for all �:ï�A�M&ò�ù GY)�� with $ ò<: ; & |�� ò<: ;d� 1 �7ï�& $ ò%: ; & |�� ò%: ;�� 1 �Åþ
Claim4: ô¬÷5ø�().ø ò�ù G û is valid in �½���5ó��8õó��5ó-��õ-ó-�^õI�Ì�fõl���5ó?��õó?�fõl�É� ï for all � ï A�Mhò�ù G3)+� with$ ò%: ; & |�� ò%: ; � 1 �7ï�& $ ò%: ; & |�� ò<: ; � 1 � þ
Proofof Claim4: OtherwisetheremustbesomeÓ�A.ñ�ò�ù úUó�ô¬÷5ø�().ø ò�ù G û õnHAñ � ó�ô�÷5ø�().ø ò�ù G û õ withø ò�ù G " 8 � " # Ó (thefirst occurrenceof � makesadifference)or ø ò�ù G " # Ó (thesecondoccurrence
of � makesa difference)or ø ò�ù G " 8 Ó whenthethird occurrenceof � makesa difference.SinceÓ>î ï ï ø ò�ù G � we know that ó�î ï H " # H " 8 õ ! is not a wellfoundedordering,which contradicts�
being óO�>���Jõ -compatiblewith ó�� ï �rî ï õ . Q.e.d.(Claim4)

By thestandardsemanticaldefinitionof ÿ (cf. e.g.Wirth (1997),p.188,or Enderton(1973),p.82)
and sincebinding of ø cannotoccur in ô (as ÿ&ø�þ^ô is a formula in our restrictedsense,cf.
Section3.1),Claim4 meansthat ÿ&ø�þ�ó�ô�÷5ø�().ø òÌù G û ÷5ø ò�ù G ().ø û õ is valid in �¶���5óO�8õRó��Ró?��õó?�^õ����^õe��Ró?��õó?�^õ����l� i.e. ó��5ó-��õ-ó-�^õÇ�������>���Jõ -valid. Since ø ò�ù G doesnot occurin ô , this formula is equal
to ÿ&ø�þ^ô , which contradictsó�ó � ÿ&ø�þ^ôÁ�Ì��4Kõ��@�fõ beingan ó?�©���>���Jõ -counterexample.

For the safenessproof, assumethat
� ÿ&ø�þ^ô � is strongly ó?�����>���Jõ -valid. For arbitrary�
ACMhò�ù GY)�� we have to show that ô¬÷5ø�().ø ò�ù G û � � is ó�ð|���>���Jõ -valid for ðÉ$S&L�5ó-��õRó-�^õ��Ì� . If

someformula in
� � is ó�ð±���>�@�Jõ -valid, thenthe lattersequentis ó�ð|���>���Jõ -valid, too. Otherwise,ÿ&ø�þ^ô is ó�ð±���>���Jõ -valid. Then,by thestandardsemanticaldefinitionof ÿ , ô�÷5ø�().ø òÌù G û is ó�ð±���>���Jõ -

valid, too,aswasto beshown.
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Liberalizedð -rule: Note that in this proof, we only make useof the weaker conditionson the
occurrenceof ø ò�ù ú givenby Note5.

Claim5: ó��@ï��rîMï õ is anextensionof ó��U�UîBõ .
Proofof Claim5: Since óO78�'�U�Uî9��:8��;Aõ is a proof forest, � is an î -choice-condition.Moreover,��EÍ� ï and î9EMî ï aretrivial. Thus,we only have to show that � ï is an î ï -choice-condition.
As ø ò�ù ú A
MhòÌù ú N Þlß}à{ó��=õ is required,�@ï is alsoapartialfunctionon MhòÌù ú .
As X��[Z�ó�îMï ï õª& ÷5ø ò�ù ú û and ÷5ø òÌù ú û � Þlß>àvó�îBõª&%V is required,we have îMï ï ��îè&%V1þ As X��sZ�ó�îMï ï õ �Þlß}à{ó�îMï ï õ�& ÷5ø òÌù ú û � ñ�������ó�ô@õ�& ÷5ø òÌù ú û � ñBó�ô@õ�&�V is required,wehave îMï ï"��îMï ï�&èV . Therefore,
as î ! is awellfoundedordering,î ï ! is a wellfoundedordering,too.
Moreover, for ý òÌù ú A
Þlß>àvó�� ï õ , weeitherhave ý ò ù ú A[Þlß>àvó���õ andthen ó�ñ����	�
�ó�� ï ó�ý ò ù ú õ�õ N ÷8ý òÌù ú û õ�ö÷8ý òÌù ú û & ó�ñ�����
�ó�� ó�ý òÌù ú õ�õ N ÷8ý òÌù ú û õzö ÷8ý òÌù ú û E î ! E îMï ! � or ý òÌù ú &wø ò�ù ú and thenó�ñ����	�
��ó�� ï ó�ý òÌù ú õ�õ N ÷8ý ò ù ú û õ¬ö¨÷8ý ò�ù ú û & ó�ñ�����
�ó�ô�÷5ø�().ø òÌù ú û õ N ÷5ø ò�ù ú û õ�ö·÷5ø ò�ù ú û E ñ�����
��ó�ô¶õ=ö¨÷5ø ò�ù ú û &î ï ï E·î ï ! þ Q.e.d.(Claim5)

Now, due to X��sZ�ó�P�õª&x÷�4 û , it sufficesto show that, for each ¤ -structure� , eachexistentialó?���rî ï õ -valuation � , each� that is ó��>���Jõ -compatiblewith ó�� ï �Uî ï õ , each�èA¶MhòÌù G�)ö� , andforð�$'&��5ó-��õ-ó-�^õ���� , the ó�ð±���>���Jõ -validity of� ÿ&ø�þ^ôÁ� is logically equivalentto thatof ô�÷5ø�().ø òÌù ú û � �qþ
For thesoundnessdirection,we have to show thattheformersequentis ó�ð±���>���Jõ -valid underthe
assumptionthatthelatteris. If someformulain

� � is ó�ð±���>���Jõ -valid, thentheformersequentisó�ð|���>���Jõ -valid, too. Otherwise,this meansthat ô¬÷5ø�().ø ò�ù úcû is ó�ð±���>���Jõ -valid. Since � is ó��>���Jõ -
compatiblewith ó��@ï-�rîMï õ , by item2 of Definition9.2,weknow that ô�÷5ø�().ø ò�ù ú û is ó�ð5ï����>�@�Jõ -valid
for all ð8ï�A Mhò�)�� with $ ò & |�� ò<: ~<� 1 ð5ï�& $ ò & |�� ò<: ~<� 1 ðÖþ This meansthat ô�÷5ø�().ø òÌù ú û is valid in�b�
�5óO�8õ-ó�ð ï õI�qð ï for all ð ï A
M&ò�)+� with $ ò & |�� ò<: ~<� 1 ð ï & $ ò & |�� ò<: ~%� 1 ð[þ
Claim6: ô�÷5ø�().ø òÌù ú û is valid in �½�a�5óO�8õ-ó�ð�õl� ð5ï for all ð5ï�A�Mhò�)�� with $ ò & |�� ò<: ~<� 1 ð8ï�& $ ò & |�� ò<: ~<� 1 ðÖþ
Proofof Claim6: Otherwisewe have ø ò�ù ú " # Ó«� for someÓ«�9A ñ � ó�ô�÷5ø�().ø ò�ù ú û õ . But then Ó��9Añ�������<ó�ô@õ andthen Ó«�Uî ï ï ø ò�ù ú þ This meansthat ó�î ï H " # õ�! is not a wellfoundedordering,which
contradicts� beinganexistential ó?���rî ï õ -valuation. Q.e.d.(Claim6)

By thestandardsemanticaldefinitionof ÿ (cf. e.g.Wirth (1997),p.188,or Enderton(1973),p.82)
and sincebinding of ø cannotoccur in ô (as ÿ&ø�þ&ô is a formula in our restrictedsense,cf.
Section3.1), Claim6 meansthat ÿ&ø�þ�ó�ô¬÷5ø�().ø ò�ù ú û ÷5ø òÌù ú () ø û õ is valid in � �è�5óO�8õRó�ðmõ�� ð . Sinceø òÌù ú doesnot occurin ô , this formula is equalto ÿ&ø�þ^ô , which meansthat theformersequentisó�ð|���>���Jõ -valid aswasto beshown.

For the safenessdirection,we have to show that the latter sequentis ó�ð|���>���Jõ -valid underthe
assumptionthat the former is. If someformula in

� � is ó�ð|���>���Jõ -valid, thenthe latter sequent
is ó�ð|���>���Jõ -valid, too. Otherwise,ÿ&ø�þ^ô is ó�ð|���>���Jõ -valid. Then, by the standardsemantical
definitionof ÿ , ô¬÷5ø�().ø ò�ù ú û is ó�ð±���>���Jõ -valid, too,aswasto beshown. Q.e.d.(Theor. 14.1)

Proof of Theor. 14.3

Let P $S& ÷�ó��C13�54Kõ û �`A í û as in the Expansionrule of the tableaucalculusof Defini-
tion13.4.Accordingto this definitionof anExpansionstepwehave to show÷:ó�1��»4�õ û ©qª�� C � ù � � ó(÷:ó?,.��/�õ û �'Pa��VÖõ
in caseof “induction hypothesisapplication”and÷:ó�1��»4�õ û ©qª�� C � ù � � óOVl�'P��-÷:ó?,.��/�õ û õ
in caseof “lemma application”. According to Definition12.2 and due to X@�[Z ó�P=õª& ÷�4 û � it
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is sufficient to show that, for � A � , � an existential óO���rî ï õ -valuation, and �³ó��>���Jõ -
compatiblewith ó��Bï��rîMï õ , for any ó?�����>���Jõ -counterexample ó�ó213�54Kõ��@�fõ , underthe assumption
that �=ße¯ 2	° ó�P=õ is ó�ð±���>���Jõ -valid for ð`$S& �Ró?��õó?�^õÍ�½�l� there is an ó-�����>���Jõ -counterexampleó�ó?,.��/�õ��@� ï õ s.t. (in caseof hypothesisapplicationonly), for � $'&������}�DóO���
�5ó��8õó�ðmõI�{ðmõ-ó�\�õ���� $S& �����}�(ó?�����5ó��8õó�ðmõI�{ð�õó2^¬õ�� «Z $'& �����}�DóO�����5óO�8õRó�ðmõI�vðmõ-ó?Z@õ�� ð ï $S& �Ró?��õó?� ï õ_��� ï �
and «Z ï $'& �����}�DóO���
�5óO�8õ-ó�ð ï õI�vð ï õ-óOZ ï õ�� we have � & �����}� óO�b�
�5óO�8õ-ó�ð ï õÇ�qð ï õ-ó�\ ï õ�� �� &�����}� ó?�L�Ì�5ó��8õ-ó�ð5ï õI�{ð5ï õó2^¶ï õ��Î«Z�ï � ! «Z[����� �� E�� ! � and � is wellfounded.

Since, for all �WAEí , �C1 A � ße¯ 2° ó�P�õ is assumedto be ó�ð±���>���Jõ -valid whereas1 is as-
sumedto be not, we know that í is ó�ð±���>���Jõ -valid. By the definition of í , this means
that ,.0 is not ó�ð±���>�@�Jõ -valid (due to (1)) and (in caseof hypothesisapplicationonly) � &�����}� ó?�L�Ì�5ó��8õ-ó�ðmõI�vðmõ-ó�\Zï 03õ (due to (4)), �� & �����}�DóO�b�
�Ró��8õ-ó�ð�õI�vð�õó2^¶ï-03õ (due to (5)),�����}� ó?�L�Ì�5ó��8õ-ó�ðmõI�vðmõ-óOZ ï 03õ��Ï«Z (dueto (2)), �Ô� �� EÛ� ! (dueto (6)), and � is wellfounded
(dueto (3)).

Define �:ï�ó�ý ò�ù G õB$'& \ �5ó��8õó�ðmõ-ó�0[ó�ý ò�ù G õ�õ for ý ò�ù G A9D��ó�ý òÌù G õ for ý ò�ù G A[MhòÌù G N D f and ð5ï�$'&b�Ró?��õó?�7ï õI�Ì�7ï�þ
Claim2: For Õ òÌù ú Awñ�òÌù úró-,.��/�õ wehave �5ó-��õRó?�fõ-ó?Õ òÌù ú õ�&b�5ó?��õó?�:ï õó?Õ ò�ù ú õ�þ
Proofof Claim2: Otherwisetheremust be some ý òÌù G A�D with ý ò�ù G " 8 Õ ò�ù ú þ Since Õ òÌù ú Añ�ò�ù ú�ó?,.��/�õ we have Õ ò�ù ú î ï ý ò�ù G by definitionof D . But then î ï H " # H " 8 is not wellfounded,
whichcontradicts� being óO�>���Jõ -compatiblewith ó�� ï �rî ï õ . Q.e.d.(Claim2)

Claim3: For ø«�ÍAwñ � ó?,.��/�õ wehave �5óO�8õ-ó�ð�õó�ø«�<õ�&��5óO�8õ-ó�ð ï õ-ó�ø«�<õ<þ
Proofof Claim3: Otherwisewe have �Ró��8õRóO�5ó?��õó?�fõI�Ì�^õó�ø � õ¶µ&+�5óO�8õ-óO�5ó?��õ-ó?�7ï¡õI�Ì�7ï õ-ó�ø � õ�þ Then
theremustbesomeý ò ù G AtD with ý ò ù G " 8 � " # ø«� (i.e. thefirst occurrenceof � ï makesa differ-
ence)or ý òÌù G " # ø«� whenthesecondoccurrenceof � ï makesa difference.Since ø«��A=ñ � ó?,.��/�õ
we have ø � îMï ý òÌù G by definition of D . But then îMï³H " # H " 8 is not wellfounded,which
contradicts� being ó��>�@�Jõ -compatiblewith ó��@ï��rîMï õ . Q.e.d.(Claim3)

Theresp.valuesof , , Z ï , \ ï , and ^ ï under�����}�DóO�����Ró��8õRó�ð ï õI�{ð ï õ arethesameasthevaluesof , ,Z ï , \ ï , and ^ ï under �����}� ó?�L�Ì�5ó��8õ-ó�ðmõI���5ó-��õRó?�fõI�Ì� ï õ by definitionof ð ï , Claim2, andClaim3,
which againare the sameas the valuesof ,.0 , Z ï 0 , \ ï 0 , and ^ ï 0 under �����}�DóO�����5óO�8õRó�ðmõI�vðmõ
by the Substitution-Lemmaandthe definition of ð . Thus,due to ,.0 not being ó�ð|���>���Jõ -valid,ó�ó?,.��/�õ��@�7ï¡õ is an ó-�����>���Jõ -counterexamplewith (in caseof hypothesisapplicationonly) � &�����}� ó?�L�Ì�5ó��8õ-ó�ðmõI�vðmõ-ó�\ ï 03õ×&������}� óO�b�
�5óO�8õ-ó�ð ï õI�{ð ï õ-ó�\ ï õ�� �� &����}��� ó?�L�Ì�5ó��8õRó�ð�õI�qð�õó2^ ï 03õ&�����}� ó?�L�Ì�5ó��8õ-ó�ð ï õI�{ð ï õó2^ ï õ�� and «Z ï &b�����}�DóO���
�5óO�8õ-ó�ðmõI�vðmõ-ó?Z ï 03õn�Ç«Z . Q.e.d.(Theor. 14.3)
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Proof of LemmaA.1

Herewedenoteconcatenation(product)of relations‘ � ’ simplyby juxtapositionandassumeit to
havehigherpriority thanany otherbinaryoperator.

(1): When � is an existential óO���rîMï õ -valuation, îMï�H " # is wellfounded. In caseof î9E�îMï�� we
have îÔH " # E·î ï H " # and îÔH " # is wellfounded,too.

(2): Set # ï $'& $ � &)(+*-,/. þ 0�1>2 Þ½HW$ � 1 # . Let � ï be an existential óO���Uî ï õ -valuation. Define" # $S& " # � ó $ � &)(+*-,=. þ 0 162 ÞÉH � þ54 $ � õ3H ÿ þ/4 $ � andtheexistential óO���rîBõ -valuation� by ( ø�AUM � ,� ï A " # � ÷5ø û �©)�� ): �Öó�øhõ-ó-� ï õB$'&����}���(óO�b�
�Ró�� ï õó?�^õI���^õ-ó?# ï ó øhõUõ where�ÌA�Mhò�)ö� is anarbitrary
extensionof � ï . For this definitionto beokay, wehave to prove thefollowing claims:

Claim1: For ø[A[M � , ýqA�ñ�òmó?# ï ó�øhõ�õ , thechoiceof �OV*� ï doesnot influencethevalueof � ó�ý7õ .
Claim2: For ø A M � , ø ï A ñ � ó?# ï ó øhõ�õ , the choiceof �ÐV � ï doesnot influencethe value
of �5ó�� ï õ-ó?�fõRó�ø ï õ .
Claim3: îÔH " # is wellfounded.
Proofof Claim1: ýqA=ñ�òmóO# ï ó�øhõUõ means ó�ý���øhõ×A ÿ þ54 $ � . By definitionof

" # wehave ó�ý���øhõ«A " # �
i.e. ý3A " # � ÷5ø û �&bÞlß>àvó?�:ï õrþ Q.e.d.(Claim1)
Proofof Claim2: ø ï A=ñ � ó?# ï ó øhõUõ means ó�ø ï ��øhõÔA $ � &)(+*-,=. þ 0 162 ÞcH � þ/4 $ � . Thus by defini-
tion of

" # we have

" # � ÷:ó ø ï ��øhõ û E " # � i.e.

" # � � ÷5ø ï û ��E " # � ÷5ø û �*& Þlß>à{ó?� ï õ�þ Therefore�5óO� ï õó?�^õ-ó�ø ï õ�&�� ï ó�ø ï õó � � � { |�� � ��� 1 �&õ�&�� ï ó ø ï õ-ó � � � { |�� � ��� 1 � ï õ . Q.e.d.(Claim2)
Proofof Claim3: î ï H " # � is wellfoundedbecause� ï is an existential óO���rî ï õ -valuation. More-
over, as î ï is the # -updateof î , wehave

²5Î î ï &SîcH � þ H ÿ þ þ Thus, ó�îÔH � þ H ÿ þ H " # � õ ! is a
wellfoundedordering,just like its subsetó�î H " # � ó%$ ��&)(+*-,=. þ 0�132 ÞÉH � þ/4 $ � õ�H ÿ þ/4 $ � õ ! , which is
equalto ó�î½H " # õ ! . Q.e.d.(Claim3)
Now, for �ÌA
M&ò�)�� and ø
A
M � wehave�5ó��8õó?�fõRó�øhõ�&b�Öó øhõRó � � { |�� ��� 1 �&õ�&b���}��� ó?�L�Ì�5ó�� ï õó?�fõÇ���&õ-ó?# ï ó øhõ�õ ,
i.e. �5ó��8õó?�^õ�&b# ï �.���}��� ó?�L�
�Ró�� ï õó?�fõÇ���&õ .
(3): Set # ï $'& $ � &)(+*-,=. þ 0 1>2 ÞÉH?$ � 1 # .

Define

" # $'& ó " 8 � H9$ ò<: ; 132 Þfõ-ó " # � ó<$ � &)(+*-,=. þ 0
162 ÞÉH � þ54 $ � õnH ÿ þ54 $ � õ and the existentialó?���rîBõ -valuation� by ( ø�AUM � , � ï A " # � ÷5ø û ��)+� ):�Öó øhõRó?� ï õ×$'&b�����}�DóO�����5óO� ï õ-óO�5ó?� ï õ-ó-�^õI�Ì�fõI�
�5ó?� ï õ-ó-�^õ����^õ-óO# ï ó�øhõ�õ
where��A�Mhò�ù G3)�� is anarbitraryextensionof �:ï .
For this definitionto beokay, wehave to provethefollowing claims:

Claim4: For ø[A[M � and ýÍA=ñBó?# ï ó øhõ�õ , thechoiceof �OV*� ï doesnot influence:

(a) In caseof ýrA[MhòÌù G , thevalueof ��ó�ý1õ .
(b) In caseof ýrA[MhòÌù ú , thevalueof �5ó?� ï õ-ó-�^õRó�ý1õ .
(c) In caseof ýrA[M � , thevalueof �5óO� ï õ-óO�5ó?� ï õ-ó-�^õ����fõRó�ý7õ .

Claim5: îÔH " # H ó�î ï H " # � H " 8 � õ ! 4 $ ò is wellfounded.

Proofof Claim4: Exercise! Q.e.d.(Claim4)

Proofof Claim5: îMï H " # � H " 8 � is wellfoundedbecause�Åï is óO�-ï-���Jõ -compatiblewith ó��@ï��rîMï¡õ .
Moreover, as î ï is the # -update of î , we have

²@¨ î ï &>î H � þ H ÿ þ þ Thus,ó�îÔH � þ H ÿ þ H{î ï H " # � H " 8 � õ ! is awellfoundedordering,just like its subset



82 ó�î Haó " 8 � HÑ$ ò<: ; 1>2 Þfõó " # � ó $ ��&)(+*-,=. þ 0 132 ÞÉH � þ/4 $ � õ�H ÿ þ/4 $ � õIH ó�î ï H " # � H " 8 � õ ! 4 $ ò õ ! ,
which is equalto ó�î½H " # HQó�î ï H " # � H " 8 � õ ! 4 $ ò õ ! . Q.e.d.(Claim5) Q.e.d.(LemmaA.1)

Proof of LemmaA.2

Assuming # , � , î , � ï , î ï , @ , P , � , � ï , � ï as describedin the lemma, we set ô $'&ó-MhòÌù ú � Þlß}àwó?#�õ�õ N óOP���@Eõ . As # is quasi-existential,we have Mhò � Þ�ß>àvóO#�õqE�P
�Ò@���ôÛE�MhòÌù ú .
This leavesusin thefollowing situation:Ó âªâªâªâ³âªâ³âªâªâ³âªâªâ³âªâªâªâÍMhòÌù ú@âªâªâ³âªâªâ³âªâªâ³âªâªâ³âªâªâ«âe) Ó âªâ³â�â.M � â�âªâ³âw)Ó âªâ³âªâªâ³âªâ}âqÞ�ß>àvó���õ�â}â³âªâªâ³âªâªâ±) ...Ó âªâ³âªâªâ³âªâ�ârÞlß>à{óO# õ�âeâ«âªâªâ³âªâªâ>)Ó âlâ³â}â N â}â³âªâ±) Ó â O â ) Ó â A â )
Notethatwe arenot really interestedin ô becausethevariablesin ô shouldnot occuranywhere
andthustheir substitutionis not of any interest.But, aswe do not addrequirementson this, we
have to includethepossibilityof anonemptyô , althoughwedonotspendmuchthoughton ô in
this proof.

Notethat � ï is an î ï -choice-conditiondueto Lemma9.6.

As � ï is ó�� ï �@�Jõ -compatiblewith ó�� ï �rî ï õ ,��$'& ó�îMï�H " # � H " 8 � õ !
is awellfoundedordering.

Let � betheexistential ó?���rîBõ -valuationgivenby LemmaA.1(3) for � ï . Then" # & ó " 8 � HÑ$ ò<: ; 1>2 Þ1õ
�Øó " # � �¬ó<$ � &)(+*-,=. þ 0
1>2 ÞÉH � þ54 $ � õnH ÿ þ=4 $ � õ (A.2.1)
andfor all ð9A
Mhò�)�� , when � abbreviates$ ò<: ; 1 ð :�Ró��8õ-ó�ð�õ & ó $ � &)(+*-,5. þ 0 132 Þ�H7$ � 1 #�õ
�½�����}�(ó?�����5ó�� ï õó��5ó-� ï õó?�fõI�Ì�^õ����Ró?� ï õó?�fõI�Ì�^õ (A.2.2)
and î½H " # Hé� 4 $ ò is wellfounded. (A.2.3)

Claim1: For any term or formula X (possibly containing some unboundvariablesfrom a
set H ELMJI *-K�L+( ) andany �èAèMhò�ù GY)�� , M*AÄH )�� , and ð|�Uð8ï � «ð8ïÇA%Mhò�)�� with $ ò%: ; 1 ð�&Ã� ,Ô ò . { Ô �6. � 0 � þ 0<1 «ð ï & Ô ò . { Ô �6. � 0 � þ 0
1 ð ï , ð ï &b�Ró?� ï õó?�fõI�Ì� :�����}�(ó?�b�
�5ó��-ï õ-ó�ð5ï õI� «ð8ï}�9M�õ�ó�X�# õ& �����}�(ó?�Ã�C�5ó��8õ-ó�ðmõn�7$ ò 1 #K�8�����}�DóO�����5óO� ï õ-ó�ð ï õI� «ð ï õn�7$ &)(�*-,=. þ 0�1 «ð ï ��M
õó�X õ<þ
Proofof Claim1: �����}�DóO�����Ró��-ï õó�ð5ï õI� «ð5ï��7M�õ-óOX�#�õ = (by theSubstitution-Lemma)�����}� ó?��� ó<$ &)(+*-,/. þ 0�1>2 ÞU��# õI�.���}��� ó?�L�Ì�5ó�� ï õó�ð ï õI� «ð ï �7M�õ�õó�X õ = (by theExplicitness-Lemma

(asthevariablesof H donotoccurfreein X@�[Z�óO# õ ) andby Ô ò . { Ô �6. � 0 � þ 0 1 «ð ï & Ô ò . { Ô �6. � 0 � þ 0 1 ð ï )�����}� iîîj �� ó $ �'&)(+*-,5. þ 0 132 Þ[�Õ$ � 1 #�õI�8�����}�(ó?�b�
�5ó�� ï õ-ó�ð ï õI�qð ï õ� $ ò 1 #K�8�����}� óO�b�
�5óO�-ï õ-ó�ð8ï¡õI� «ð5ï õ� $ &)(+*-,=. þ 0 1 «ð ï �7M
u ññv � X � =

(by (A.2.2), $ ò<: ; 1 ðR&�� , and ð ï &b�5ó-� ï õó?�^õI��� )�����}� óO�5ó��8õ-ó�ðmõ��?$ ò 1 #K�8�����}�DóO�����5óO�-ï õ-ó�ð8ï¡õI� «ð5ï õn�7$ &)(�*-,=. þ 0�1 «ð5ï��FM�õ-ó�XEõ . Q.e.d.(Claim1)
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Claim2: $ ò 1 ó�î ! õ×E�� ,
ÿ þ ��î ! E�� , and

" # ��î ! E�� .
Proofof Claim2: As îMï is the # -updateof î , we have

²5 îMï�&SîÃH � þ H ÿ þ
. Thus,Claim2

follows from (A.2.1). Q.e.d.(Claim2)

Set

" 8 $S&Ã� � ó-Mhò�ù Guö�Mhò�ù úDõ .
Claim3: îÔH " # H " 8 is wellfounded.
Proofof Claim3: This follows from (A.2.3). Q.e.d.(Claim3)

The idea for the definition of the � we have to find is—roughly speaking—asfollows: Forý òÌù ú µA9P
�Ò@��]ô we take �Có�ý òÌù ú õ to be � ï ó�ý ò�ù ú õ . For ý ò ù ú AA@ we evaluate#�ó�ý ò ù ú õ in the updated
environmentbecausewe know that ��@A��BDC7ù þ is valid thereby assumptionof the lemma. Forý òÌù ú A=ô wetakethesamebecausewedonot think muchaboutthiscase.For ý òÌù ú A�P , however,
wehave to takecareof ó��>�@�Jõ -compatibilitywith ó��R�rîBõ explicitly in an � -recursivedefinition.

Let � bedefinedby ( ý òÌù ú AUMhòÌù ú , �ÌA
M&ò�ù G3)�� )�Có�ý ò ù ú õó �6� { |�} ò
: ~
��� 1 �&õ×$'& ¢¤ ¥
� if ý ò�ù ú A9P���}��� ó?�L�Ì�5ó�� ï õó��5ó-� ï õó?�^õI���^õI�
�5ó-� ï õó?�fõÇ���&õ-ó?#�ó�ý ò ù ú õ�õ if ý ò�ù ú AA@��]ô� ï ó�ý ò�ù ú õ-ó � � � { |�} ò
: ~<��� 1 �&õ otherwise

where(for detailscf. theproof of Lemma9.3) � is chosens.t.,for� ó�ý òÌù ú õ�&LáªÕ Î þ�þRþ-þ�áªÕsrut ¨ þ«X , andfor any M�A ÷|Õ Î �RþRþRþ���Õ�rvt ¨ û )ö�X becomes—ifpossible—ó $ ò<: ~ & |�} ò
: ~<� 1 óO�5ó?��õó?�fõ�õn� ÷8ý ò�ù ú ()Y� û �����FM����>���Jõ -valid.
Notethatthisdefinitionis okaybecausetheonly partof � thatis relevantontheright-handsideis�>� { |�} ò<: ~ ��� 1 � andbecauseit is recursive in � ; indeed,wehave ó � þ H ÿ þ õ 4 $ ò E·îMï dueto îMï being
the # -updateof î , andfor ø � Awñ � ó��Vó�ý òÌù ú õ�õ wehave ø � î ! ý òÌù ú (as � is an î -choice-condition)
andthenfor Õ ò " # ø«� we have Õ ò � ý ò ù ú by Claim2, andfor � ò A ñ�òmó�� ó�ý ò�ù ú õ�õ N ÷8ý ò ù ú û we have� ò î ! ý ò�ù ú � ò �xý òÌù ú by Claim2.

Claim4: For all ý ò ù ú A�@9��ô and �ÌA
MhòÌù G�)ö��� whenweset ð ï $'&��5ó-� ï õó?�^õ���� :�5ó-��õ-ó-�^õó�ý òÌù ú õ�&������}� óO�b�
�5óO� ï õ�ó�ð ï õI�vð ï õ�óO#�ó�ý òÌù ú õ�õ .
Proofof Claim4: Immediatelyby thedefinitionof � . Q.e.d.(Claim4)

Claim5: For all ý ò ù ú A
MhòÌù ú N óOP���@9�
ô¶õ and �ÌA
M&ò�ù G3)�� $Í�5ó-��õ-ó-�^õ-ó�ý òÌù ú õ&b�5ó?� ï õ-ó-�^õ-ó�ý òÌù ú õ .
Proofof Claim5: Immediatelyby thedefinitionof � . Q.e.d.(Claim5)

Claim6: For any termor formula X (possiblycontainingsomeunboundvariablesfrom aset H EMJI *-K�L+( ) with P � ñBóOX õª&èV , andfor any �bALMhò�ù G3)+� and MÛAÖH )�� , whenwe set ð�$S&�5ó-��õ-ó-�^õI�Ì� and ð ï $'&��5ó-� ï õó?�fõÇ��� , we have�����}�DóO���
�5ó�� ï õó�ð ï õI�qð ï �9M
õó�X�# õ& �����}� óO�b�
�5óO�8õ-ó�ðmõI�{ð8�OM
õó�X õ .
Proofof Claim6: �����}� óO�b�
�5óO� ï õ-ó�ð ï õI�vð ï �OM
õóOX�#�õ = (by Claim1)���}��� ó?�Ã�%�Ró��8õ-ó�ð�õ��7$ ò 1 #K�8�����}�(ó?�b�
�5ó��-ï õó�ð8ï õI�qð8ï õ �7$ &)(+*-,=. þ 0
1 ð5ï��FM�õ-óOX õ =

(by @���ô�E*M&ò � Þlß>àvóO# õ8E P
�Ò@��
ô and P � ñ@ó�X õª&éVÖõ���}��� ó?�Ã�%�Ró��8õ-ó�ð�õ���Â½× � 1 #K�8�����}� óO�b�
�5óO� ï õ-ó�ð ï õI�vð ï õ��?$ &�.ÙØ ×�ÂÚ× � 0�1 ð ï �FM�õ�ó�XEõ =
(by Claim4 andClaim5)���}��� ó?�L�Ì�5ó��8õRó�ð�õI�qð8�7M�õ-óOX õ . Q.e.d.(Claim6)

Claim7: For any setof sequentsP ï (possiblycontainingsomeunboundvariablesfrom aset H EMJI *-K�L+( ) with P � ñBó�P ï õª&%V , andfor any �ÌA ó?M&ò�ù GaH?H õÇ)�� :óO�5ó?��õó?�fõI�Ì�l���>�@�Jõ -validity of P ï is logically equivalentto óO�5ó?� ï õ-ó?�fõI�Ì�l��� ï ���Jõ -validity of P ï # .
Proofof Claim7: This is a trivial consequenceof Claim6. Q.e.d.(Claim7)

Claim8: For ý ò ù ú A�Þlß>àvó���õ N P we have P � ñBó��Vó�ý òÌù ú õ�õ�&bV .
Proofof Claim8: Otherwisethereis some � ò�ù ú AÃP � ñBó�� ó�ý ò ù ú õ�õ , but then � ò�ù ú î_¢�ý ò ù ú as � is
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an î -choice-condition,andthen,as Þlß>à{ó���õ � �2PF��î ! EÃP , we would have thecontradictingý ò ù ú A9P . Q.e.d.(Claim8)

Claim9: Let ý ò ù ú AÑÞlß>àvó���õ and �Vó�ý òÌù ú õ3&çá³Õ Î þ�þ-þRþ�áªÕsrut ¨ þ³X . Let ��AÃMhòÌù G�)�� and M A÷|Õ Î �RþRþRþ���Õsrut ¨ û )�� andsupposethat, for some�cAØ÷8ý òÌù ú û )�� , X is ó «ðe���>���Jõ -valid
for «ð9$'& $ ò<: ~ & |�} ò<: ~ � 1 óO�5ó?��õó?�fõ�õI�7�R�����OM . Now: X is ó�ð±���>���Jõ -valid for ð9$'&b�Ró?��õó?�^õ����9�OM .

Proofof Claim9: Set «ð ï $'& $ ò<: ~ & |�} ò
: ~ � 1 ó��Ró?� ï õ-ó?�fõUõI�O�_�Ì�[�7M and ð ï $'&b�Ró?� ï õó?�fõI�Ì�[�7M .ý ò ù ú µAA@��©P : In thiscase,wehave ý ò�ù ú µA�Þlß}à{ó?#�õ becauseof Þlß>àvó��=õ � Þ�ß>àwó?#�õ×E�@9�©P . Thus,
as ó�� ï �rî ï õ is theextended# -updateof ó��R�rîBõ , we have � ï ó�ý ò ù ú õ�& ó��Vó�ý ò ù ú õ�õ�# . By

Claim8 we have P � ñBó�XEõl&èV . For later applicationof Claim1, note that Ô ò . { Ô �6. � 0 � þ 0
1 «ð8ï8&Ô ò . { Ô �6. � 0 � þ 0 1 ð8ï ; otherwisetherewould besomeø � AQñ � ó�X õ�&½ñ � ó��Vó�ý ò ù ú õ�õ with ý ò�ù ú ÿ þ ø � , and
then,as � is a î -choice-condition, ý òÌù ú ÿ þ �Kî ! ý òÌù ú , andthen,by Claim2, ý ò ù ú �¿ý ò ù ú , which
contradictsthewellfoundednessof � .
Note that Ô ò%: ~ . � 0 1 #c�������}�(ó?�b�
�5ó�� ï õ-ó�ð ï õI�vð ï õ = Ô ò<: ~ . � 0 1 #¶�K�����}� ó?�L���5ó�� ï õ-ó�ð ï õI� «ð ï õ ; otherwise
therewouldbesome� ò�ù ú Awñ�ò�ù úUó�� ó�ý ò ù ú õ�õ with ý òÌù ú AwñBó?#�ó�� ò�ù ú õ�õ , which implies ý ò�ù ú î ï � ò�ù ú î_¢�ý òÌù ú
(as î ï is the # -updateof î and � is an î -choice-condition),andthen,by Claim2, ý ò�ù ú �É� ò ù únÛ ý òÌù ú ,
whichcontradictsthewellfoundednessof � .Ô . � 0�1 «ð = (dueto ý ò�ù ú µA�Þlß}à{ó?#�õ , PWH óOÞlß>àvó?#�õ � Mhò�õ�&�P���@9��ô , P � ñBó�X õª&%V , Claim5)Ô . � 0 &)(�*-,=. þ 0 1 «ð ï � . ÂÚ× � 0�Ü Ô ò%: ~ . � 0 1 ó��5ó-��õ-ó-�^õ�õ = (by Claim4)Ô . � 0 &)(�*-,=. þ 0�1 «ð ï � . ÂÚ× � 0�Ü Ô ò%: ~ . � 0�1 #K�.���}��� ó?�L�Ì�5ó�� ï õó�ð ï õI�{ð ï õ = (cf. above)Ô . � 0 &)(�*-,=. þ 0 1 «ð ï � . ÂÚ× � 0�Ü Ô ò%: ~ . � 0 1 #K�.���}��� ó?�L�Ì�5ó�� ï õó�ð ï õI� «ð ï õ .
Now: �Íã ä�� = (by assumptionof Claim9)�����}� ó?� �Ò�5ó��8õó «ðmõ
� «ð�õó�X õ = (by theaboveand Þ�ß>àvóO#�õ � ñ�òmó�X õ�& ó�@9�
ô¶õ � ñ�ò�ù ú�ó�XEõ )�����}� ó?� �Ò�5ó��8õó «ðmõ
�Å$ ò 1 #K�8�����}�DóO���
�5óO�-ï õ-ó�ð8ï õI� «ð5ï õ
� $ &)(�*-,=. þ 0 1 «ð5ï õ-óOX õ = (by Claim1)�����}� ó?� �Ò�5ó�� ï õó�ð ï õÌ� «ð ï õó�X�# õ = (asotherwisefor someø � Awñ � ó�X�#�õ�&¨ñ � ó�� ï ó�ý ò ù ú õ�õ

wehave ý òÌù ú " # � ø«��î ï !¶ý ò�ù ú , i.e. ý ò ù ú ��ý ò�ù ú )�����}� ó?� �Ò�5ó�� ï õó «ð ï õÌ� «ð ï õó�X�# õ . As � ï is ó�� ï ���Jõ -compatiblewith ó�� ï �Uî ï õ , we know that X�# isó�ð ï ��� ï �@�Jõ -valid. Thus,by Claim7, X is ó�ð|���>���Jõ -valid.ý ò ù ú AA@ : P � ñ@ó�X õª&%V by Claim8. Let ýºA MxI *-K+L+( N ñBó�� ó�ý ò�ù ú õ�õ and   be the formula ü7ý&þóOX ÷8ý ò�ù ú óOÕ Î õxwywywRó?Õsrut ¨ õ�() ý û õ s.t. BDC1ù þ ó�ý òÌù ú õ is equalto ÿ�Õ Î þ�þRþ-þcÿ�Õ�rvt ¨ þ�ó� `m�X õ�# . We
have P � ñBó�  õª&%V1þ As X is valid in �a�©�5óO�8õRó «ðmõ@� «ð�� by thestandardsemanticaldefinitionof ü (cf.
e.g.Wirth (1997),p.188, or Enderton(1973),p.82) andthe Substitution-Lemma,  is valid in�Ñ�%�5ó��8õó «ðmõ�� «ð , too, andthen(as ý ò�ù ú doesnot occurin   anymore(asall occurrencesof ý òÌù ú
in X areof theform ý òÌù ú óOÕ Î õxwywywRóOÕ�rvt ¨ õ accordingto Definition9.1))alsovalid in � �3�5óO�8õ-ó «ð�õ«� ð .
Moreover,   is even valid in � �c�5ó��8õ-ó�ðmõ×� ð ; otherwisetherewould be some Õe�%AäñBó� §õ
with ý ò�ù ú " # Õe� , but then Õe�8AwñBó��Vó�ý òÌù ú õ�õ N ÷8ý òÌù ú û and(as � is an î -choice-condition)Õe��î ! ý òÌù ú ,
whichcontradictsthewellfoundednessof î�H " # , whichcontradicts� beinganexistential óO���rîBõ -
valuation.By Claim7,  Y# is ó�ð ï ��� ï ���Jõ -valid. But by assumptionof the lemmaon BDC7ù þ andby
thestandarddefinitionof ÿ , we know that ó� `m�X õ�# is ó�ð ï ��� ï �@�Jõ -valid. Thus, X[# is ó�ð ï ��� ï ���Jõ -
valid. By Claim7, X is ó�ð±���>���Jõ -valid.ý ò ù ú A9P : By definitionof � . Q.e.d.(Claim9)

By Claim3 andClaim9, � is óO�>���Jõ -compatiblewith ó��R�rîBõ , andthenitems1 and2 of thelemma
aretrivial consequencesof Claim6, Claim7, resp.. Q.e.d.(LemmaA.2)
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C Notes

Note1: Indeed,despiteSieg & Byrnes(1998),theold fashionof Shanin&al. (1965),namelyto
find a proof in a sequentcalculusin disguiseandthento translateit into naturaldeduction,still
seemsto bethestateof theart of proof searchin naturaldeductionin classicallogic.

Note2: We attribute � , Ð , � , and ð to inferencerules (as it seemsto be intendedin Smullyan
(1968))andnot to formulas(asin Fitting(1996)). This hastheadvantagethatnothingchanges
whenwe switchfrom positive to refutationaltheoremproving, e.g. Ð alwaysstandsfor “branch-
ing”, asalreadyindicatedin Smullyan(1968),contraryto thestrangebranching� -rulesin Fitting
(1996),p.51.

Note3: Notethat ø«��µA�ñ � ó
Ý õ is notrequiredfor soundnessorsafeness(cf. theproofof Theor.14.1),
but only in ordernot to losepossibleproofs.

Note4: Note that for soundnessandsafenessof the ð -rule ø ò�ù G ªA ñ@ó�ô�� � ���54�õ�HèÞlß}à{ó�îBõ is
sufficient for ÝW& ó�78�'�R�rî9��:8��;wõ , cf. theproofof Theor.14.1.Nevertheless,werequire ø ò�ù G ªAñBó<Ý§õ in ordernot to losepossibleproofs.

Note5: Notethatfor soundnessandsafenessof theliberalizedð -rule ø ò�ù ú ªAwñBó�ô@õ³HYÞlß>à{ó��[H]îBõ
is sufficient for Ý & ó�78�'�R�rî9��:8��;Aõ , cf. the proof of Theor.14.1. Nevertheless,we requireø òÌù ú ªAwñBó
Ý õ in ordernot to losepossibleproofs.

Note6: Thenotation ��ô���î is in the traditionof Bourbaki(1954),ChapitreII, Þ 3, Définition 3,
where î���ôS� is written in order to clearly distinguishrelationapplication ��ôS��î from function
application î ó�ô¶õ . In Wirth (1997)we still usedto write î�É ô�Ì insteadof ��ôS��î . In this paper,
however, this notationwould leadto confusionwith ouruseof optionalbrackets.

Note7: Notethat î t ¨ is aninverse(in thesensethat îR��î t ¨ & (�*-,5. � 0 132 Þ and î t ¨ ��î%& �%� L�. � 0 162 Þ
holds) if f î is aninjective function.

Note8: Wedonotneedthemorecomplicateddefinitionsof asequentasapairof listsof formulas
or asa T/F-taggedlist of formulasbecausewe do not considercalculi wheretheseparationof a
sequentinto antecedentandsuccedentis important,likeLJ in Gentzen(1935)or the“symmetric
Gentzensystems”in Smullyan(1968).

Note9: Thename“syntacticalconstruct”wasalreadyusedbeforeWirth & Becker(1995)andwe
will keepit in orderto avoid extra confusionuntil wefind a really betterone.

Note10: It may be objectedthat in the modal logics of, say, Fitting(1999),Cerrito & Cialdea
(2001),Fitting(2002),theSubstitution-Lemmais not valid becauseit only holdsfor thesubsti-
tution of rigid andrigidified (grounded,annotated,non-relativized) terms. This is, however, a
wrong view: Thosesubstitutionsfor that the Substitution-Lemmadoesnot hold areno proper
substitutions.They cannotoccurin proofstepsbecausesuchproofstepswouldbeunsound.And
thereforewe do not needthemat all, andsimply do not call themsubstitutions,which renders
the Substitution-Lemmavalid again. Indeed,the substitutionsfor that the Substitution-Lemma
doesnot hold whenappliedto a certaintermor formula X , arenot “free” for X in somesense.
Theproblemis thatan implicit variableis capturedby somequantifier. We will explain this for



86

thehigher-ordermodallogic of Fitting(2002)becausetheretherelativizationoperatorß makes
this obvious. For a term 6 of intensionaltype à � , theterm ßÝ6 hastheextensionaltype � . Instead
of ß>6 onecouldalsowrite 6�Z where Z is a variablevaluatedto thecurrentworld, so that 6�Z is
theextensionof 6 at world Z . Thequantifiersá , â andthebinder á implicitly bind this implicit
variableZ . Let usnow havea look on thestandardexamplefor theviolation of theSubstitution-
Lemma. Let ø , ý bevariablesof theextensionaltype ` , let ã , d be constantsof the intensional
type à�` standingfor theintentionalnotionsof Hesperus(morningstar)andphosphorus(evening
star),andassumethat á means“the ancientsknew”. Thenø_&>ý m á ó ø_&>ý1õ
is valid becausetheancientsknew that two identicalthingsareidentical. On theotherhandits
instance ßµãÍ&�ß±d m á ó<ßµãq&Fß±d&õ
via the“substitution” ÷5øÌ()äßµãI� ý�() ß±d û is not valid in our world becauseheretheextensions
of Hesperusandphosphorusareidenticalbut theancientsdid not know that. But with thevari-
able Z madeexplicit, thefirst formulareadsø¦&>ý m á_Z=þ�ó�ø¦&Aý1õ
for which the “substitution” ÷5ø�() ãlZ[� ý�() dªZ û is obviously not “free” becausethe Z is
capturedby thequantifier á_Z .

Note11: Indeed,theproblemsof higher-orderlogic do not interferebecausewe do not Skolem-
ize, the word “completeness”will not occur anymore in the rest of the whole paper, and we
considerefficiency (likeunification)only in sofarasthatwedonot inhibit it.

Note12: ø ò�ù G AtM&ò�ù G is in solvedform in thesyntacticalconstruct
� ó ø ò�ù G µ&q6�õ��èÏ�4 if ø ò�ù G ªAñ@ó?6�� � �Ì�54Kõ and ñ�ò�ù úUó?6�� � �Ì�54KõIHvñ � ó-6�� � �Ì�54Kõ8E·î ! � ÷5ø ò�ù G û ��þ

Note13: In orderto show thatthereis nothingoutof theordinarywith lexicographiccombination
up to å , let us indicatehow it could be modeledwith fixed-aritymany-sortedfunctionsin the
specificationformalismof QUODL IBET.

For å�&t¹ thelexicographiccombinationupto å canbeinductivelydefinedin thefollowingway
thatcanbeeasilygeneralizedto any naturalnumberå . In our signaturewe need,for any user-
definedtype Ë , theconstructorsymbol h {'æ�$�¯ÆÅ±x�)äË.)ÁË.)äçUã´è representingthelexicographic
combinationof length ` , ¼ , or ¹ asindicatedby thefirst argument,e.g. h {3æ1ó?ÊRó2È�õ���ø���ý1õ modelsthe¼ -tuple ó�øhõ while h {3æ1óOÈ���ø��rý7õ modelsthe ` -tupleor emptyword óDõ . Moreover, h {3æ1ó?ÊRó?ÊRó
� õ�õ���ø��Uý7õ
modelsthe � ü ¹ -tuple ø^ý k ÷ ¨ , whereonly �U&Ã` is intended,but �Êé�` doesnot destroy well-
foundedness.It is importantthat Ë is different from ORD becauseotherwisewe canform tu-
ples of arbitrary length via the old idea of set theory to constructtuples from pairs, namelyó øbk ÷  ��øbk ÷ ¨ �RþRþ-þÖ��ø Î õÉ$'& ó�øbk ÷  �5ó�øbk ÷ ¨ �RþRþRþ���ø Î õ�õ�� therebydestroying thewellfoundedness.Now
wecaninductively define \�$�çRã/è%)êçUã´è%) f>geg�h asfollows,where �JcÇ$l¯ÆÅ±x and øbc5��ýsc�$�Ë�þó�^�¼5õ ÿJ� ¨ ��ø Î ��ø ¨ �Uý Î �Uý ¨ þ`h {'æ1ó�È���ø Î ��ý Î õ�^Ñh {3æ1ó�� ¨ ��ø ¨ �Uý ¨ õó�^[¹�õ ÿJ� Î ��ø Î ��ø ¨ �Uý Î �Uý ¨ þ��\óÇh {'æ1óOÊ-ó�� Î õ���ø Î �Uý Î õ�^ h {'æ1óOÈ���ø ¨ ��ý ¨ õ
õ
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ó�^U·°õ ÿJ� Î �+� ¨ ��ø Î ��ø ¨ �Uý Î ��ý ¨ þ ij h {'æ1óOÊ-ó�� Î õ���ø Î ��ý Î õ�^Ñh {'æ1óOÊ-ó�� ¨ õ���ø ¨ ��ý ¨ õ~ p ø Î ^@ø ¨o ófø ¨ ^@ø Î m h {3æ1ó<� Î �Uý Î �Uý Î õ�^Ñh {3æ1ó
� ¨ �Uý ¨ ��ý ¨ õ
õ9s uv
ó�\_¼8õäÿJ� Î �+� ¨ ��ø Î ��ø ¨ �Uý Î ��ý ¨ þ ij h {'æ1ó�� Î ��ø Î �Uý Î õ×\�h {'æ1ó�� ¨ ��ø ¨ �Uý ¨ õ~ p h {3æ1ó�� Î ��ø Î �Uý Î õ�^Ñh {'æ1ó�� ¨ ��ø ¨ �Uý ¨ õo �\ó�h {3æ1ó
� ¨ ��ø ¨ ��ý ¨ õ�^Ñh {'æ1ó�� Î ��ø Î �Uý Î õ
õ�s uv
( ^ 1) and ( ^ 2) say that the empty tuple is smallest. ( ^ 3) saysthat for non-emptytupleswe
comparethe first elementsand have to comparethe rest of the tupleswhen they turn out to
be equivalent. ( \ 1) is just the standardway to definethe orderingof a quasi-ordering.The
analogousdefinitionsfor booleanfunctionsareadmissiblein QUODL IBET. Notethatwe getthe
following theoremsthat have beenproved in QUODL IBET deductively andwithout usingany
orderingproperties:ó�\r¹�õ ÿJ� ¨ ��ø Î ��ø ¨ �Uý Î �Uý ¨ þ`h {3æ1óOÈ���ø Î ��ý Î õ�\¦h {3æ1ó?ÊRó�� ¨ õ���ø ¨ �Uý ¨ õó�\.·°õ ÿJ� Î �+� ¨ ��ø Î ��ø ¨ �Uý Î �Uý ¨ þ iîîj h {3æ1ó?ÊRó
� Î õ���ø Î �Uý Î õ�\_h {'æ1óOÊ-ó�� ¨ õ���ø ¨ �Uý ¨ õË ij ø Î ^Bø ¨o p ø ¨ ^¶ø m h {3æ1ó�� Î �Uý Î �Uý Î õ�\¦h {'æ1ó�� ¨ �Uý ¨ ��ý ¨ õ9s uv u ññv
Usingreflexivity of ^ on theuser-definedtypesandthedefinitionof \ astheorderingof ^ , we
getthefollowing consequencesof ( \ 3) thatareimplemented(besides( \ 2)) asspecialinference
rulesin QUODL IBET insteadof ( \ 3) sincethequasi-orderingsarenot implementedin QUODL I-
BET for pragmaticreasons.Theorderings,however, areavailablefor any type Ë of thesignature¤
via predicatesymbols\L$�Ë.)ÁË.) f>geg�h of ¤ .ó�\8¸Öõ ÿJ� Î �+� ¨ ��ø Î ��ø ¨ �Uý Î �Uý ¨ þ p h {3æ1óOÊ-ó�� Î õ���ø Î ��ý Î õ�\_h {3æ1ó?ÊRó
� ¨ õ���ø ¨ �Uý ¨ õË ø Î \Zø ¨ só�\¸ë�õ ÿJ� Î �+� ¨ ��ø Î �Uý Î �Uý ¨ þ p h {3æ1óOÊ-ó�� Î õ���ø Î ��ý Î õ�\_h {3æ1ó?ÊRó
� ¨ õ���ø Î �Uý ¨ õË h {3æ1ó�� Î ��ý Î �Uý Î õ�\_h {'æ1ó�� ¨ ��ý ¨ ��ý ¨ õ s
Note14: An anonymousrefereeof apreviousversionof this text wrote:

A minor item: After statingtherelevantinductionprincipletheauthorwrites: “Now
by thePrincipleof DependentChoice(cf. Rubin& Rubin(1985)). . . .” I find thisref-
erencequite inappropriate:Of course,oneneedssomeform of theaxiomof choice
to prove theexistenceof minimal elementsin general, however in thecontext of in-
ductive reasoningtheusedorderingis alwaysconcretelygivenandconsequentlythe
factthat“a classwithoutminimalelementscontainsachainwithouta leastelement”
is alwaysobviousin any particularscenarioof theoremproving.

I donot follow this argumentation:

Theproblemis thattheremaybeseveralcounterexamplesandtheinductionordering
be partial. So you have to pick and pick andpick smallercounterexamplesfrom
unstructurednon-emptyclasses.

Nevertheless,it wastheaboveremarkwhichfinally mademechangemy definitionof wellfound-
ednessfrom non-terminationof the reverserelation to existenceof minimal elements,which
resultedin a tautologicalsoundnessof theMethodof DescenteInfinie.
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Note15: Considerthevalid HenkinquantifiedIF logic formulaÿ&ø Î þ:ÿ&ø ¨ þ&ü7ý Î>ª ø ¨ þhü7ý ¨�ª ø Î þ� ø Î &¶ý Î o ø ¨ &¶ý ¨ �
or its logically equivalentraisedformü7ý Î þ&ü7ý ¨ þ7ÿ&ø Î þ:ÿ&ø ¨ þ � ø Î &Mý Î ó�ø Î õ o ø ¨ &¶ý ¨ ó�ø ¨ õ �
Theideato representthis in our framework astheformula ø ò Î &@ý �Î o ø ò ¨ &@ý �¨ with variable-condi-
tion îÛ& ÷:ó�ý �Î ��ø ò ¨ õ��8ó�ý��¨ ��ø ò Î õ û fails to be î -valid. Indeed,while ÷8ý �Î ().ø ò Î û and ÷8ý �¨ ().ø ò ¨ û are
existential î -substitutions,their combination #
&½÷8ý �Î () ø ò Î �Ký �¨ ().ø ò ¨ û is no î -substitution:ý��Î � ø ò Îì�í

ý��¨ � ø ò ¨ì í
Now, if you wantto turn this wrongrepresentationinto aproperone,youhave to usethenotions
from theweakversionof Wirth (1998)instead.Reformulatedaccordingto theslightly different
notionof a substitutionusedin this paper, they read:

Definition Note15.1(WeakVariable-Condition) (Cf. Definition4.6)
A variable-conditionis asubsetof M � öÌMhò3þ
Definition Note15.2(Weak î -Substitution) (Cf. Definition5.2)
Let î beavariable-condition.# is an î -substitution if # is asubstitutionfor that

ÿ þ �Kî is irreflexive.

Definition Note15.3(Weak # -Update) (Cf. Definition5.3)
Let î beavariable-conditionand # beasubstitution.
The # -updateof î is ó<$ �+&)(+*-,=. þ 0�1>2 ÞUH � þ õI�Kî .

Notethat for this weakversionwe have to paythepricethatwe cannotusea liberalizedversion
of the ð -rule,whichmakesourproofsdependenton theorderin whichweeliminatedquantifiers,
therebyseverelyviolatingourdesigngoalof anaturalflow of information,cf. Section2.1.

Note16: If you neverthelesswant to have re-useandpermutationsof free existentialvariables
youhaveusethefollowing alternativenotionsinstead.

Definition Note16.4(Alter nativeVariable-Condition) (Cf. Definition4.6)
A variable-conditionis asubsetof M½������uö�M&ò8þ
Definition Note16.5(Alter native î -Substitution) (Cf. Definition5.2)
Let î beavariable-condition.# is an î -substitutionif # isasubstitutionfor that ó $ ò6� . $ �+&)(�*-,=. þ 0%0 162 ÞUH � þ H ÿ þ õw�î Haó � þ H ÿ þ õ 4 $ ò is wellfounded.

Definition Note16.6(Alter native # -Update) (Cf. Definition5.3)
Let î beavariable-conditionand # beasubstitution.
The # -updateof î is ó $ ò>� . $ �'&)(+*-,5. þ 0%0 162 ÞUH � þ H ÿ þ õI�\î Haó � þ H ÿ þ õ 4 $ ò .

In an implementation,substitutedfreeexistentialvariablesshouldgetnew nodeswhile their old
nodeslose their labels. E.g., (wherewe have boxed the old occurrencesof the re-usedfree
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existentialvariablesø«� and Ó�� ) forî�$'& ÷:ó ø«� ��ý ò õ��=ó ø«� ��� òÎ õ��Eó ø«� ��� ò ¨ õ��=ó ø«� ��� ò õ��=ó Ó«� ��Õ ò õ��Eó?Z¦�Ö��Õ ò õ û þ
andtheexistential î -substitution(in thealternativesense!)#%$S&½÷ ø«� () ó?Ó«� ü Õ ò õ�� Ó�� () ø«�]� ý � () Õ ò û
weshouldupdate Ó � � Õ ò Z ��

ý ò ø«��� � �� òÎ � ò ¨ � ò
first to ý �

ø«� ¾ í Ó«� � Õ òì�í
ì�í Z¦��

ý ò ø«��� � � Ó«�¾ í
� òÎ � ò ¨ � ò

andthento ø �   Õ ò Z �
ý ò   Ó �� òÎ � ò ¨ � ò

representingthe # -updateof î in the alternative sense.Note that the edgefrom Õ ò to ý � has
beencompletelyremoved in the last stepbecauseý � hasno out-going î -edge. This may be
anefficiency advantageover thenon-alternativeversion,cf. alsoSection15. Therefore,we have
sparednoeffortsandincludedthetreatmentin caseof thealternativedefinitionsof î -substitution
and # -updatein all our proofs!

Note17: Theotherreasonis thatwedonothaveto insert î�� ÷Æ� ò û ��ö ÷8ý òÌù ú û into thevariable-con-
dition î anymore(aswasthecasein Wirth (1998))becausethetransitiveclosurenow takescare
of this.
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Note18: It shouldbe pointedout that the “some � ” in this definition is somethingwe canplay
aroundwith. Indeed,in Wirth (1998),Definition5.7 (resp.Definition4.4 in shortversion),we
canread“each � ” instead,which is just theotherextreme.Thereasonwhy we prefer“some � ”
to “each � ” hereandin Wirth (2002)is thatthelatterresultsin morevalid formulas(e.g.(E2) in
Wirth (2002))andmakestheoremproving easier. Contraryto theformerandto all semanticsfor
Hilbert’s ø in theliterature,thelatterfreesusfrom consideringall possiblechoices:We justhave
to pick asingleoneandfix it in aproof step.As themajornotionhereandin Wirth (2002)is not
strongvalidity but reduction(cf. Definition11.1),wherethequantificationof � mustbeuniversal
no matterhow we quantify in the notion of strongvalidity, changingthe quantificationof � in
Definition10.1would only have very local consequences.Roughlyspeaking,in Section10 and
Section11only Theor.11.2(6a)for thecaseof @Lµ&%V aswell asTheor.11.2(5a)becomefalsefor
adifferentchoiceon thequantificationof � in Definition10.1.

Note19: Sincethe definition of wellfoundednesswaschangedfrom non-terminationof the re-
verserelationto existenceof minimal elements,the soundnessof this stepdoesnot requirethe
Principleof DescenteInfinie, cf. Definition4.4,anymore.

Note20: Notethat in Wirth (1998)the(non-liberalized)ð -ruleswereno sub-rulesof Expansion
rule of thesequentcalculusof Definition13.4becausetherewasonly onekind of freeuniversal
variablesandthe ð -rule had to usethe samekind of free universalvariablesas the liberalizedð -rule,cf. thediscussiononp.25of Wirth (1998).

Note21: Indeed,for thealternativenotionsin Note16,we get îÑ$S&LV herebecauseó ø«�¨ ��ø«� õ gets
removedjust astheedgefrom Õ òÌù ú to ý�� in theexampleof Note16.

Note22: Indeed,for the alternative notions in Note16, our variable-conditionwould still be
empty.

Note23: Or, moreformally, usingthelexicographiccombinationof Note13accordingto Zq� ó�øhõB$'&h {3æ1ó?ÊRóOÈ°õ���ø���È°õ and Z¦�² ó ø��Uý7õ�$S&Ãh {3æ1ó?ÊRó?ÊRó�È°õ�õ���ø��Uý7õ�� or evenmoreformally weapplytheexistentialî -substitution ÷|Z¦� () áfø�þIh {'æ1óOÊ-ó�È°õ���ø���È°õ��.Z¦�² () á1ø��Uý&þ�h {3æ:óOÊ-ó�ÊRóOÈ°õ�õ���ø��rý7õ û þ
Note24: If it wellfoundednessor terminationwereafirst-orderproperty, thefirst-ordertheoryof
thePeanoalgebraof naturalnumberswould befirst-orderaxiomatizableandenumerable,but it
is not evenarithmeticallydefinable,cf. e.g.Enderton(1973),p.228.

Note25: There is one disadvantage,however, of the liberalized ð -rule comparedto the non-
liberalized ð -rule. Sometimesthe liberalized ð -rule resultsin a biggervariable-conditionthan
the non-liberalizedonebecausethe liberalizedoneadditionally introducesdependenciesfrom
the weakfree universalvariablesof the principle formula, which arenecessaryfor lemmaand
inductionhypothesisapplication. Oneconsequenceof this is that simplificationbecomesmore
difficult: E.g.,in item2 at theendof Section4.1wesafelyremovedtheliteral ø ò�ù G µ&¦Ê-ó�ý òÌù G õ fromø ò�ù G µ&_Ê-ó�ý òÌù G õ��qÈ ü ÊRó�ý ò ù G õl&%Ê-ó�ý ò�ù G õ�ÏÍZq�¨ óOÊ-ó�ý ò�ù G õ�õ becauseø ò�ù G wasin solvedform in this sequent,
cf. Note12. If wehadappliedtheliberalized ð -ruleinstead,wewouldhavegot ø ò�ù G µ&_Ê-ó�ý ò ù ú õ��qÈ ü ÊRó�ý ò ù ú õª&Ê-ó�ý ò�ù ú õ�ÏÍZq�¨ óOÊ-ó�ý òÌù ú õ�õ�� whereø ò�ù G is not in solvedform becausethissequentcontainsthestrongfree
universalvariableý ò ù ú which is not in î ! � ÷5ø ò�ù G û � . Moreover, wecannotextendthevariable-condi-
tion î s.t. î ! � ÷5ø ò�ù G û � containsý ò ù ú becausetheliberalized ð -rule hasintroducedthedependencyó ø ò�ù G �Uý òÌù ú õ into î , so that î would becomecyclic. Note that ý ò ù ú standsfor ø3ý&þ�ó�ø òÌù G &¦Ê-ó�ý7õ�õ��
which meansthat ø ò�ù G still occurshiddenthe latter sequent. Indeed,underthe variable-con-



91

dition î $'& ÷:ó�ø ò�ù G �Uý ò�ù ú õ û , the choice-condition� $'& ÷:ó�ý ò ù ú �8ó�ø ò�ù G &¦Ê-ó�ý òÌù ú õ�õ�õ û , and (nat1) from
Section4.1, theremoval of ø ò�ù G µ&_Ê-ó�ý ò�ù ú õ from ø ò�ù G µ&¦ÊRó�ý òÌù ú õ��Ký òÌù ú µ&_È�ÏQþRþRþ is not safein thesense
of Definition13.9; to wit, let � have the universe ÷ ü �Öâ û öî^ with Ê�¥uó ü ��� õK$'&�ó ü ��� ü ¼8õ��Ê�¥uó�âU�+� ü ¼8õ×$'& ó�âU�+�Åõ���Ê�¥uó�âU�'`°õ×$'& ó ü �Ö¼8õ�� and È�¥t$S& ó ü �'`°õ�� andset�Có�ý ò ù ú õ-ó?�fõB$S& ¢££¤ ££¥

ó ü �'`°õ if ��ó ø ò�ù G õ@& ó ü �'`°õó�âU�'`°õ if ��ó ø ò�ù G õ@& ó ü �]¼8õó ü �+� ü ¼8õ if ��ó ø ò�ù G õ@& ó ü �+� ü ¹�õó�âU�+� ü ¼8õ if ��ó ø ò�ù G õ@& ó�âU�+� õ
¦ ££§££¨ ,

which is compatiblewith ó��U�UîBõ andmakes ø ò�ù G µ&¦ÊRó�ý ò ù ú õ���ý ò ù ú µ&_È valid, but not ý òÌù ú µ&_È .
Thereis, however, a generalway to overcomethis shortcomingfor constructive domains.For
ourspecialcaseof naturalnumbersit looksasfollows: Whenweaddtheaxiom(nat2) or (nat3)
(which togetherwith (nat1) is strictly strongerthan (nat2)) from below, then the removal ofø òÌù G µ&¦Ê-ó�ý ò�ù ú õ from ø ò�ù G µ&¦ÊRó�ý ò ù ú õ�� � Ï þRþ-þ is alwayssafebecausethe imageof the predecessor
functionon theuniversewithout ÈÆ¥ is thewholeuniverseandif

�
is falsefor ��ó ø ò�ù G õl&èÈ�¥ thenø òÌù G µ&¦Ê-ó�ý ò�ù ú õ�� � is falsefor the � ï whichdiffersfrom � in � ï ó�ø òÌù G õª&éÊ�¥uó?�Có�ý ò ù ú õó?�fõ�õ becausethen�Có�ý ò ù ú õó-� ï õª&��Có�ý ò ù ú õó?�^õ .ó5¯ÆÅ|xw¹�õ ÿ&ø��Uý^þ%� Ê-ó�ø�õ@&¦ÊRó�ý7õ�m øÇ&¶ý��ó5¯ÆÅ|x�·°õ ÿ&ø��Uý^þ � ø©â�)zýR~ øÇ&¦Ê-ó�ý:õ � o â�) t ¨ is wellfounded

Note26: In terms of Hilbert’s ø -operator, this asymmetrycan be understoodfrom the argu-
mentationof Nonnengart(1996),which, for somenew variable �½ALMJI *-K�L+( and 6 denotingthe
term ø��7þ�ó2��ô�÷5ø�()�� û o ó�ô*	{ø�&R��õUõ�� employs the logical equivalenceof ÿ&ø�þ
ó�ô_	�X õ withÿ&ø�þ^ô�	qÿ&ø�þ�ó�XJ÷5ø�()½6 û õ andthenthelogicalequivalenceof ÿ&ø�þhô with ü:ø�þ
ó�ô�÷5ø�()½6 û õ .
Note27: Thesecalculi werepresentedat the2nd Int. Workshopon First-OrderTheoremProving
(FTP)in Nov. 1998in Vienna(cf. Wirth (1998)),wherenobodyin theaudiencewasableto point
out other work in this direction besidesthe unsoundcalculi in Kohlhase(1995) andKohlhase
(1998),cf. Section4.7.

Note28: For thealternativenotionsin Note16,wehave to replacethis sentencewith thefollow-
ing: As î ï is the # -updateof î , wehaveÿ þ î_¢ 4 $ ò E ÿ þ î@î_¢nH ÿ þ/4 $ ò & ÿ þ î ó<$ ò 1 îBõ ¢ H ÿ þ54 $ ò E·î ï ! ,
thesecondstepbeingdueto X@�[Z�ó�îBõUEÑM&ò for any alternative variable-conditionî . Similarly,$ ò 1 ó�î ! õ�& ó%$ ò 1 îBõ�!YE·î ï"! þ Q.e.d.(Claim1)

Note29: For thealternativenotionsin Note16,wehave to replacethis sentencewith thefollow-
ing: As î ï is the # -updateof î , wehaveó<$ �+&)(+*-,=. þ 0�132 Þ[H � þ õOî ¢ 4 $ ò E ó<$ �'&)(+*-,5. þ 0�132 Þ[H � þ õ�î@î ¢ H9$�ï ðÙññ 132 Þ[H � þ/4 $ ò &ó $ �+&)(+*-,=. þ 0 1>2 ÞUH � þ õOî ó<$ ò 1 îBõ ¢ H9$6ïòðÙñ�ñ 1>2 Þ[H � þ54 $ ò E·îMï ¢ ,
thesecondstepbeingdueto X��sZ�ó�îBõ×E*M&ò for any alternativevariable-conditionî .

Q.e.d.(Claim2)

Note30: For the alternative notionsin Note16, we have to deviate herein the following way:
Moreover, as î ï is the # -updateof î , wehaveî ï & ó%$ ò3� . $ �'&)(�*-,=. þ 0	0
132 Þ[H � þ H ÿ þ õ�î H ó � þ H ÿ þ õ 4 $ ò þ
As ó�î ï H " # � õ ! is awellfoundedordering,sois its subsetó<$ ò � . $ � &)(+*-,=. þ 0%0<1 îÔH " # � 4 $ �+&)(�*-,=. þ 0 H " # � � þ54 $ � î½H ÿ þ=4 $ � îBõ ! þ
Thealternativeversionof a variable-conditionguaranteesX��[ZÅó�îBõqELM&ò8þ Thus,additionalsteps
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with $ � Ü (�*-,=. þ 0 1 î mustcauseimmediatetermination;i.e.ó�î½H " # � 4 $ �+&)(�*-,=. þ 0 H " # � � þ/4 $ � îÔH ÿ þ54 $ � îBõ !
is awellfoundedordering,too. As X��[Z�ó � þ/4 $ � H ÿ þ/4 $ � õBE*M � and Þlß}àwó " # � H ÿ þ õ×E*Mhòó�î*H " # � 4 $ �+&)(�*-,=. þ 0 H " # � � þ=4 $ � H ÿ þ54 $ � õ !is awellfoundedordering,which is equalto ó�î½H " # õ ! by definitionof

" # . Q.e.d.(Claim3)

Note31: For the alternative notionsin Note16, we have to deviate herein the following way:
Moreover, as î ï is the # -updateof î , wehaveîMï�&ãó<$ ò � . $ � &)(+*-,=. þ 0%0<1>2 ÞUH � þ H ÿ þ õ�î H ó � þ H ÿ þ õ 4 $ ò þ
As ó�î ï H " # � H " 8 � õw! is awellfoundedordering,sois its subsetp $ ò>� . $ �'&)(+*-,=. þ 00�1 î*HQó " 8 � HÕ$ ò<: ; 162 Þfõ-ó " # � ó<$ �+&)(+*-,=. þ 0�1>2 Þ9H � þ54 $ � õÇH ÿ þ/4 $ � õó�î½Hvî ï õH ó�îMï}H " # � H " 8 � õ ! 4 $ ò s ! .
Thealternative versionof a variable-conditionguaranteesX@�[Z�ó�î½H{î ï õREÃMhò8þ Thus,additional
stepswith $ � Ü (+*-,=. þ 0 1 î mustcauseimmediatetermination;i.e.ó�î½H ó " 8 � HÑ$ ò<: ; 132 Þ^õó " # � ó $ � &)(+*-,=. þ 0 162 ÞÉH � þ54 $ � õnH ÿ þ/4 $ � õ-ó�î½Hvî ï õIH ó�î ï H " # � H " 8 � õ ! 4 $ ò õ !
isawellfoundedordering,too. As X��[Z ó " # � ó%$ � &)(�*-,=. þ 0�1>2 Þ9H � þ/4 $ � õ�H ÿ þ/4 $ � õ×E*M � and Þlß>àvó " 8 � HÑ$ ò<: ; 1>2 ÞUH " # � H " 8M&ò ó�î½H ó " 8 � HÑ$ ò<: ; 132 Þ^õó " # � ó%$ � &)(+*-,=. þ 0
162 ÞÉH � þ54 $ � õnH ÿ þ/4 $ � õIH ó�îMï}H " # � H " 8 � õ ! 4 $ ò õ !
is a wellfoundedordering,which is equalto ó�î½H " # H ó�î ï H " # � H " 8 � õ�! 4 $ ò õ ! by definition of" # . Q.e.d.(Claim5)

Note32: For thealternativenotionsin Note16,wehave to deviateherein thefollowing way: AsîMï is the # -updateof î , wehaveîMï�& ó $ ò>� . $ �'&)(+*-,/. þ 0%0 162 ÞUH � þ H ÿ þ õw��î H ó � þ H ÿ þ õ 4 $ ò .
As thealternativeversionof avariable-conditionguaranteesX��[Z ó�îBõBE*Mhò and � is transitive,we
have $ ò 1 ó�î ! õBE�� and ó $ ò6� . $ �+&)(+*-,=. þ 0	0 1>2 ÞUH � þ H ÿ þ õw��î ! E�� . Thelatterimplies

" # ��î ! E��
by (A.2.1). Q.e.d.(Claim2)
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